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PREFACE. 


TT^HE  present  work  on  Analytic  Mectanica  or  Dynamics  Is  derigned 
BB  a  test-book  for  the  studeota  of  Scientific  Sclionls  and  Col- 
leg^B,  who  have  received  training  in  the  elements  of  Analj'tic  Genme-. 
try  and  tlie  Calculus. 

Dynamics  is  liere  need  in  its  true  Bense  as  the  ecienceof /crcf. 
The  tendency  among  the  best  and  most  logical  writers  of  the  present, 
day  appears  to  be  to  usa  tills  term  for  the  science  of  Analytic  Me- 
cliaiiica,  while  thi;  braach  formerly  called  Dynamics  is  now  termed 


Tlie  treatise  ia  Intended  especially  for  beginners  in  this  branch  of 
Bcieuce.  It  involves  the  use  of  Analytic  Geometry  and  the  Calcuhis. 
The  analytic  methoij  has  been  cliiufly  udlii'red  to.  as  being  better 
aJapled  to  the  treiittneut  of  the  subject,  more  generol  in  its  Bpplica- 
lion  and  wore  fruitful  In  results  than  the  geometric,  method;  and  yet 
ivhere  a  geometric  proof  seemed  preferable  it  has  been  introduced. 

The  aim  has  lieen  to  make  every  principle  clear  and  intetllglblo, 
to  develop  the  different  theories  with  simplicity,  and  to  explain  fully 
^le  meaning  and  use  of  the  various  analytic  expresMone  in  which  the 

triples  are  embodied. 
|Tlia  booli  consists  of  three  parts.  Part  I,  with  the  exception  of  a 
f  chapter  deroted  to  deUnltious  and  fundamental  priucj- 
itirely  given  to  Statiat. 
I  Part  II  li  occupied  with  Kinematics,  and  the  principles  of  this 
^portutt  liranch  of  mathematics  are  so  treated  that  the  student  may 
Vnttfr  upon  the  study  of  Kinetics  with  clear  notions  of  motion,  veloc- 
ily  ntid  scaOeratioD,     Part  III  treats  o(  tte  KVneiica  ol  &^tti^\&Q  »»& 


IV  PREFACE, 

In  this  arrangement  of  the  work,  with  the  exception  of  Kine- 
matics, I  have  followed  the  plan  usually  adopted,  and  made  the 
subject  of  Statics  precede  that  of  Kinetics. 

For  the  attainment  of  that  grasp  of  principles  which  it  is  the 
special  aJm  of  the  book  to  impart,  numerous  examples  are  given  at 
the  ends  of  the  chapters.  The  greater  part  of  them  will  present  no 
serious  difficulty  to  the  student,  while  a  few  may  tax  his  best 
efforts. 

In  preparing  this  book  I  have  availed  myself  of  the  writings  of 
many  of  the  best  authors.  The  chief  sources  from  which  I  have 
derived  assistance  are  the  treatises  of  Price,  Minchin,  Todhunter, 
Pratt,  Routh,  Thomson  and  Tait,  Tail  and  Steele,  Weisbach,  Ventu- 
roli,  Wilson,  Browne,  Gregory,  Rankine,  Boucharlat,  Pirie,  Lagrange^ 
and  La  Place,  while  many  valuable  hints  as  well  as  examples  have  been 
obtained  from  the  works  of  Smith,  Wood,  Bartlett,  Young,  Moseley, 
Tate,  Magnus,  Goodeve,  Parkinson,  Olmsted,  Garnett,  Renwick,  Bot- 
tomley,  Morin,  Twisden,  Whewell,  Galbraith,  Ball,  Dana,  Byrne,  the 
Encyclopaedia  Britannica,  and  the  Mathematical  Visitor. 

1  have  again  to  thank  my  old  pupil,  Mr.  R.  W.  Prentiss,  of  the 
Nautical  Almanac  Office,  and  formerly  Fellow  in  Mathematics  at  the 
Johns  Hopkins  University,  for  reading  the  MS.  and  for  valuable  sug- 
gestions. Several  others  also  of  my  friends  have  kindly  assisted  me 
by  correcting  proof-sheets  and  verifying  copy  and  formulae. 

E.  A.  B. 
RuTQERS  College, 

New  Brunswick,  N.  J.,  June,  1884. 
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CHAPTER     I. 

FIRST    PRIN  CIPLES. 

1.  Definitions. — Analytic  Mechanics  or  Dynamios  is 
the  science  which  treats  of  the  equilibrium  and  motvon 
of  bodies  under  the  action  of  force.  It  is  accordingly 
divided  into  two  parts,  Statics  and  Kinetics,, 

Statics  treats  of  the  equilibrium  of  bodies,  and  the  condi- 
tions governing  the  forces  which  produce  it. 

Kinetics  treats  of  the  motion  of  bodies,  and  the  laws  of 
the  forces  which  produce  it. 

The  consideration  that  the  properties  of  motion,  velocity, 
and  displacement  may  be  treated  apart  from  the  particular 
forces  producing  them  and  independently  of  the  bodies  sub- 
ject to  them,  has  given  rise  to  an  auxiliary  branch  of  Dyna- 
mics called  Kinematics.'^ 

Although  Kinematics  may  not  be  regarded  as  properly 
included  under  Dynamics,  yet  this  branch  of  science  is  so 
important  and  useful,  and  its  application  to  Dynamics  so 
immediate,  that  a  portion  of  this  work  is  devoted  to  its 
treatment. 

*  This  same  was  given  bj  Amv^t«, 


■  Kinematics  is  the  science  of  pure  mntioii,  ivithont  refer- 
I  ence  to  matter  oi'  fort*.  It  treats  of  the  properties  of 
I  motion  without  rcgarfl  to  what  is  moying  or  hovp  it  is 
f  moved.  It  is  an  extension  o£  pure  geometry  hy  introduc- 
ing the  idea  of  time,  and  the  consequent  idea  of  velocity. 

2.  Matter. — Matter  is  that  which  can  be  perceived  by 
the  senses,  and  which  can  transmit,  and  he  acted  upon  by 
force.     It  has  extension,  resistance,  and  impenetrability. 

A  definition  of  matter  wbicli  wuntd  entisfj  the  metaphyncjau 
noi  required  for  this  work.     Tt  is  sufficient  for  iw  to  ponceire  ol  It 
capnble  of  receiving  nnd  tranvraiuliig  force;   because  it   is  in  this 
aspect  onlj  tliat  it  ie  of  impoi'tance  in  the  present  treatise. 

3.  Inertia. — By  Inertia  is  meant  that  property  of  mat- 
I  ter  by  wlilcli  it  remains  in  its  state  of  reet  or  uniform 
\  motion  in  a  right  line  unless  acted  upou  by  force.     Inertia 

expresses  the  fact  that  a  body  cannot  of  itself  change  its 
condition  of  rest  or  motion.  It  follows  that  if  a  body 
change  its  state  from  rest  to  motion  or  from  motion  tp  reet, 
or  if  it  change  its  direction  from  the  natnral  rectiluieaj) 
path,  it  must  have  been  inflneiiced  by  some  external  oanse., 

4.  Body,  Space,  and  Tims.— A  Body  is  a  portion  o( 

matter  limited  in  every  direction,  and  is  conseqaently  ofj 
determinate  form  and  volume. 

A  Rigid  Body  is  one  in  which  the  relative  positions  < 
!  its  particles  remain  unchanged  hy  the  action  of  forces. 
I  A  Particle  is  a  body  indefinitely  small  in  every  directioi 
I  and  though  retaining  its  material  properties  may  he  treate 
'    as  a  geometric  point. 

Space  is  indefinite  extension.     Time  is  any  limited  j 
tiou  of  dnration. 

5.  Best  and  Motion.  ~~A  hody  is  at  rest  when  it  c 
[j^^^T  occupies   liie  same   piace  in  Bijac«, 
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motion  ^hQVL  the  body  or  its  parts  occupy  successively  dif- 
ferent positions  in  space.  But  we  cannot  judge  of  the  state 
of  rest  or  motion  of  a  body  without  referring  it  to  the 
positions  of  other  bodies  ;  and  hence  I'est  and  motion  must 
be  considered  as  necessarily  relative. 

If  there  were  anything  which  we  knew  to  be  absolutely  fixed  in 
space,  we  might  perceive  absolute  motion  by  change  of  place  with 
reference  to  that  object.  But  as  we  know  of  no  such  thing  as  al  so- 
lute rest,  it  follows  that  all  motion,  as  measured  by  us,  must  be 
relative ;  i.  e. ,  must  relate  to  something  which  we  assume  to  be  fixed. 
Hence  the  same  thing  may  often  be  said  to  be  at  rest  and  in  motion 
at  the  same  time  ;  for  it  may  be  at  rest  in  regard  to  one  thing,  and  in 
motion  in  regard  to  another.  For  example,  the  objects  on  a  vessel 
may  be  at  rest  with  reference  to  each  other  and  to  the  vessel,  while  they 
are  in  motion  with  reference  to  the  neighboring  shore.  So  a  man, 
punting  his  barge  up  the  river,  by  leaning  against  a  pole  which  rests 
on  the  bottom,  and  walking  on  the  deck,  is  in  motion  relative  to  the 
barge,  and  in  motion,  but  in  a  different  manner,  relative  to  the  cur- 
lent,  while  he  is  at  rest  relative  to  the  earth. 

Motion  is  uniform  when  the  body  passes  over  equal  spaces 
in  equal  times  ;  otherwise  it  is  variable. 

6.  Velocity. — The  velocity  of  a  body  is  its  rate  of 
motion.  When  the  velocity  is  constant,  it  is  measured  by 
the  space  passed  over  in  a  unit  of  time.  When  it  is  varia- 
ble, it  is  measured,  at  any  instant,  by  the  space  over  which 
the  body  would  pass  in  a  unit  of  time,  were  it  to  move, 
during  that  unit,  with  the  same  velocity  that  it  has  at  the 
instant  considered. 

The  speed  of  a  railway  train  is,  in  general,  variable.  If  we  were  to 
say,  for  example,  that  it  was  running  at  the  rate  of  80  miles  an  hour, 
we  would  not  mean  that  it  ran  30  miles  during  the  last  hour,  nor  that 
it  would  run  80  miles  during  the  next  hour.  We  would  mean  that,  if 
it  were  to  run  for  an  hour  with  the  speed  which  it  now  has,  at  the 
instant  considered,  it  would  pass  over  exactly  80  miles. 

In  order  to  have  a  uniform  unit  of  veVocily ,  \\.  \^  ^\\sX«\xv- 
iuj  to  express  it  in  feet  and  seconds  ;  arvd  ^\\^w  ^^c^^\^\^'^ 
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\  aro  expressed  in  any  other  terms,  they  should  be  reduced  tn 
their  equivaleiit  value  in  feet  .imt  seconds.  The  unit 
velocity,  therefore,  is  the  velocity  with  which  a  body 
describes  onefold  in  rtne  second ;  other  units  may  be  taken 
where  couveiiicnce  demands,  as  miles  and  hours,  etc. 

When  we  speak  of  the  upace  passed  over  by  a  body,  we 
mean  i\ie  path  or  ?t«e  which  a  point  in  the  body  or  which  a 
particle  describes. 

7.  Formulie  for  Velocity.— If  s  be  the  space  passed 
over  by  a  particle  in  t  units  of  time,  and  v  the  velocity,  it  is 
plain  that,  for  uniform  velvcifi/,  we  sbal!  have 


'  i' 


(1) 


that  is,  we  divide  the  whole  space  passed  over  by  the  time 
of  the  motion  over  that  stmce. 

If  the  velocity  contiQually  changes,  equal  increments  are 
not  described  in  equal  times,  and  the  velocity  becomes 
a  function  of  the  time..  But  however  much  the  velocity 
changes,  it  may  Ite  regarded  as  constant  during  the 
infinitesimal  of  time  dl,  in  whicb  time  the  body  will 
descrit)e  the  infinitesimal  of  space  its.  Hence,  denoting  the 
velocity  at  any  instant  by  v,  we  have 


dx 


(3) 


In  this  case  the  velocity  is  the  ratio  of  two  infinitesimals. 
These  two  expressions  for  the  velocity  are  true  whether  the 
particle  be  moving  in  a  right,  or  in  a  curved,  line. 

8.  Acceleratioii  is  l/te  rale  of  change  of  velocity.  It 
city  increment.  If  the  velocity  is  increasing,  the 
acceleration  is  considered  positive ;  if  decreasing, 
negati  ve. 

^^0^  44^d_toJ«LJi»ifBm.s]fe6&  ^ 
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receives  equal  increments  in  equal  times.    Otherwise  it  is 
variable, 

9.  Measure  of  Acceleration. — ^Uniform  acceleration 
is  measured  by  the  actual  increase  of  velocity  in  a  unit  of 
time.  Variable  acceleration  is  measured,  at  any  instant,  by 
the  velocity  which  would  be  generated  in  a  unit  of  time, 
were  the  velocity  to  increase,  during  that  unit,  at  the  same 
rate  as  at  the  instant  considered. 

Calling  /the  acceleration,  v  the  velocity,  and  t  the  time, 
we  have,  when  the  acceleration  is  uniform. 

However  variable  the  acceleration  is,  it  may  be  regarded 
as  constant  during  the  infinitesimal  of  time  dt,  in  which 
time  the  increment  of  velocity  will  be  dv.  Hence,  denoting 
the  acceleration  at  the  time  t  by/,  we  have 

We  also  have  (Art.  8) 


which  in  (2)  gives 


ds 


^  __dv  _  d      ds  ^dJ^s  .«v 

That  is,  when  the  acceleration  is  variable  it  is  measured,  at 
any  instant,  by  the  derivative  of  the  velocity  regarded  as  a 
function  of  the  time,  or  by  the  second  derivative  of  the 
space  regarded  as  a  function  of  the  time. 
From  (3)  we  get,  by  integration,  when /is  constant, 

/.  =  !  =  «.,  v^^ 


r 

^^r  and 

^H   which  c 
^*         in    1 
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which  determine  the  velocity  and  space. 

10.  Geometric  Representation  of  Velocity  and 
Acceleration. — The  velocity  of  a  body  may  be  conveni- 
ently repieseiited  geometrically  m  magnitude  and  direction 
by  meana  of  a  straight  line.  Let  the  line  be  drawn  from 
the  point  at  which  the  motion  is  considered,  and  in  the 
direction  of  motion  at  that  point.  With  a  convenient  scale, 
let  u  length  of  the  line  be  cut  off  that  shall  contain  as  many 
units  of  length  as  there  are  units  in  the  velocity  to  be  repre- 
Bented.  The  direction  of  this  line  will  represent  the 
direction  of  the  motion,  and  its  length  will  represent  the 
Telocity. 

Also  an  acceleration  may  be  represented  geometrically  by; 
a  straight  line  drawn  in  the  direction  of  the  velocity 
generated,  and  containing  as  many  units  of  length  as  there 
are  units  of  acceleration  in  the  acceleration  considered. 
Also,  since  an  acceleration*  is  measured  by  the  actoal 
increase  of  velocity  in  the  unit  of  time,  the  straight  line 
which  represents  an  acceleration  in  magnitude  and  direo 
tion  will  also  completely  represent  the  velocity  generated  ii 
the  unit  of  time  to  which  the  iicceleration  corresponds. 

11.  The  Mass  of  a  body  or  particle  is  the  quantity/  o/ 

I  mailer   which  it  contains;    and    ia    proportional    to   the 

Volume  and  Density  jointly.     The  Density  may  therefore 

I  be  defined  as  the  quantity  of  matter  in  a  unit  of  volnme. 

Let  M  be  the  moss,  p  the  density,  and  V  the  volume,  i 
\  «  homogeneous  body.    Then  we  have 

M  =  Vp,  (1) 

if  wo  so  take  onr  nnita  that  Ihe  uuit  of  maas  is  the  mass  of 
the  unit  volnme  nf  a  hudv  of  unit  density. 

■  Cal/onn  acoetonUon  \*  bete  muutu 
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■^ 


If  the  density  varies  from  point  to  point  of  the  body,  we 
have,  by  the  abore  formula,  and  tlie  notation  of  the 
Integral  Calcalua, 

M  =  fpd  V  :=  fffpdz  dy  dz,  (3) 

where  p  is  snpposed  to  be  a  known  f  anction  of  x,  y,  z. 

In  England  the  nnit  of  mass  is  the  imperial  standard 
pound  avoirdupois,  which  is  the  mass  of  a  certain  piece  of 
platinum  preserved  at  the  standard  office  in  London.  On 
the  continent  of  Europe  the  unit  of  mass  is  the  gramme. 
This  is  known  as  the  abnolu/e  or  kinetic  unit  of  mass. 

12.  The  Quantity  of  Motion,*  or  the  Momentum 

of  a  body  moving  wirhout  rotation  is  the  product  of  its 
mass  and  velocity.  A  double  mass,  or  a  double  velocity, 
would  corres|K>nd  to  a  double  quantity  of  motion,  and 
BO  on. 

Hence,  if  we  take  as  the  unit  of  momentum  the  mo- 
mentum of  the  unit  of  mass  moving  with  the  nnit  ol 
velocity,  the  momentum  of  a  mass  M  moving  with  velocity 
V  ia  Mv. 

13.  Change  of  Quantity  of  Motion,  or  Change  of 
Momentum,  is  proportional  to  the  mass  moving  uud  the 
change  of  its  velocity  jointly.  If  then  the  mass  remains 
constant  the  change  of  inomenlum  is  measui"ed  by  the 
product  of  the  masa  into  the  change  of  velocity  ;  and  the 
rate  of  change  of  momentum,  or  acceleration  of  momentvm, 
is  measured  by  the  product  of  the  mass  moving  and  the 
rate  of  change  of  velocity,  that  is,  by  the  product  of  the 
mass  moving  and  the  acceleration  (Art.  8).  Thus,  calling 
M  the  mass,  we  have  for  the  measure  of  the  rate  of  change 
of  momentum. 
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any  qnantitios  of  the  same  kind ;  that  is,  wc  must  take' 
flome  known  force  as  the  untl  of  force,  and  then  express,  in 
numbers,  the  relation  whieli  the  other  forces  bear  to  tbi» 
measuring  unit.  For  example,  if  one  pound  lie  the  unit  of 
force  (Art.  15),  a  force  of  13  pounds  is  expressed  by  12 
and  80  on. 

18.  Represeatation  of  Forces  by  Symbols  and 
Iiinea. — If  P.  Q-  B,  etc.,  represent  forces,  they  are  numbei*. 
expressing  the  ntimber  of  times  which  the  concrete  unit  at 
force  is  contained  in  the  given  forces. 

Forces  may  be  represented  geometrically  by  right  lines;. 
and  this  mode  of  representation  hSiS  the  advantage  of  giving 
the  direction,  magnitude,  and  point  of  application  of  eacti' 
force.  Thus,  draw  a  line  in  the  direetiou  of  the  given 
force;  then,  having  selected  a  unit  of  length,  such  as  an 
inch,  a  foot,  etc.,  measure  on  this  line  as  many  unita  o( 
length  as  the  given  force  contains  units  of  weight.  TM 
magnihide  of  the  force  is  represented  by  the  measure^ 
length  of  the  line;  its  direction  by  the  direction  in  whicft 
the  line  is  drawn ;  a.aA.  iia  point  of  application  "by  thepoiol 
from  which  the  line  is  drawn.* 

Thus,  let  the  force  P  act  at  tlie  point    *       

A,  in    the   direction  AB,  and    let    AB  ""'b-  i- 

represent  as  many  units  of  length  as   P  coutaius  nnita 
force;   then   the   force  P  is  represented   geometrically 
the  line  AB;  for  the  force  acts  in  the  direction  from 
to  B;  its  point  of  application  is  at  A,  and  its  magnitade  if 
repreaonted  by  the  length  of  the  line  AB. 

19.  Measnra   of  Acceleratmg  Forces.— From   ooi 

definition  of  force  {Art.  14),  it  is  clear  that,  when  ii  siug]( 

•  Foron'.  V(^Incillt».  BiiA  uccplenilloiie  bto  direcltd  qimnUHtu,  >di1  fo  m*j  tn 
ntimwaUKi  bj  •  line,  Ip  illn-cllon  and  niaenUiidf.  and  ml}-  be  comiioniiiliid  lu  lb 
•MM  waj  as  •fcfori. 

Jt  tBf^BK  i**  mwnltude  Uid  diiWlioD,  Uk  myvutade  ind  diceeOan  tah« 
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force  acts  upon  a  particle,  perfectly  free  to  move,  it  must 
produce  motion ;  and  hence  the  force  may  be  represented 
to  us  by  the  motion  it  has  produced.  But  motion  is 
measured  in  terms  of  velocity  (Art.  6),  and  consequently  the 
velocity  communicated  to,  or  impressed  upon,  a  particle,  in 
a  given  time,  may  be  taken  as  a  measure  of  the  force. 
That  is,  if  the  same  particle  moves  along  a  right  line  so 
that  its  velocity  is  increased  at  a  constant  rate,  it  will  be 
acted  upon  by  a  constant  force.  If  a  certain  constant  force, 
acting  for  a  second  on  a  given  particle,  generate  a  velocity 
of  32.2  feet  per  second,  a  double  force,  acting  for  one 
second  on  the  same  particle,  would  generate  a  velocity  of 
64.4  feet  per  second;  a  triple  force  would  generate  a 
velocity  of  96.6  feet  per  second,  and  so  on. 

If  the  rate  of  increase  of  the  velocity,  (i.  e.,  the  accelera- 
tion), of  the  particle  is  not  uniform,  the  force  acting  on  it 
is  not  uniform,  and  the  magnitude  of  the  force,  at  any 
point  of  the  particle's  path,  is  measured  by  the  acceleration 
of  the  particle  at  this  point.  Hence,  since  one  and  the 
same  particle  is  capable  of  moving  with  all  possible  accelera- 
tions, all  forces  may  be  measured  by  the  velocities  they 
(jenerate  in  the  same  or  equal  particles  in  the  same  or  equal 
times.  When  forces  are  so  measured  they  are  called 
Acceleratiny  Forces, 


20.  Kinetic  or  Absolute  Measure  of  Force.* — Let 

n  equal  particles  be  placed  side  by  side,  and  let  each  of  them 
be  acted  on  uniformly  for  the  same  time,  by  the  same  force. 
Each  particle,  at  the  end  of  this  time,  will  have  the  same 
velocity.  Now  if  these  n  separate  particles  arc  all  united  so 
as  to  form  a  body  of  n  times  the  mass  of  each  particle,  and 
if  each  one  of  them  is  still  acted  on  by  the  same  force  as 


♦  Arte.  20,  21,  22,  and  25,  treat  of  the  Kinetic  measure  of  force,  and  may  be 
omitted  till  Part  III  is  reached  ;  but  it  is  convenient  to  v>Te«ftTvl  lYkSsoi  ^yaa^  \w  ^^ 
and,  for  the  eake  of  refervnca  and  comparwou,  to  pVacc  \}fck!B«CL  n<\\X:i. 'Cafe '^^a^2^ 
moMinm  of  force  at  the  beginuing  of  the  work. 
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before,  this  body,  at  the  end  of  the  time  considered,  will 
have  the  same  velocity  that  each  separate  particle  had,  and 
will  be  acted  on  by  n  times  the  force  which  generated  this 
velocity  in  the  particle.  Comparing  a  single  particle,  then, 
with  the  body  whose  mass  is  n  times  the  mass  of  this 
particle,  we  see  that,  to  produce  the  same  velocity  in  two 
bodies  by  forces  acting  on  them  for  the  same  time,  the 
magnitudes  of  the  forces  must  be  proportional  to  the 
masses  on  which  they  act.*  Hence,  generally,  since  force 
varies  as  the  velocity  when  the  mass  is  constant  (Art.  19), 
and  varies  as  the  mass  when  the  velocity  is  constant,  we 
have,  by  the  ordinary  law  of  proportion,  when  both  are 
changed,  force  varies  as  the  product  of  the  mass  acted  upon 
and  the  velocity  generated  in  a  given  time  ;  that  is,  it  varies 
as  the  quantity  of  motion  (Art.  13)  it  produces  in  a  given 
mass  in  a  given  time.  If  the  force  be  variable,  the  rate  of 
change  of  velocity  is  variable  (Art.  19),  and  hence  the  force 
varies  as  the  product  of  the  mass  on  which  it  acts  and  the 
rate  of  change  of  velocity,  i,  e.,  \i  varies  as  the  acceleration 
of  the  momeyitum  (Art.  13).  Therefore,  if  any  force  P  act 
on  a  mass  M,  we  have 

P  oc  Jf/;  (1) 

or,  in  the  form  of  an  equation 

P  =  hMf  (2) 

where  h  is  some  constant. 

If  the  unit  of  force  be  taken  as  that  force  which,  acting 
on  the  unit  of  mass  for  the  unit  of  time,  generates  the  unit 
of  velocity,  then  if  we  put  M  equal  to  unity,  L  e,,  take  the 
unit  of  mass,  and  /eciual  to  unity,  i  e,,  take  the  unit  of 
accelemtion,  we  must  have  the  force  producing  the  accel- 
eration ecjual  to  the  unit  of  force,  or  P  equal  to  unity. 

*  Minchin'B  Btatica,  p.  t!>. 


TBI:  ABSOLUTE  OR  KINETIC  MEASURE  OF  FORCE.   13 

Hence  k  must  also  be  equal  to  unity,  and  we  have  the 
equation, 

P  =  Mf.  (3) 

Therefore,  the  Kinetic  or  Absolute  measure  of  a  force  is 
the  rate  of  change  or  acceleration*  of  momentum  it  produces 
in  a  unit  of  time. 

If  the  force  is  constant,  (3)  becomes  by  (1)  of  Art.  9, 

P  =  f •  (4) 

And  if  the  force  is  variable,  (3)  becomes  by  (3)  of  Art.  9, 

p  =  ^£-  (5) 

21.  The  Absolute  or  Kinetic  ITnit  of  Force. — 

A  second,  a  foot,  and  a  pound  being  the  units  of  time,  space, 
and  mass,  respectively  (Arts.  6  and  11),  we  are  required  to 
find  the  corresponding  unit  of  force  that  the  above  equation 
may  be  true.  The  unit  of  force  is  that  force  which,  acting 
for  one  second,  on  the  mass  of  one  pound,  generates  in  it  a 
velocity  of  one  foot  per  second.  Now,  from  the  results  of 
numerous  experiments,  it  has  been  ascertained  that  if  a 
body,  weighing  one  pound,  fall  freely  for  one  second  at  the 
se:i  level,  it  will  acquire  a  velocity  of  about  32.2  feet  per 
second ;  i.  e,,  a  force  equal  to  the  weight  of  a  pound,  if 
acting  on  the  mass  of  a  pound,  at  the  sea  level,  generates  in 
it  in  one  second,  if  free  to  move,  a  velocity  of  nearly  32.2 
feet  per  second.     It  follows,  therefore,  that  a  force  of 

5^  of  the  weight  of  a  pound,  if  acting  on  the  mass  of 

a  pound,  at  the  sea  level,  generates  in  it  in  one  second,  if 
free  to  move,  a  velocity  of  one  foot  per  second  ;  and  hence 

♦  See  Tait  and  Steele's  Dynamics  ol  a  ?txU<:^^  v»  ^« 
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the  unit  of  force  is  ^— -  of  the  weight  of  a  pound,  or  mther 

less  than  the  weight  of  half  an  ounce  avoirdupois  ;  so  that 
half  an  ounce,  acting  on  the  mass  of  a  pound  for  one 
second,  will  give  to  it  a  velocity  of  one  foot  per  second. 
This  is  the  British  absolute  kinetic^  unit  of  force.    - 

In  order  that  Eq.  3  (Art.  20)  may  be  universally  true 
when  a  second,  a  foot,  and  a  pound  are  the  units  of  time, 
space,  and  mass  respectively,  all  forces  must  be  expressed  in 
terms  of  this  unit. 

22.  Three  Ways  of  Measuring  Force.— (1.)  If  a 

force  does  not  produce  motion  it  is  measured  by  the  pres- 
sure it  produces,  or  the  number  of  pounds  it  will  support 
(Art.  15).  This  is  the  measure  of.  Static  Force,  and  its 
unit  is  the  tveight  of  a  pound. 

(2.)  If  we  consider  forces  as  always  acting  on  a  luiit  of 
mass,  and  suppose  that  there  are  no  forces  acting  in  the 
opposite  direction,  then  these  forces  will  be  measured 
simply  by  the  velocities  or  accelerations  which  they  generate 
in  a  given  time.  This  is  the  measure  of  Accelerating  ForcCy 
and  its  unit  is  that  force  ivhich^  acting  on  the  unit  of  mass, 
during  the  unit  of  time,  generate  the  unit  of  velocity; 
hence  (Art.  21),  the  unit  of  force  is  the  force  which,  acting 
on  one  pound  of  mat^sfor  one  second,  generates  a  velocity  of 
one  foot  per  second. 

(3.)  If  forces  act  on  different  masses,  and  produce  motion 
in  them,  and  we  consider  as  before  that  there  are  no  forcei 
acting  in  the  opposite  direction,  then  the  forces  are  niea^- 
tired  by  the  quantity  of  motion,  or  by  the  acceleration  of 
momentum  generated  in  a  unit  of  time  (Art.  20).  This  is 
the  measure  of  Moving  Force,  and  its  vnit  (Art.  21)  is  the 
force  which,  acting  on  one  pound  of  mass  for  one  second, 
generates  a  velocity  of  one  foot  per  second. 

*  Introduced  by  Oauaa. 
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<'  It  must  he  uailerstood  that  when  wb  speak  of  static, 
'  acceieratiiig,  ov  moving  furcee,  we  do  not  refer  to  diffeitnt 
kinds  of  force,  but  only  tu  force  as  measured  in  diflerotnt 
ways, 

23.  Meaning  of  gy  in  Dynamics. — The  most  impor- 
tant case  of  a  constant,  or  very  nearly  eouatiint,  force  is 
gravity  at  the  surface  of  the  eiirtb.  The  force  of  gravity  is 
60  nearly  eonataut  for  places  uear  the  earth's  surface,  that 
falling  bodies  may  be  taken  as  examples  of  motion  under  a 
constant  force.  A  stone,  let  fall  from  rest,  moves  at  first 
very  slowly.  During  the  first  tenth  of  a  second  the  velocity 
is  very  small.  In  one  second  the  stone  has  acijitired  a 
velocity  of  about  32  feet  per  second. 

A  great  number  of  experiments  have  been  made  to  ascer- 
tain the  exact  velocity  which  a  body  would  acquire  in  one 
second  under  the  action  of  gravity,  and  freed  from  the 
resistance  of  the  air.  The  most  accurate  method  is  indi- 
rect, by  means  of  the  pendulum.  The  result  of  pendulum 
experiments  made  at  Leith  Fort,  by  Captain  Kater,  is, 
that  the  velocity  acquired  by  a  body  falling  unresisted  for 
one  second  is,  at  that  place,  33,207  feet  per  second.  The 
velocity  acquired  in  one  second,  or  the  acceleration  (Art. 
8),  of  a  body  falling  freely  in  vacuo,  is  found  to  vary 
slightly  with  the  latitude,  a.nd  also  with  the  elevation  iibove 
the  sea  level.  In  London  it  is  33,1889  feet  per  second.  In 
latitude  45°,  near  Bordeaux,  it  is  3^.1703  feet  per  second. 

This  acceleration  is  usually  denoted  hyg;  and  when  we 
euy  that  at  any  place  g  is  equal  to  3'i,  we  mean  that  the 
velocity  generated  per  second  in  a  body  falling  freely* 
under  the  action  of  gravity  at  that  place,  is  a  velocity  of 
32  feet  per  sjLiond.     The  average  value  of  g  for  the  whole 

Itireat  Britain  differs  but  little  from  32.3  ;  and  hence  the 
nerioal  value  at  g  for  that  country  is  taken  to  b 
'Ah 
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The  furmiil;i,  'lednced  from  observation,  and  a  certain 
theory  regai'iliiig  the  figure  and  density  of  the  earth,  which 
may  tie  empluyad  to  euletilato  the  most  probable  value  of 
the  apparent  force  of  gravity,  is 

.    ff  =  (?{1  +  .005133  ains  P.), 

where  G  is  tlie  apparent  force  of  gravity  on  a  unit  mass  at 
the  equator,  uud  ^  the  force  of  gravity  in  any  latitude  A; 
the  value  of  G,  in  terms  of  the  British  absolute  unit,  beiug 
33.U88.     (See  Tbomaon  and  Tait,  p.  2   "  ' 

24.  CrraTitatioii  Units  of  Force  and  ZAass. — If  in 

(3)  of  Art.  20,  we  jiat  for  P,  tlie  weight  11"  of  the  bodyi 
and  write  g  for  /  since  we  know  the  acceleration  is^,  (3) 
becomes 

W  =  mg.  (1] 

.-.     m^^'  (?) 

9  ' 

W 
and  hence  —  may  be  taken  as  the  measure  of  the  mass. 

In  gravitation  measure  forces  are  measured  by  thepra 
sure  they  icill  produce,  and  the  niiU  of  force  is  one  pouru 
(Art.  15),  and  the  unit  of  mass  is  the  piantily  of  matter  i* 
a  body  which  weighs  y  pounds  at  t/ial  place  where  the  o 
eralion  of  gravity  is  g. 

This  definition  gives  a  unit  of  mass  which  is  constant 
the  same  place,  hut  changes  with  the  locality ;  t.  e.,  ite 
changes  with  the  locality  while  the  quantHy  of  matter  ia 
remains  the  same.  Thus,  the  unit  of  mass  would  weigh  ti 
Bordeaux  32.1703  ponnds  (Art.  23),  while  at  Leilh  Fort  ii 
would  weigh  32.30?  jviunds.  Let  m  he  the  mass  of  a  bodi 
which  weighs  w  pounds.  The  quantity  of  mutter  in  thi 
bod^  remains  the  »ime  when  carried  from  place  to  plac^ 
J/j't  were  poasibh  to  transport  it  to  ai\t>l\ic'c  ^\wieV\\ft  mow 


GRAVITATION  MMAStTR^  Of  PORCE.  17 

would  not  be  altered,  but  its  weight  would  be  very  different. 

Its  weight  wherever  placed  would  vary  directly  as  the  force 

of  gravity  ;  but  the  acceleration  also  would  vary  directly  as 

the  force  of  gravity.     If  placed  on  the  sun,  for  example,  it 

would  weigh  about  28  times  as  much  as  on  the  surface  of 

the  earth  ;  but  the  acceleration  on  the  sun  would  also  be 

28  times  as  much  as  on  the  surface  of  the  earth  ;  that  is, 

the  ratio  of  the  weight  to  the  acceleration,  anywhere  in 

W 
the  universe  is  constant,   and  hence    — ,  which    is  the 

9 
numerical  value  of  m  (Eq.  2),  is  constant  for  the  same 

mass  at  all  places. 

25.  Comparison  of  Gravitation  and  Absolute 
Measure. — The  pound  weight  has  been  long  used  for  the 
measurement  oi  force  instead  of  mass,  and  is  the  recognized 
standard  of  reference.  It  came  into  general  use  because  it 
afforded  the  most  ready  and  simple  method  of  estimating 
forces.  The  pressure  of  steam  in  a  boiler  is  always  reck- 
oned in  pounds  per  square  inch.  The  tension  of  a  string  is 
estimated  in  pounds;  the  force  necessary  to  draw  a  train  of 
cars,  or  the  pressure  of  water  against  a  lock-gate,  is 
expressed  in  pounds.  Such  expressions  as  "a  force  of 
1 0  pounds,"  or  "  a  pressure  of  steam  equal  to  50  pounds  on 
the  inch,''  are  of. every  day  occurrence.  Therefore  this 
method  of  measuring  forces  is  eminently  convenient  in 
practice.  For  this  reason,  and  because  it  is  the  one  used 
by  most  engineers  and  writers  of  mechanics,  we  shall  adopt 
it  in  this  work,  and  adhere  to  the  measurement  of  force  by 
pounds,  and  give  all  our  results  in  the  usual  gravitation 
measure.     In  this  measure  it  is  convenient  to  represent  the 

W 
mass  of  a  body  weighing  W  pounds  by  the  fraction  — 

(Art  24),  so  that  (3)  of  Art.  20  becomes 

W 
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To  do  so  it  will  only  be  necessary  to  assume  that  the  unit 
of  mass  is  the  quantity  of  matter  in  a  body  weighing  g 
pounds,  and  changes  in  weight  in  the  same  proportion  that 
g  changes  (Art.  24). 

Of  course,  the  units  of  mass  and  force  in  (3)  of  Art.  20 
may  be  either  absolute  or  gravitation  units.  If  absolute, 
the  unit  of  mass  is  one  pound  (Art.  11),  and  the  unit  of 

force  is  -  pounds  (Art.  21).    If  gravitation,  the  units  are 

g  times  as  great;  i,  e.,  the  unit  of  mass  is  g  pounds  (Art. 
24),  and  the  unit  of  force  is  one  pound  (Art.  15). 

The  advantage  of  the  gravitation  measure  is,  it  enables  us 
to  express  the  force  in  pounds,  and  furnishes  us  with  a  con- 
stant numerical  representative  for  the  same  quantity  of 
matter ;  that  is  to  say,  a  mass  represented  by  20  on  the 
equator  would  be  represented  by  20,  at  the  pole  or  on 
the  sun.  Hence,  in  (1),  P  is  the  static  measure  of 
any  moving  force  [Art.  22,  (3)],  W  is  the  toeiglit  of  the 
body  in   i)ounds,  g  the  acceleration  of  gravity  (Art.  23), 

W 

—  the  mass  upon  which  the  force  acts  [(2)  of  Art.  24],  and 

which  is  free  to  move  under  the  action  of  P,  the  unit  of 
mass  being  the  mass  weighing  g  pounds,  and  /  the 
acceleration  which  the  force  P  produces  in  the  mass. 

EXAMPLES 

1.  Compare  the  velocities  of  two  points  which  move 
uniformly,  one  through  5  feet  in  half  a  second,  and  the 
other  through  100  yards  in  a  minute.    Ans.  As  2  is  to  1. 

2.  Compare  the  velocities  of  two  points  which  move  uni- 
formly, one  through  720  feet  in  one  minute,  and  the  other 
through  3i  yards  in  three-quarters  of  a  second. 

Ans.  As  G  is  to  7. 

3.  A  railway  train  travels  100  miles  in  2  hours  ,  Snd 
the  average  relocity  in  feet  per  second..  Au%.  1t^. 


EXAMPLES.  Id 

4.  One  point  moves  unifoi^mly  round  the  circumference 
of  a  circle,  while  another  point  moves  uniformly  along 
the  diameter ;  compare  their  velocities. 

Ans,  As  TT  is  to  1. 

5.  Supposing  the  earth  to  he  a  sphere  25000  miles  in 
circumference,  and  turning  round  once  in  a  day,  deter- 
mine the  velocity  of  a  point  at  the  equator. 

Arts.  1527^  ft.  per  sec. 

6.  A  body  has  described  50  feet  from  rest  in  2  seconds, 
with  uniform  acceleration  ;  find  the  velocity  acquired. 

From  (5)  of  Art.  9  we  have 

and  from  (4)  we  have      ft  =.  v\ 

.'.    V  =  50. 

7.  Find  the  time  it  will  take  the  body  in  the  last  exam- 
ple to  move  over  the  next  150  feet. 

From  (5)  of  Art.  9  we  have 

s^\f^\    .'.    etc 

Ans,  2  seconds. 

8.  A  body,  moving  with  uniform  acceleration,  describes 
G3  feet  in  the  fourth  second ;  find  the  acceleration. 

An9.  18. 

9.  A  body,  with  uniform  acceleration,  describes  72  feet 
while  its  velocity  increases  from  16  to  20  feet  per  second  ; 
find  the  whole  time  of  motion,  and  the  acceleration. 

Ann.  20  seconds;  1. 

10.  A  body,  in  passing  over  9  feet  with  uniform  accelera- 
tion, has  its  velocity  increased  from  4  to  5  feet  per  second ; 
find  the  whole  space  described  from  rest,  and  the  aecelerer 


go  ^XAMPLM. 

11.  A  body,  uniformly  accelerated,  is  found  to  be  mov- 
ing at  the  end  of  10  seconds  with  a  velocity  which,  if 
continued  uniformly,  would  carry  it  through  45  miles  in 
the  next  hour  ;  find  the  acceleration.  Ans.  6f. 

12.  Find  the  mass  of  a  straight  wire  or  rod,  the  density 
of  which  varies  directly  as  the  distance  from  one  end. 

Take  the  end  of  the  rod  as  origin  ;  let  a  =  its  length ; 
let  the  distance  of  any  point  of  it  from  that  end  =  x ; 
and  let  w  =  the  area  of  its  transverse  section,  and  k  =  the 
density  at  the  unit's  distance  from  the  origin.     Then 

rf  F  =  (sudx ;    and    p  =:  kx; 
and  (2)  of  Art  11  becomes 

M  =i    I     k(*ix  ax  = 


0  2 

13.  Find  the  mass  of  a  circular  plate  of  uniform  thick- 
ness, the  density  of  which  varies  as  the  distance  from  the 
centre. 

Arts,  ^nkha^,  where  a  is  the  radius,  k  the  density  at 
the  unit's  distance,  and  h  the  thickness. 

14.  Find  the  mass  of  a  sphere,  whose  density  varies 
inversely  as  the  distance  from  the  centre. 

Ana.  2TTpa^,  where  p  is  the  density  of  the  outside  stratum. 


.' 


CHAPTER     II. 

COMPOSITION     AND     RESOLUTION     OF    CONCUR- 
RING    FORCES— CONDITIONS     OF    EQUILIBRIUM. 

26.  Problem  of  Statics. — The  primary  concoi)tion  of 
foree  is  that  of  a  cause  of  motion  (Art.  14).  If  only  one 
force  acts  on  a  particle  it  is  cleur  that  tlie  panicle  eainiot 
remain  at  rest.  In  statics  it  is  only  tlic  ientlmctf  which 
forces  have  to  produce  motion  that  is  conaidered.  There 
inust  be  ut  least  two  I'orees  in  statics;  and  they  are  con- 
sidered as  acting  so  as  to  counteract  eacli  other's  lenjoncy 
to  cause  motion,  thereby  prodncing  a  state  of  equilihrium 
in  the  bodies  to  whieb  they  are  applied^  The  forces  which 
iH't  u]>OR  a  body  may  be  in  equilibrium,  and  yet  motion 
exist;  bnt  in  snch  cases  the  motion  is  uniform.  Hence 
there  are  two  kinds  of  equilibrium,  the  one  relating  to 
bodies  at  rest,  the  other  rotating  to  bodies  in  motion.  The 
former  is  sometimes  called  Sialic  Equilibrium  and  the  lat- 
ter Kinetic  (or  Dyuamic*)  Equilibrium.  The  problem  of 
s/alicn  in  to  determine  the  conditions  under  which  forces  act 
when  they  keep  bodies  at  re.?/. 

27.  Concurring  and  Conspiring  ForcoB.— Result- 
ant.— When  several  forces  have  a  common  jifiint  of  appli- 
cation tliey  are  called  concurring  forces  ;  when  they  act  at 
tbo  same  point  and  along  the  same  right  line  they  are 

led  conspiring  forces. 

The  rennltanl  of  two  or  more  forces  is  that  force  which 
Ig^ly  will  produce  the  same  effect  as  the  forces  them- 
selves when  acting  together.  The  individual  forces,  when 
eonsidered  with  reference   to    this    reBViUaat,  «tft   t^lis^. 


tbo 

■bg 


components.    The  proc^esa  of  finding  the  resultant  of  several 
forces  is  called  /!ie  rowposi/ion  of  forces. 

28.  Composition  of  Conspiring  Forces. — Condi- 
tion of  EquilibriunL — When  two  or  more  (.-onapiring 
forces  act  in  the  s:ime  dii'ectioD,  it  is  evident  that  the 
resultant  foi-ce  is  gijuil!  to  their  sum,  and  acts  in  the  same 
direction. 

When  two  conspiring  forces  act  in  opposite  directionE 
their  resultant  force  is  equal  to  their  diflerence,  and  acts  in 
the  direction  of  the  greater  fomponent. 

When  several  conspiring  foi'ces  act  in  different  directions 
the  resnitant  of  the  forces  acting  in  one  direction  equals 
the  Slim  of  these  forces,  and  acts  in  Ihe  same  direction ; 
and  80  of  the  forces  acting  in  the  opposite  direction. 
Therefore,  the  resultant  of  all  the  forces  is  equal  to  the 
difference  of  these  sums,  and  acts  in  the  direction  of  the 
greater  sum.  Hence,  if  the  forces  acting  in  one  direction 
are  reckoned  positive,  and  tliose  in  the  opposite  direction 
negative,  their  resultant  is  equal  to  their  algebraic  sum; 
its  sign  determining  the  direction  in  which  it  acts.  ThuB, 
if  -P,,  Pi,  Ps,  etc.,  are  the  conspiring  forces,  Bome  of 
which  may  be  positive  and  the  others  negative,  and  R  is 
the  resultant,  ive  have 


li  =  P,  +  P^  +  P^  +  etc.  : 


^P, 


(I) 


in  which  S  denotes  the  algebraic  sum  of  the  terms  similar 
to  that  written  immediately  after  it, 

Cor.— The  condition  that  the  forces  may  be  in  eqnilib-^ 
tium  is  that  their  resullant,  and  therefore  their  algebmio 
Hum,  must  vanish.  Hence,  when  the  forces  are  in  equilib- 
rium we  must  have  ^  =  0  ;  therefore  (1)  becomes 
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29.  Compositiou  of  Velocities.— //«  particle  be 
moidng  with  two  unipirm,  veluviliea  represented  in 
mngnitude  and  tlirectioii  by  the  two  adjacent  sides 
of  a  pftraUelograin-,  the  resultant  velocity  will  be 
represented  in  magnit/tde  and  direction  by  the 
dia-goniil  of  the  paritllelograni. 

Let  the  particle  move  with  a  uniform 
velocity  v,  which  acting  alone  will  take 
it  in  one  second  from  A  to  B,  and  with 
a  uniform   velocity    v',   which    acling 
alone  will  take  it  in  one  second  from  A     "     '"fij.i     " 
to  C  ;  at  the  end  of  one  second  the  par- 
ticle will  be  found  at  D,  and  AD  will  represent  in  magni- 
tude and  direction  the  resultant  of  the  velocities  represented 
by  AB  and  AC. 

Suppose  the  particle  to  move  uniformly  along  a  straight 
tube  which  starts  from  AB,  and  moves  uniformly  pamllcl 
to  itself  with  its  extremity  in  A('.  When  the  particle  starts 
from  A  the  tube  is  in  the  positioo  AB.  When  the  purticle 
liiis  moved  over  any  part  of  AB,  the  end  of  tlie  tnhe  has 
moved  over  the  same  part  of  AC,  and  the  particle  is  on  the 

line  AD.    For  example,  let  AM  he  the  -th  part  of  AB,  and 

»i  be  the  -th  part  of  AC  ;  while  the  particle  moves  from 
to  M,  the  end  A  with  the  tube  AB  wilt  move  from  A  to 
N,  and  tlie  particle  n-ill  he  at  P,  the  tnhe  occupying  the 
position  NL.  and  I'M  Iwing  parallel  and  equal  to  AN.  P 
'fia  be  proved  to  he  ou  the  diagonal  AD  ae  follows : 


AM  :  MP 


AB     AC 


:;    AB  :  AC(=  BD); 


refore  P  lies  on  the  diagonal  AO.    AIm 


'AB.- 


the  resultant  velocity  is  uniform.  Hence,  the  diagonal  AD 
represents  in  magiiitnde  and  direction  the  resultant  of  the 
velocities  represeuted  by  AB  and  AO. 

TJjis  proposition  is  known  as  the  Paralleloijram  of 
Vdocilies. 

30.  Compositioii  of  Forces.— From  the  Paralleh- 
ijrum  of  Velocities  the  Parallelogram  of  Forces  follows 
immediately.  Since  two  simultaneous  velocities,  AB  and 
AC,  of  a  particle,  result  in  a  single  velocity,  AD,  and  sines 
these  three  velocities  may  be  regarded  as  the  measures  <A\ 
three  separate  forces  all  acting  for  the  same  time  (Art- 19)^ 
it  follows  that  the  effect  produced  on  a  particle  by  the  com- 
bined action,  for  the  same  time,  of  two  forcea  may  be  pro- 
duced by  the  action,  for  the  same  time,  of  a  single  force,, 
which  is  therefore  called  the  resullanl  of  the  other  two 
forcea;  and  theae  forces  are  represented  in  magnitude  and 
direction  by  AB,  AC,  and  AD.  (See  Minchin,  p.  7,  also 
OanietfB  Dynamica,  p.  10.) 

Hence  if  two  concurring  forces  be  represented  in  magni-  * 
tude  and  direction  bg  the  adjacent  sides  of  a  paralldograntf 
their  resultant  ri'ill  be  represented  in  magnitude  and  dxreciio» 
lit/  the  diagonal  of  the  parallelogram.  Care  mnst  be  taken 
in  construetiog  the  parallelogram  of  forcea  that  the  com- 
ponente  both  act  from  the  angle  of  the  parallelogram  tram 
which  the  diagonal  is  drawn. 

This  proposition  lias  been  proved  in  variooH  ways.     It 
dated  in  ita  present  form  by  Sir  Isaac  Kewton,  and  by  Varipion,  t 
ci-leliniled  walliematician,  in  the  year  1687.  probably  iodepBrnJent 
vBi:h  o:1ier.    Since  tliat  timo  varioua  proofa  of  it  have  bten  {^vea 
riilfdrent  matliematiciaus.     One  work  ^vea  a  diacasuiDn,  more  or  !< 
tnmplete,  of  45  other  proofs.     A  noted  analjUc  proof  is  givoi 
M.  Poisson.     (Spe  Prii-^'s  Cnl.,  Vol.  Ill,  p.  19).     Some  authors 
to  proving  the  [«nillelogr»ra  of  forces  by  means  of  tlie  parallelognii 
of  velocities.    (See  Gregory's  MeclianicB,  p.  14.)    The  atiident  wh 
wantu  other  praofa  is  referred  to  Dncliayla's  proof  us  fonnd  in  Tol 
I   Jtimler's Staliea.  p.  7,  and  in  Qalbmit\i'aM.'ic^ia.wtB,^.T,B.'tt4\inoM 
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other  works  ;  or  to  I^place's  proof.  (See  Mecanique  Celeste,  Liv.  I, 
chap.  1.) 

If  B  be  the  angle  between  the  sides  of  the  parallelogram, 
AB  and  AC  (Fig.  2),  and  P  and  Q  represent  the  two  com- 
ponent forces  acting  at  A,  and  R  represent  the  resultant, 
Ai),  we  have  from  trigonometry, 

^  =  P8  +  ^  +  2PQ  cos  6  (1) 

an  equation  which  gives  the  magiiitude  of  the  resultant  of 
two  forces  in  terms  of  the  magnitudes  of  the  two  forces  and 
the  angle  between  their  directions,  the  forces  being  repre- 
sented by  two  lines,  both  drawn  from  the  point  at  which 
they  act 

CoH. — If  6  =  90°,  and  a  and  i3  be  tlie  angles  which  the 
direction  of  R  makes  with  the  directions  of  P  and  Q,  we 
have  from  (1). 

\R2  =  P8  +  §^^  (2) 


Also  cos  a  = 


P 

jr 


cosi3  =  -|;' 

from  which  the  magnitude  and  direction  of  the  resultant 
are  determined. 

31.  Triangle  of  Forces. — //  three  concurring 
forces  be  represented  in  nifignitude  and  direction 
bij  the  sides  of  a  triangle,  taken  in  order,  tJiey  will 
be  in  equilibritnn. 

Let  ABC  be  the  triangle  whose 
sides,  taken  in  order,  represent  in 
magnitude  and  direction  three  forces 
applied  at  the  point  A.     Complete     o        rx^i^ 
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the  piirulleiogr:im  ABCD.  Tlieii  tlie  forces,  AB  and  BC, 
I  applied  at  A,  aie  expressed  by  AB  and  AD  (since  AD  ia 
I  equal  and  pui'allel  lo  BC).  But  the  resultatit  of  AB  and 
I  AD  is  AC,  acting  in  tlie  direction  AC.  Therefore  the  three 
I  forces  represented  by  AB,  BC,  and  CA,  are  equivalent  to 
I  two  forces,  AC  and  CA,  the  Ibimer  acting  from  A  towai'ds 
f  C  and  the  latter  fi-om  C  towards  A,  which,  Ijeing  equal  and 
,  opposite,  will  cleiirly  balance  each  other.  Therefore  the 
I  three  forces  represented  by  AB,  BC,  and  CA,  acting  at  the 
I   point  A,  will  be  in  equilibrium. 

'  It  should  be  observed  that  though  BC  represents  the 
'  magnitude  and  direction  of  the  component,  it  is  not  in  the 
'  line  of  its  action,  because  the  three  forces  act  at  the 
1  point  A. 

I       The  converse  of  this  is  also  true  ;  viz..  If  three  concurring 
'  forces  are  in  equilibrinm,  they  may  be  represented  in  mag- 
nitude and   direction  by   the  sides  of  a  triangle,  drawn 
parallel  respectively  to  the  directions  of  the  forces. 

Thus,  if  AB  and  BC  represent  two  forces  in  magnitade 
and  direction,  AC  will  represent  the  resultant,  and  hence  to 
produce  equilibrium  the  resultant  force  AC  must  be  opposed' 
by  an  equal  and  opposite  force  CA.  Therefore,  the  three 
forces  in  e(|uilibriiim  will  be  represented  by  AB,  BO,  and 
CA. 

Con. — When  Lliree  concurring  forces  are  in  equilibrium 
each  is  equal  and  directly  opposite  to  the  resultant  of  th( 
Other  two. 

32.  Relations  between  Tliree  Concurring  Forcei 

in  Equilibrium.— Since  the  sides  of  a  plane  triangle  ar 
lis  the  sines  of  the  opposite  angles,  we  have  (fig.  3) 

AB  :  BC  (or  AD)  :  AC  : :  sin  ACB  :  sin  BAG  :  sin  ABO 
::   sin  DAC ;  sin  BAG  :  sin  BAR 


I  Sento,  calling  P.  Q,  and  R,  the  forces  represented  by  J 
aAJ?,  ami  AG,  ani  dctiDtiug  tbe  ang\ea  W-flwa  "CBt  ®«w 
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tions  of  the  forces  P  and  Q,  Q  and  U,  and  R  and  I\  by 

A      A  A  • 

PQy  QRy  and  RP,  respectively,  we  have 

A  A  A  ^  ^ 

sin  ^/?       sin  i2P       sin  PQ 

Therefore,  when  three  concurring  forces  are  in  equilibrium 
they  are  respectively  in  the  same  proportion  as  the  sines  of 
the  angles  included  between  the  directions  of  the  other  two, 

33.  The  Polygon  of  Forces.—//  amj  number  of 
concurring  forces  be  represented  in  magnitude  and 
direction  by  the  sides  of  a  closed  polygon  taken  in 
order,  they  will  be  in  equilibrium. 

Let  the  forces  be  represented  in  l^ 
magnitude  and  direction  by  the  lines 
APj,  APg,  AP3,  AP^,  APg.  Take 
AB  to  represent  APj,  through  B  draw 
BC  equal  and  parallel  to  APg  ;  the 
resultant  of  the  forces  AB  and  BC,  or 
APi  and  APg  is  represented  by  AC 
(Art.  31).  Of  course  the  force,  BC, 
acts  at  A  and  is  parallel  to  BC.  Again  through  C  draw  CD 
equal  and  parallel  to  AP3,  the  resultant  of  AC  and  CD,  or 
APj,  APg,  and  AP3  is  AD.  Also  through  D  draw  DE 
equal  and  parallel  to  AP^,  the  resultant  of  AD  and  DE,  or 
APj,  APg,  AP3,  and  AP^  is  AE.  Now  if  AE  is  equal  and 
opposite  to  APj  the  system  is  in  equilibrium  (Art.  18). 
Hence  the  forces  represented  by  AB,  BC,  CD,  DE,  EA 
will  be  in  equilibrium. 

CoR.  1. — Any  one  side  of  the  polygon  represents  in 
magnitude  and  direction  the  resultant  of  all  the  forces 
represented  by  the  remaining  sides. 

CoR.  2. — If  the  lines  representing  the  foicea  io  w^^  ^w\c\. 
a  closed  polygon  the  forces  are  not  in  e(\\x\\\W\\x\sv  \  m  KSkvs* 
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case  the  last  side,  AE,  taken  from  A  to  E,  or  that  which  ii 
required  to  close  up  the  polygon,  repi-esenta  in  magnitnda 
and  direction  the  resultant  of  the  system. 

34.  Farallelopiped  of  Forces. — //  three  concur- 
ring forces,  not  in  the  same  plane,  are  represented 
in  magnitude  and  direction,  by  the  three  edges  o 
a  parallelopiped,  then  the  resultant  will  be  repra* 
sented  in  mitgnititde  and.  direction  by  the  diag- 
onal; conversely,  if  the  diagonal  of  a  parallel- 
opiped  represents  a  force,  it  is  equiualent  to  thref 
forces  represented  by  the  edges  of  the  parallel^ 
opiped. 

Let  the  thi-ee  edges  AB,  AC,  AD  of  the 
parallelopiped  represent  the  three  forces, 
applied  at  A.  Then  the  resultant  of  the 
forces  AB  and  AC  is  AE,  the  diagonal  of 
the  face  ABCE;  and  the  resnltant  of  the 
forces  AE  and  AD  is  AF,  the  diagonal  of 
the  pamllelogram  ADFE.  Uence  AF  represents  the: 
resultant  of  the  three  forces  AB,  AC,  and  AD. 

Conversely,   flie  force,  AF,  is   equivalent  to  the  thrM 
componeuta  AB,  AC,  and  AD, 

Let  P,  Q,  S  represent  tlie  three  forces  AB,  AC,  AD ; 
the  resultant;  «,  0.  y,  the  angles  which  the  direction  of  j 
raakea  with   the  directions  of  P,  Q,  S,  and  suppose  I 
forces  to  act  at  right  angles  with  eacli  other.     Then  since 

AB"  +  AC'  -H  AD', 


'    Rfl.S 
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from  which  the  magnitude  and  direction  of  the  resultant 
are  determined. 

EXAMPLES. 

1.  Three  forces  of  5  lbs.,  3  lbs.,  and  2  lbs.,  respectively, 
act  upon  a  point  in  the  same  direction,  and  two  other  forces 
of  8  lbs.  and  9  lbs.  act  in  the  opposite  direction.  What 
single  force  will  keep  the  point  at  rest  ?  Ans.  7  lbs. 

2.  Two  forces  of  5|^  lbs.  and  3^  lbs.,  applied  at  a  point, 
urge  it  in  one  direction ;  and  a  force  of  2  lbs.,  applied  at 
the  same  point,  urges  it  in  the  opposite  direction.  What 
additional  force  is  necessary  to  preserve  equilibrium  ? 

Ans,  7  lbs. 

3.  If  a  force  of  13  lbs.  be  represented  by  a  line  of  6| 
inches,  what  line  will  represent  a  force  of  7|  lbs.? 

Ans.  3|  inches. 

4.  Two  forces  whose  magnitudes  are  as  3  to  4,  acting  on 
a  point  at  right  angles  to  each  other,  produce  a  resultant  of 
20  lbs.;  required  the  component  forces. 

Ans.  12  lbs.  and  16  lbs. 

5.  Let  ABC  be  a  triangle,  and  D  the  middle  point  of 
the  side  BC.  If  the  three  forces  represented  in  magnitude 
and  direction  by  AB,  AC,  and  AD,  act  upon  the  point  A; 
find  the  direction  and  magnitude  of  the  resultant. 

Ans,  The  direction  is  in  the  line  AD,  and  the  magni- 
tude is  represented  by  3AD. 

6.  When  P  =  ^  and  (9  =  60°,  find  R. 

Ans.  E  =  P  Vs. 

7.  When  P  =i  Q  and  0  =  135°,  find  R. 


Ans.  R  =  P  ^2  —  V2. 
8.   When  P  =  Q  and  d  =  120%  find  K. 
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9.  If  P  =  Q,  ehow  that  their  resultant  E  =  2F  cob  ; 

10.  If  P  =  8,  and  g  =  10,  and  fl  =  60°,  fiud  R. 

Ahk.  ^  =  2  V61. 

11.  li  P  =  :ii,  B  =  145,  and  e  =  90°,  find  Q. 

Ans.   Q  =  17. 

12.  Two  foreea  of  4  lbs.  and  3  V'i  lbs.  act  at  an  angle  of 
45°,  and  a  third  force  of  Vi'i  lbs.  acts  at  right  angles  to 
their  plane  at  the  same  point ;  find  thoir  resultant. 

Alls.  10  lbs. 

35.  Resolution  of  Porcea.— 5y  the  resolution  o/forca ; 
is  meaiii  thejji-ocess  of  finding  ike  components  of  given  forces,, 
We  liave  seen  (Art.  30)  that  two  concurring  forceSj  P  and' 
Q  =;  AB  and  AC,  (Fig.  2)  are  equivalent  to  a  single  fon» 
R  =  AD ;  it  is  evident  then  that  the  single  force,  R,  acting; 
along  AD,  can  be  replaced  by  the  two  forces,  P  and  Qfj 
represented  in  magnitude  and  direction  by  two  adjaoenfe 
sides  of  a  parallelogram,  of  which  AD  is  the  diagonal. 

Since  an  infinite  nnmber  of  parallelograniB,  of  each  d 
which  AD  is  the  diagonal,  can  bo  constructed,  it  follow^ 
that  a  single  force,  R,  can  be  ro.solvcd  into  two  other  foroB 
in  an  infinite  number  of  ways. 

Also,  each  of  the  forees  AB,  AC,  may  be  resolved  ioti 
two  others,  in  a  way  similar  to  that  by  which  AD  t 
r('8oI\ed  into  two ;  and  ao  on  to  aiiy  extent.  Hence,  a singl 
force  may  bo  resolved  into  any  number  of  forces,  wbi 
combined  action  is  equivalent  to  the  original  force. 

Cor, — The  most  convenient  compo- 
nenf«  into  which  a  force  can  be  resolved 
aro  those  whose  directions  arc  at  rifrht 
angles  to  each  other.  Thus,  let  OX 
and  01''  ho  any  two  lines  at  right 
angles  to  each  other,  and  P  any  force  oc^ma  a^  0  m  ft 
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plane  XOT.  Then  completing  the  rectangle  OMPN  we 
find  the  components  of /'along  (.he  axes  OX  oxtA  03' to  be 
OJf  and  ON,  which  denote  by  X  and  i'.  Then  we  have 
clearly 

X^  P  cos  a,  1 


:  Peine 


(1) 


whore  a  is  the  angle  which  the  direction  of  P  makes  with 
OX.  These  components  X  and  1'  are  called  tlie  rect- 
angular components.  The  i-ectangnlar  component  of  a 
force,  P,  along  a  right  line  is  P  x  cosine  of  angle  between 
line  and  direction  of  P. 

In  BtrietnesB.  when  we  speak  of  the  coraponeiifc  of  a  given 
force  along  a  certain  line,  it  is  ueeeseary  to  mention  the 
other  line  along  which  the  other  component  acts.  In  this 
work,  unless  otherwise  expressed,  the  component  of  a  force 
along  any  line  will  be  understood  to  be  its  rednngulnr 
component;  i.  e.,  the  resolution  will  be  made  along  this  line 
and  the  line  pcrpenilieiilar  to  it. 

36.  To  find  the  Magnitude  and  Direction  of  the 
Resultant  of  any  number  of  Concurring  Forces  in 

one  Plane. — When  there  are  several  concurring  forces,  the 
condition  of  their  e'liiihbrium  may  be  expressed  as  in 
Art.  33,  Cors.  1  and  2,  But  in  practice  we  obtain  ranch 
simpler  results  by  using  the  principle  of  the  R-fsoIithoii  of 


:  (Art  35),  than   those  give 

Composition  of  Forces. 

KkLot  0  be  the  point  at  which  all 

H^e  forces  act.     Through  0  draw  the 

Bectangular  axes  XX',   YY'.     Let 

/*,,  /',.  Pg,  etc.,  be  the  forces  and 

«!,  Mg,  M,,  etc.,  be  the  angles  which 

their  directions  make  with  the  axis 


by  the  principle  of 


Fia.7 
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ponenta  ulong  the  axis  of  x  (ar-componentri)  aie  (Art 
36,  Cor.),  Fj  cos  b^,  P^  cos  Kg,  Pj  cos  «,,  etc.,  and  tho» 
along  the  axis  of  y  are  Pj  sin  a^,  P^  siu  «,,  /*j  sin  o, 
etc.;  and  therefore  if  Xand  P" denote  the  algebraic  sum  o 
the  3:-components  and  y-componeuts  respectively,  we  have 


A'=  Pj  cos  Kj  +Ps  cos  "e  +  Pj  <^c3  "s  4- etc.  | 
=  i;P  COS  «,  \ 


(1) 


Let  ^  be  the  resultant  of  all  the  forces  acting  at  0,  and  9 
the  angle  which  it  makes  with  the  axis  of  z ;  then  resolTing 
B  into  its  z-  and  y-components,  v;e  have 


iicOB  0  =  X=  IP  COS  B,  1 

BamO=  J'^lPsiu  «,  \ 


I 


which    dctermiueB   the   magnitude   and  direction  ol   thi 
resultiint. 

Sen. — Regarding  OX  and  OY  us  jiositive  and  OX^  atf 
OY^  as  negative  as  in  Anal,  G-eoni..  we  see  that  Oxj,  Ojf, 
Oy,  are  positive,  and  Oxg,  Ox^,  Oy^  are  negative*  Th 
forces  may  always  be  considered  as  positive,  and  henoc  th 
signs  of  the  conipoueuts  in  (I)  and  {'i)  will  be  the  satofl  i 
those  of  the  trigonometric  functions,  Tbus,  since  B, 
>  90°  and  <  180°  its  sine  is  posirive  and  cosine  is  negfttiVi 
since  a^  is  >  180°  and  <  970'^  both  its  sine  and  cosine  a 


37.  The  Conditions  of  Equilibrium  for  any 
of  Concurring  Forces  in  one  Plane.  —For  tlie  equilil 
of  Lhe  forces  we  must  have   //  =  0.     Hence  (4)  of  "' 
becomes 

^  +  ]'» 
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Now  (1)  cannot  be  satisfied  so  long  as  X  and  Y  are  real 
quantities  unless  X  =  0,  F  =  0 ;  therefore, 

X=  XP  cos  «  =  0  and  Y  =  SP  sin  a  =  0.        (2) 

Hence  these  are  the  two  necessary  and  sufficient  conditions 
for  the  equilibrium  of  the  forces ;  that  is,  the  algebraic  sum 
of  the  rectangular  components  of  the  forces,  along  each  of 
two  right  lines  at  right  angles  to  each  other,  in  the  plane  of 
the  forces,  is  equal  to  zero.  As  the  conditions  of  equilibrium 
must  be  independent  of  the  system  of  co-ordinate  axes,  it 
follows  that,  if  any  number  of  concurring  forces  in  one 
plane  are  in  equilibrium,  the  algebraic  sum  of  the  rectan- 
gular components  of  the  forces  along  every  right  line  in  their 
plane  is  zero. 

EXAMPLES. 

1.  Given  four  equal  concurring  forces  whose  directions 
are  inclined  to  the  axis  of  x  at  angles  of  15°,  75",  135°, 
and  225°  ;  determine  the  magnitude  and  direction  of  their 
resultant. 

Let  each  force  be  equal  to  P ;  then 

X=  Pcos  15°  +  P  cos  75°  +  i^  cos  135°  +  P  cos  225° 

r  =  P  sin  15°  +  P  sin  75°  +  P  sin  135°  +  P  sin  225° 

=  P  (I)*. 

.•.    i?  =  P(5-2  a/3)*- 

3* 


tan  6  = 


3*  —  2 


2.  Given  two  equal  concurring  forces,  P,  whose  direc- 
tions are  inclined  to  the  axis  of  x  at  angles  of  30°  w»\id  ^V^°  \ 
find  their  resultant  Am.  R  ■=  \.^^  P» 


3.  Ghen  three  concurring  forces  of  4,  5,  and  6  lbs. 
whose  (iireetiona  are  inclined  to  the  axis  of  x  at  angles  of 
0°,  60°,  and  135°  respectively ;  find  their  resultant. 

Ans.  R  =  V97  +  15  Vs  —  39  V3. 

4.  Given  three  equal  concurring  forces,  P,  whose  direc- 
tiong  are  iuclined  to  the  axis  of  x  at  angles  of  30°,  60°,  and 
165" ;  Slid  their  resultant.  Ans.  R  —  1.67  P, 

5.  Given  three  concurring  forces,  100,  50,  and  800  Iba, 
whose  directions  are  inclined  to  the  axis  of  a:  at  angles  of 
0°,  60°,  and  180°;  find  the  magnitnde  and  direction  0^ 
their  resultant.  Ans.  R  =  86.6  lbs. ;  fl  =  15 

38.  To  find  the  Magnitude  and  Direction  of  the 
Resultant  of  any  number  of  Concurring  Forces  ia 
Space. — Let  7'j.  P^,  P^,  etc.,  be  the  forces,  and  the 
whole  be  referred  to  a  system  of  rectangular  co-ordinates. 
Let  «,,  0j,  y,,  he  the  angles  which  the  direction  of  P, 
makes  with  three  rectangular  axes  drawn  through  the  poin' 
of  application  ;  let  Kj,  0^,  y^,  be  the  angles  which  thedireo 
tion  of  Pg  makes  with  the  same  axes;  a^,  /Jj,  y, 
angles  which  P^  makes  with  the  same  ases,  etc.  Besolfi 
these  forces  along  the  co-ordinate  axes  (Art.  35) ;  the  coal 
ponentB  of  P,  along  the  axes  axe  P^  cos  Wj,  P^  cos  (3,,  P, 
cos  y^.  Resolve  each  of  the  other  forces  in  the  same  way, 
and  let  X,  Y,  Z,  be  the  algebraic  anms  of  the  componentl 
of  the  forces  along  the  axes  of  x,  y,  and  z,  respectively ; 
then  we  have 

X  =  P,  cos  O]  +  Pj  cos  «g  +  Pj  cos  «3  +  etc.\ 

c=  SP  cos  K.  1 

F  =  P,  COB  /J,  +  Pj  cos  /Jg  +  P,  COB  (33  +  etc/ 

=  SP  cos  ii.  ) 

Z  ~  Pi  cos  y,  +  Pg  cos  Yj  +  Pj  cos  yj  +  etcl 


^  Let  R  be  the  resultant  of  all  the  forces ;  and  lot  the 
■  angles  which  its  direction  makes  with  the  three  axes  he  a, 
b,  c ;  thea  as  the  resolved  parts  of  E  along  the  three  co-or- 
ilioate  axes  are  equal  to  the  stitn  of  the  reBolved  piirts  of 
thp  several  componeuts  along  the  same  axes,  we  have 


iJ  cos  «  =  X.     R  cos  b  : 


E  cos  c 


Squaring,  and  adding,  wc  g 


:.r'+  r^  +  z^- 


COS  S  =  -TT  ,      COS  p  =  -7-  ■ 


(2) 


(3) 


which  determines  the  magnitude  of  the  resnJtant  of  miy 
system  of  forces  in  spaee  and  the  angles  its  direction  niukcs 
with  three  rectangular  axes. 

39.  The  Conditions  of  Equilibrium  for  any  num- 
ber of  Concurring  Forces  in  Space. — If  the  Tone."  arc 
ei|uilibriuin,  ^  =  0  ;  therefore  (3)  of  Art.  38  hccomea 


!ut  as  every  square  is  essentially  positive,  this  cannot  be 
unless  A'  =  0,  Y  =  0,  Z  =  G  ;  and  therefore 

S/'  COS  «  =  0,     J.P  cos  j3  =  0,     Si"  cos  y  =  0 ;     (1) 

and  these  are  the  conditions  among  the  forces  that  they 
may  bo  in  equilibrium  ;  that  is,  the  sum  of  the  components 
of  the  forces  along  each  of  the  three  co-ordinate  axes  is 
efjiial  to  zero. 

40.  Tension  of  a  String. — Tty  the  tension  of  a  string 
is  meant  the  pull  along  its  fibres  which,  at  any  point,  tends 
to  streteh  or  break  the  string.     In  the  application  of  the 

I  tJje  strinij  or  cord  ia  oilevi.  i^a'Jk.  la^^.J 


meana  of  comTnniiiciiting  force.    A  string  is  said  to  be  |)ep 
fectly  fiszxbh  when   any   force,   however  small,   which 
applied  otherwise  than  along  tlie  direction  of  the  Btrinj 
■will  change  it«   form.    In   this  work   the   Btriug  will  " 
regai'ded  aa  perfectly  flexible,  inextensible,  and   withoi 


If  such  a  string  be  kept  in  equilibrium  by  two  force 
one  at  each  end,  it  is  clear  that  these  forces  must  be  eqUi 
and  act  in  opposite  directions,  ao  that  the  string  a 
the  form  of  a  straight  line  in  the  direction  of  the  force 
In  this  case  the  tension  of  the  string  is  the  same  througl 
out,  and  is  measured  by  the  force  applied  at  one  enc 
if  It  passes  over  a  smooth  peg,  or  over  any  number  ( 
smooth  aurfaees,  its  tension  is  the  same  at  all  of  its  poin) 
If  the  string  should  be  kiiot/ed  at  any  of  its  pointi!  to  otb 
strings,  we  must  regard  its  continuity  as  broken,  and  t 
tension,  in  this  case,  will  not  be  the  same  in  the  two  po 
tions  whicli  start  from  the  knot. 


1.  A  and  B  (Fig.  8)  ai-o  two  fixed 
points  in  a  horizontal  liue ;  at  A  is 
fastened  a  string  of  length  $,  with  a 
smooth  ring  at  its  other  extremity,  C, 
through  which  pasaca  another  string  with 
one  end  fastened  at  B,  tho  other  end  of 
which  is  attiR'hed  to  a  given  weight  W ;  . 
determine  tiie  position  of  C. 

Before  setting  about  the  solntion  of  statical  probloiBS' 

this  kind,  the  student  will  clear  the  ground  befoi-e  him,i 

greatly  simplify  bis  labor  by  asking  himself  the  folIow{ 

Hueations:     (1)  Wlint  lines  are  there  in  the  figure  n" 

lengrtha  are  already  given  ?      (2)    What   foi-ces  are  Hi 

whose  nmgnitudea  arc  already  given,  and  what   are  . 
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variable  lines  or  angles  in  the  figure  would,  if  they  were 
known,  determine  the  required  position  of  C  ? 

Now  in  this  problem,  (1)  the  linear  magnitudes  which 
are  given  are  the  lines  AB  and  AC.  (2)  The  forces  acting 
at  the  point  C  to  keep  it  at  rest  are  the  weight  W,  a  ten- 
sion in  the  string  CB,  and  another  tension  in  tlie  string 

CA.  Of  these    W  is  given,    and  so   is   the  tension   in 

CB,  which  must  also  be  equal  to  W,  since  the  ring  is 
smooth  and  the  tension  therefore  of  WCB  is  the  same 
throughout  and  of  course  equal  to  W.  But  as  yet  there  is 
nothing  determined  about  the  magnitude  of  the  tension  in 
CA.  And  (3)  the  angle  of  inclination  of  the  string  CA  to 
the  horizon  would,  if  known,  at  once  determine  the  posi- 
An  of  C.  For  if  this  angle  is  known,  we  can  draw  AC  of 
the  given  length;  then  joining  C  to  B,  the  position  of  the 
system  is  completely  known. 

Let  AB  =  fl,  AC  =  b,  CAB  =  d,  CBA  =  <p,  and  the 
tension  of  the  string  AC  =  T,  Then,  for  the  equilibrium 
of  the  point  C  under  the  action  of  the  three  forces,  W,  W, 
and  T,  we  apply  (2)  of  Art.  37,  and  resolve  the  forces 
horizontally  and  vertically;  and  equate  those  acting  towards 
the  right-hand  to  those  acting  towards  the  left ;  and  those 
acting  upwards  to  those  acting  downwards.  Then  the 
horizontal  and  vertical  forces  are  respectively 

TFcos  0  =  T  Go^O'y 

TTsin^  +  T^md  =  W. 
Eliminating  Twe  have 

cos  d  =  sin  {0  +  (p)  ', 
.-.    20  +  <^  =  9O°.  (1) 

Also,  from  trigonometry  we  have 


sin  (d  +  0)  __  a  ^ 
sin  0       ~  6  ' 


^^ 
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from  (1)  and  (2)  ^  and  0  may  be  found ;  and  therefore  T 
may  be  found;  and  thus  all  the  circamstances  of  the 
problem  are  determined. 

2.  One  end  of  a  string  is  attached  to 
a  fixed  point,  A,  (Fig.  9) ;  the  string,  after 
passing  over  a  smooth  peg,  B,  sustains  a 
given  weight,  P,  at  its  other  extremity, 
and  to  a  given  point.  C,  in  the  string  is 
knotted  a  given  weight,  W.  Find  the  posi- 
tion of  equilibrium. 

The  entire  length  of  the  string,  ACBP,  is  of  no  eonse- 
quence,  since  it  is  clear  that,  once  equilibrium  is  estab- 
lished, P  might  be  suspended  from  a  point  at  any  distance 
whatever  from  B.  The  forces  acting  at  the  point,  C,  are 
the  given  weight,  W,  the  tension  in  the  string,  CB,  which, 
since  the  peg  is  smooth,  is  P,  and  the  tension  in  the  string 
CA,  which  is  unknown. 

Let  AB  =  a,  AC  =  h,  CAB  =  ^,  CBA  =  0,  and'  the 
tension  of  the  string,  AC  =  T.  Then  for  the  equilibrium 
of  the  point  C,  we  have  (Art.  32), 

P  _        cos  0  .^. 

also,  from  the  geometry  of  the  figure,  we  have 

h  sin  (0  +  0)  =  a  sin  0.  (2) 

From  (1)  and  (2)  we  get 

P  _  &COS  6 
>r  ""  a  sin  0* 

or  sin  0  =  — .-  COS  B\ 

aP  ' 


COfl0  = 


aP 
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Expanding  sin  (fl  +  0)  in  ('i),  and  aubstitutiug  in  it  Eliosu 
values  of  sin  ^  and  coa  ^,  and  redncing,  we  have  tiki 
equation 

from  which  fl  may  be  found.  (See  Minehin's  Statics. 
p.  39.) 

3.  If,  in  the  last  example,  the  weight,  W,  instead  of 
being  knotted  to  the  string  at  C,  is  saspended  from  a 
smooth  ring  whioh  is  at  Uberty  to  slide  along  the  string, 
ACB,  find  the  position  of  equilibrinm. 

Ans.  sm  9  ^  ^. 

41.  Equilibrium  of  Concurring  ForceB  on  a 
Smooth  Plane. — If  a  particle  be  kept  at  rei^t  on  a  smooth 
Hurtace,  plane  or  curved,  by  the  action  of  any  number  of 
forces  applied  to  it,  the  resultant  of  these  forces  must  be  in 
the  direction  of  the  normal  to  the  surface  at  the  point 
where  the  particle  is  situated,  and  must  be  equivalent  to 
the  pressure  which  the  surface  sustains.  For,  if  the 
resultant  had  any  other  direction  it  could  be  resolved  into 
two  components,  one  in  the  direction  of  the  normal  and  tiie 
other  in  the  direction  of  a  tangent ;  tlic  firet  of  these  would 
be  opposed  by  the  reaction  of  the  surface ;  the  second  being 
unopposed,  would  cause  the  particle  to  move.  Henee,  we 
may  dispense  with  the  piano  altogether,  and  regard  its 
normal  reaction  as  one  of  the  forces  by  which  the  particle 
is  kept  at  rest.  Therefore  if  the  particle  on  which  the 
Btatical  forces  act  be  on  a  smooth  plane  surface,  the  case  is 
the  same  as  that  ti-eated  in  Art.  39,  viz.,  equilibrium  of  a 
particle  acted  upon  by  any  number  of  forces;  and  in  writ- 
ing down  the  equations  of  equilibrium,  we  merely  have  tn 
iaolude  the  norrmd  reaetion  of  the  p\ane  aimo'(vg  v^  ^<« 


40 
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Fig.  10 


EXAMPLES. 

1.  A  heavy  particle  is  placed  on  a 
smooth  inclined  plane,  AB,  (Fig.  10), 
and  is  sustained  by  a  force,  P,  which 
acts  along  AB  in  the  .vertical  plane 
which  is  at  right  angles  to  AB ;  find 
P,  and  also  the  pressure  on  the  in- 
clined plane. 

The  only  effect  of  the  inclined  plane  is  to  produce  a 
normal  reaction,  R,  on  the  particle.  Hence  if  we  intro- 
duce this  force,  we  may  imagine  the  plane  removed. 

Let  W  be  the  weight  of  the  particle,  and  a  the  inclina- 
tion of  the  plane  to  the  horizon. 

Resolving  the  forces  along,  and  perpendicular  to  AB, 
since  the  lines  along  which  forces  may  be  resolved  are 
arbitrary  (Art.  37),  we  have  successively. 


P  —  irsin  «  =  0,     or    P  =  TTsin  «  ; 


and 


11  —  11^  cos  «  =  0,     or    R  =z  TTcos  a. 


If,  for  example,  the  weight  of  the  particle  is  4  oz.,  and 
the  inclination  of  the  i)lane  30°,  there  will  be  a  normal 
pressure  of  2\/3  oz.  on  the  plane,  and  the  force,  P,  will 
be  2  oz. 

2.  In  the  previous  example,  if  P  act  horizontally,  find 
its  magnitude,  and  also  that  of  R, 

Resolving  along  AB  and  perpendicular  to  it,  we  have 
successively, 

P  cos  a  —  TFsin  «  =  0,     or    P  =  W  tan  a  ; 


and     P  sin  a  -f-  JF  cos  «  —  iZ  =  0,    .• .    R  =. 


W 

^— — -• 


CONDITIONS  OF  ^(^UILIBRIUM.  41 

3.  If  the  particle  is  sustained  by  a  force,  P,  making  a 
given  angle,  0,  with  the  inclined  plane,  find  the  magnitude 
of  this  force,  and  of  the  pressure  on  the  plane,  all  the  forces 
acting  in  the  same  vertical  plane. 

Eesolving  along  and  perpendicular  to  the  plane  succes- 
sively, we  have 

Pco8(9—  IT  sin  a  =  0, 
and  R  +  P  sin  0  —  TTcos  «  =  0, 

from  which  we  obtain 

COS  0  cos  0 

Rem. — The  advantage  of  a  judicious  selection  of  direc- 
tions for  the  resolution  of  the  forces  is  evident.  By  resolv- 
ing at  right  angles  to  one  of  the  unknown  forces,  we 
obtain  an  equation  free  from  that  force;  whereas  if  the 
directions  are  selected  at  random,  all  of  the  forces  will 
enter  each  equation,  which  will  make  the  solution  less 
simple. 

The  student  will  observe  that  these  values  of  P  and  R 
could  have  been  obtained  at  once,  without  resolution,  by 
Art.  32. 

42.  Conditions  of  Equilibrium  for  any  number  of 
Concurring  Forces  when  the  particle  on  which  they 
act  is  Constrained  to  Remain  on  a  G-iven  Smooth 
Surface. — If  a  particle  be  kept  at  rest  on  a  smooth  sur- 
face by  the  action  of  any  number  of  forces  applied  to  it, 
the  resultant  of  these  forces  must  be  in  the  direction  of  the 
normal  to  the  surface  at  the  point  where  the  particle  is 
situated,  and  must  be  equivalent  to  the  pressure  which  the 
surface  sustains  (Art.  41).  Hence  since  the  Tesw\V,M\k.  ys»  \\v 
the  direction  of  the  normal,  and  is  deBtxoye^  \>^  XJaa  x^'Wi- 


coifbiTwm  ok  ktittiLtsntrnt. 

I  of  tliG  surface,  we  may  regard   this  reaction   ii 
additioTitil  force  directly  opposed  to  the  normal  force. 

Let  ^bc  tlie  normal  reaction  of  the  surface,  and  «,  j3,  y, 
the  angles  which  N  makes  with  the  co-ordinate  axes  of  x, 
y,  and  a,  respectively.  Let  X,  Y,  Z.  be  the  sum  of  the 
components  of  all  tho  other  forces  resolved  parallel  to  the 
three  axes  respectively.  The  reaction  N  may  be  considered 
a  new  force,  which,  with  tho  other  forces,  keeps  the  parti- 
cle in  eqnilibriura.  Therefore,  resolving  N  parallel  to  the 
three  axes,  we  have  (Art,  39), 


^+  iVcos  «  —  0,  ^ 
r  +  Nam&  =  0,  V 
Z  -^  i\^coBy  =  0.  J 


Let  u  =  f{x,  y,  z)  =  0,  be  the  equation  of  the  given; 
surface,  and  x,  y,  z  the  co-ordinatcB  of  the  particle  to 
which  the  forces  are  applied.  We  have  (Anal.  0 
Art.  173), 

V"'*  +  b'1  +  I ' 


■  v«'»  + A"^+  17 


where  a'  and  b'  are  the  tjingeiits  of  the  angles  which  tlu 
projections  of  the  normal,  JV",  on  the  co-orJinate  plancB  3 
and  1JZ  make  with  the  axis  of  z.  Since  the  normal  is  peP 
pendicular  to  the  plane  tangent  to  the  surface  at  {x,  y,  c] 
the  projections  ot  the  normal  are  perpendicular  to  f' 
traces  of  the  plane.  Therefore  (Anal.  Geom.,  Art,  21 
Cor.  1),  wo  have 

i'  =  0,  (i 

I  +  U'  =  0  ■, 
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in  which 

(Calcuhis,  Art.  h^a.^    Substituting  in  (3)  and  (4),  we  have 

.    ,   dx     dx*       ^ 


and 

from  which 


dy    dy' _ 
^-^di'd^-^' 


du 


and 


dz 

du 
dy[  _       dz  __dy  _  ^ 
dz'  dy        du 

dz 


(6) 


Substituting  these  yalues  of  a'  and  V  in  (2)  and  multiply- 

du 
ing  both  terms  of  the  fraction  by  -7--,  we  have 


cos  a  = 


du 
dx 


cos  j3  = 


/  (du\^      (du\^     (du\^' 

V  \dx) + \d-y) + y 

du 
dy 


I  Idu^  .   ldu\?  .    idu"^' 


(7) 


cosy  = 


du 
dz 
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which  give  the  values  of  the  direction  cosines  of  the  niomuil 
at  {x,  y,z).  . 

Putting  the  denominator  equal  to  Q,  for  shortness,  and 
substituting  in  (1)  and  transposing,  we  hare 


Z=  - 


N    du 
Q  '  dx* 


(8) 


r=  --^ .  ^ 


2= -^ • ^ 


JV 

du 

Q- 

dy' 

iV 

du 

Q 

dz 

(9) 


(10) 


Eliminating  N  between  these  thi'ee  equations,  we  obtain 
the  two  independent  equations, 


du 
dx 


du 
dy 


du' 
dz 


(11) 


which  express  the  conditions  that  must  exist  among  the 
applied  forces  and  their  directions  in  order  that  their 
resultant  may  be  normal  to  the  surface,  L  e.,  that  there  may 
be  equilibrium.  If  these  two  equations  are  not  satisfied, 
equilibrium  on  the  surface  cannot  exist.  Hence  the  point 
on  a  given  surface,  at  which  a  given  particle  under  the 
action  of  given  forces  will  rest  in  equilibrium,  is  the  point 
at  which  equations  (11)  are  satisfied. 


Cor.  1. — Squaring  equations  (8),  (9),  (10)  and  adding,  we 


get 


X2  +  1^2  +  Z2  =  JV2 


idu\^       ldu\^       (duV 

W        \dJ        \dz/ 
-7^  +  —^  +  -7^ 


L  0" 


(?  J 


=  IP; 


jv=  \/x»  +  r»  +  zs 


V«\ 
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which  is  the  value  of  the  normal  resistance  of  the  surface 
and  is  precisely  the  same  as  the  resultant  of  the  acting 
forces,  as  it  clearly  should  be  ;  but  this  resistance  must  act 
in  the  direction  opposite  to  that  of  the  resultant 

Cor.  2. — Multiplying  (8),  (9),  (10)  by  dx,  dy,  dz,  respec- 
tively, and  adding,  and  remembering  that  the  total  differ- 
ential of  w  =  0  is  zero,  we  get 

Xdx  +  Ydy  +  Zdz  =  0,  (13) 

which  is  an  equation  of  condition  for  equilibrium.  If  (13) 
cannot  be  satisfied  at  any  point  of  the  surface,  equilibrium 
is  impossible. 

CoR.  3. — If  the  forces  all  act  in  one  plane,  the  surface 
becomes  a  plane  curve ;  let  this  curve  be  in  the  plane  xy^ 
then  ;?  =  0;  therefore  (11)  and  (13)  become 

■^  "^  ^'  ^^^^ 

dx         dy 

and  Xdx  +  Ydy  =  0,  (15) 

in  which  (14)  or  (15)  may  be  used  according  as  the  equation 
of  the  curve  is  given  as  an  implicit  or  explicit  function. 

EXAMPLES. 

1.  A  particle  is  placed  on  tiie  surface  of  an  ellipsoid,  and 
is  acted  on  by  attracting  forces  which  vary  directly  as  the 
distance  of  the  particle  from  the  principal  planes*  of  sec- 
tion ;  it  is  required  to  determine  the  position  of  equilibrium. 

Let  the  equation  of  the  ellipsoid  be 

w  =/f:r,  y,  ^;  =  ^^  +  I  +  ^  -  1  =  0 ; 

♦  Pianos  of  ay,  yz,  zx. 
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du  __2x      du  __  2y      du  ^iz^ 
•'•     dx~~¥'     dy'''^'    dz'^J' 

And  let  the  x-,  y-,    and  ;2J-components   of  the  forces  be 
respectively, 

X  =  —  n^x,    Y  =  —  u^y,  Z  •=.  —  u^z  ; 

then  (11)  will  give 

which  may  be  put  in  the  form 


If  these  conditions  are  fulfilled,  the  particle  will  rest  at  all 

points  of  the  surface. 

2.  Again,  take  the  same  surface,  and  let  the  forces  vary 
inversely  as  the  distances  of  the  point  from  the  principal 
planes;  it  is  required  to  determine  the  position  of  equili- 
brium. 

Here     X=^-',     r=-^,     z=-^i 

X  '  y  '  z  ^ 

therefore  (11)  becomes 

a^        W        '^  1  1 


Wi  Wg  W3  ^i   +  Wg   +  t^3  U 

by  putting  u  for  Wj  +  Wg  +  «*3, 

-  -'("#  ^=K^y-  ^-<^S' 


which  in  (12)  gives 

x^        y^         z^ 

3.  A  particle  is  placed  iaside  a  smooth  sphere  on  the  con- 
cave surface,  and  is  acted  on  by  gravity  and  by  a  repulsive 
force  which  varies  inversely  as  the  square  of  the  distance 
from  the  lowest  point  of  the  sphere ;  find  the  position  of 
equilibrium  of  the  particle. 

Let  the  lowest  point  of  the  sphere  be  taken  for  the  origin 
of  co-ordinates,  and  let  the  axis  of  z  be  vertical,  and  posi- 
tive upwards;  then  the  equation  of  the  sphere,  whose 
radius  is  a,  is 

dc^  +  jf^  -{-  z^  —  '^az  =  0. 

Let  W  =  the  weight  of  the  particle,  and  r  =  the  distance 
of  it  from  the  lowest  point ;  then 

r^  =  a>^  +  yz  +  z^  =  2az. 

Also,  let  the  repulsive  force  at  the  unit's  distance  =  u ; 
then  at  the  distance  r  it  will  be 


u         u 
~r2  "■  2az' 

2az     r' 

Y-    ^    .  ^ 
2az     r' 

2az     r 

W. 
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Let  N  =  the  normal  pressure  of  the  curve  ;  then  (8)  and 
(10)  give 


2az     r  a  ~~    ' 


2az     r  a  ' 


from  which  we  have 


A»8     — 


va 


W 


z  = 


u 


2a*  F*' 


whence  the  position  of  the  particle  is  known  for  a  given 
weight,  and  for  a  given  value  of  u,  (See  Price^s  Anal. 
Mechanics,  Vol.  I,  p.  39.) 

4.  Two  weights,  P  and  Q,  are  fastened  to  the  ends  of  a 
string,  (Fig.  11),  which  passes  over  a  pulley,  0 ;  and  Q 
hangs  freely  when  P  rests  on  a  plane  curve,  APy  in  a 
vertical  plane  ;  it  is  required  to  find  the  position  of  equili- 
brium when  the  curve  is  given. 

The  forces  which  act  on  P  are  (1)  the 
tension  of  the  string  in  the  line  OP,  which 
is  equal  to  the  weight  of  Q,  (2)  the  weight 
of  P  acting  vertically  downwards,  (3)  the 
normal  reaction  of  the  curve  R, 

Let  0  be  the  origin  of  co-ordinates,  and 
the  axis  of  x  vertical  and  positive  down- 
wards. Let  OM  =  Xy  MP  =  y,  OP  =  r, 
POM  =0,  OA  =  a.     Then, 

jr=  P- Ccos(?-jB^, 


doR 
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cherefore  from  (15)  we  have 

{P  —  Q  cos  0)  dx  —  Q  sill  ddy  =  0, 


or 


P^  _  Q^^^^^y  ^  0. 


But  since  x^  -\-  y^  =  r^, 

we  have  xdx  +  y  dy  =  rdr  ; 

.-.    Pdx—Qdr  =  0;  (1) 

which  is  the  condition  tliat  must  be  satisfied  by  P,  Q,  and 
the  equation  of  the  curve. 

5.  Required  the  equation  of  the  cuiTe,  on  all  points  of 
which  P  will  rest. 

Integrating  (1)  of  Ex.  4,  we  have 

Px  -  Qr  =  0.  (1) 

But  since  P  is  to  rest  at  all  points  of  the  curve,  this  equa- 
tion must  be  satisfied  when  P  is  at  A,  from  which  we  get 
x  =  r  =  a;  therefore  (1)  becomes 


Pa 

—  ( 

Qa-  C; 

which 

in 

(1) 

gives 

r 

(' 

P 

1  —  ^  COS  ^ 

which  is  the  equation  of  a  conic  section,  of  which  the  focus 
is  at  the  pole  0  ;  and  is  an  ellipse,  parabola,  or  hyperbola, 
accordiu^  aa  P  <,  =,  or  >  ^. 
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1.  Two  forces  of  10  aiiil  ao  lbs.  act  on  a  particle  at  an 
angle  of  G0° ;  find  the  resultant.  Ajis.  36.5  lbs. 

2.  Tlie  reaultant  of  two  forces  is  10  lbs. ;  one  of  tlie 
forces  ia  8  Iba.,  and  the  other  is  inclined  to  the  resnltaut  at 
an  angle  of  36°.  Find  it,  and  also  find  the  angle  between 
the  two  forces.  (There  are  two  solutions,  this  being  the 
ambiguous  case  iu  the  solution  of  a  triangle.) 

Ans.  Force  is  2.(!6  lbs.,  or  13,52  lbs.  Angle  is  47°  17' 
Ofi",  or  133°  42'  55". 

3.  A  point  is  kept  at  rest  by  forces  of  6,  8,  11  Iba. 
Find  tlie  angle  between  the  forces  6  and  8. 

Ans.  77°  21' 53' 

4.  The  directions   of  two   forces  acting  at  a  point 
jnclined  to  each  other  (1)  at  an  angle  of  G0°,  (3)  at  aa 
angle   of     130",    and     the    respective    resultants   are    hS 
V?  ;  VS  ;  compare  the  magnitude  of  the  forces. 

Atis.  2  :  1. 

5.  Tlirec  posts  are  placed  in  the  ground  so  as  to  form  a 
equilateral  triangle,  itnd  an  elastic  string  ia  stretched  roun 
them,  the  tension  of  wbicli  is  6  lbs. ;  find  the  pressure  o 
each  post.  Ans.  SVa. 

G.  The  angle  between  two  unknown  forces  is  37",  on 
their  resultant  divides  this  angle  into  31"  and  G° ;  find  tt 
ratio  of  the  component  forces,  Ans.  4.927  :  1. 


7.  If   two  equal  rafters  support  a  weight,    W,  at  tl 

upper  ends,  required  the  corapreasion   on   each.     Let 

length   of  each   rafter   bo  a,  and  the  horizontal  d: 

between  their  lower  ends  he  b.  ,  aW 

Am. 
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8.  Three  forces  act  at.  a  tminl,  ami  iiiclmlo  jingk-s  ni 
"^90"  iuid  45'"'.    Thu  first  two  forces  are  each  equul  to  iV, 

and  tbe  rcHultant  of  them  all  is  VlOP;  find  the  tliicd 
force.  Am.  F  V'i- 

9.  Find  the  magnitude,  Jt,  and  direction,  (f,  of  tlit 
resnltant  of  the  three  forces,  P,  =  30  lbs.,  P,  =  TO  lbs,. 
Pj  =  50  lbs.,  the  angle  included  between  P^  and  P, 
being  56°,  and  between  Pg  and  P^  104°.  (It  is  generally 
convenient  to  take  the  action  line  of  one  of  tbe  forces  for 
the  asis  of  a;.) 

Let  the  asis  of  x  coincide  with  the  dii-ectiou  of  Pj ;  then 
(Art.  36),  we  have 


=  22.16;     r=:  75.13;     fl  =  78.33;    S  =  73°  34'. 


^F  10.  Three  foi-ces  of  10  lbs.  each  act  at  the  same  point ; 
Uie  second  makes  an  angle  of  30°  with  the  first,  and  the 
third  makes  an  angle  of  G0°  with  the  second ;  find  the 
magnitude  of  tlie  resultant.  Am.  94  Jbs.,  nearly. 

11.  If  three  forces  of  99,  100,  and  101  units  respectively, 
act  on  a  point  at  angles  of  120°;  find  the  magnitude  of 

•their  resultant,  and  its  inclination  to  the  force  of  100. 
I  A»3.  Vs;  00°. 

12.  A  block  of  800  lbs.  is  bo  situated  that  it  receives 
from  the  water  a  pressure  of  400  lbs.  in  a  south  direction, 
and  a  pressure  from  the  wind  of  100  lbs.  in  a  westerly 
direction  ;  required  the  magnitude  of  the  rosultaTit  pres- 
ire,  and  its  direction  with  the  vertical. 

Ans.  900  lbs.;  97°  IG'. 

13.  A  weight  of  40  lbs.  is  supported  by  two  strings,  one 
of  which  makes  an  angle  of  30°  with  the  vertical,  the  other 
45"!  find  the  tension  iu  each  string. 

Ans.  30  (Vo  -  ^/i)  \  40  ^,^/?.  — Vj. 


i 


14.  Two  forces,  P  and  1",  acting  along  llie  diagonals  of 
a  parallelogi'um,  ktitip  it  at  rest  in  such  a  position  that  oi 
of  itB  sidea  is  horizontal;  show  that 

/*  see  a'  ^  F'  sec  a  =  W  cosee  (a  -}-  a), 

where  IT  is  the  weight  of  the  parallelogram,  and  a  and 
the  angles  between  the  dii^onals  and  the  horizontal  side. 

15.  Two  persons  pull  a  heavy  weight  by  ropes  inclined 
to  the  horizon  at  angles  of   60°   and  30°  with  forces  of 
160  lbs,  and  ?00  lbs.     The  angle  between  the  two  -vertical 
planes  of  the  roijes  is  30° ;  find  the  single  horizontal  for 
that  wcnld  produce  the  same  effect.  Ans.  245,8  Iba 

16.  In  order  to  raise  vertically  a  heavy  weight  by  meant' 
of  a  rope  passing  over  a  fixed  pnlley,  thi'ec  workmen  pnll  at 
the  end  of  the  rope  with  forces  of  40  lbs.,  50  lbs.,  and 
100  lbs. ;  the  directions  *of  these  forces  being  inclined  to* 
the  horizon  at  an  ungle  of  G0°.  What  is  the  magnitude  o' 
the  resultant  force  which  t^nda  directly  to  raise  the  weight 

Ans.  164.54  IbB. 

17.  Three  persons  pnll  a  heavy  weight  by  cords  incliDed 
to  the  horizon  at  an  angle  of  60°,  with  forces  of  100,  1S<^ 
and  140  lbs.  The  three  vertical  planes  of  the  cords  srj 
inclined  t'l  each  other  at  angles  of  30°;  find  the  singly 
horizontal  force  that  would  produce  the  same  etfect. 

Anit.  10  Vi45  +  nVi\^. 

IS.  Two  forces,  P  and  Q.  acting  respectively  parallel  t 
the  base  and  length  of  an  inclined  plane,  will  eaeh  singl; 
enstaia  on  it  a  piu-ticlo  of  weight,  11';  to  determine  ihi 
weight  of  W. 

Let  «  ^  inclination  of  the  plane  to  the  horizon;  tliei 
resolving  in  each  case  along  the  ]»lane,  so  that  the  norma 
preasurea  may  not  enter  into  the  equations  (See  Item.j  ~ 
Art  41),  we  have 
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P  COS  a  =  TT  sin  a ;     $  =  TF  sin  « ; 

PQ 


•  • 


)r  = 


(P2  __  Ql)\ 


19.  A  cord  whose  length  is  %l,  is  fastened  at  A  and  B,  in 
the  same  horizontal  line,  at  a  distance  from  each  other 
equal  to  2a ;  and  a  smooth  ring  upon  the  cord  sustains  a 
weight  W'y  find  the  tension  of  the  cord. 

Ans,   T  =  — ; . 

20.  A  heavy  pariiicle,  whose  weight  is  W,  is  sustained  on 

a  smooth  inclined  plane  by  three  forces  applied  to  it,  each 

W 
equal  to  -^ ;  one  acts  vertically  upward,  another  horizon- 

tally,  and  the  third  along  the  plane ;  find  the  inclination, 

a,  of  the  plane.  ^        i      «       1 

^  Ans.  tan  -  =  -» 

21.  A  body  whose  weight  is  10  lbs.  is  supported  on  a 
smooth  inclined  plane  by  a  force  of  2  lbs.  acting  along  the 
plane,  and  a  horizontal  force  of  5  lbs.  Find  the  inclination 
of  the  plane.  Ans.  sin~^  \. 

22.  A  body  is  sustained  on  a  smooth  inclined  plane  (in- 
clination a)  by  a  force,  P,  acting  along  the  plane,  and  a 
horizontal  force,  Q.  When  the  inclination  is  halved,  and 
the  forces,  F  and  $,  each  halved,  the  body  is  still  observed 

to  rest ;  find  the  ratio  of  P  to  0.  ,       P       ,^       „  « 

Ans.  -7T  =  2  cos2  -. 
Q  4 

23.  Two  weights,  P  and  Q,  (Fig.  12),  rest 
on  a  smooth  double-inclined  plane,  and  are 
attached  to  the  extremities  of  a  string 
Avhich  passes  over  a  smooth  peg,  0,  at  a 
point  vertically  over  the  intersection  of  the 
j)lanei9,  the  peg  and  the  weights  being  m  a  ^^* 


■vertical  plane,     Finil  the  position  of  ecjuilibriuni,  \!  1=.  the 
■   length  of  the  string  and  h  =  CO. 

Ans.  The  position  of  eqaiUhriiini  is  given  by  the  equa- 
1    tions 

p sinw  _      sin^ 
cos  e        ^cmtp' 

COS  o      cos  0 I 

Bin  0       sin  <p  ~  h 

24,  Two  weightB,  P  and  ©)  coniieetcd  bj  a  string, 
length  /,  rest  on  the  convex  side  of  a  smooth  vertical 
circle,  radius  a.  Find  the  position  of  equilibrium,  and 
show  that  the  heavier  weight  will  be  higher  up  on  the 
circle  than  the  lighter,  tlie  radius  of  the  circle  drawn  to  P 
making  an  angle  9  with  the  vertical  diameter. 

Ans.  Peine  =  Q  sin  (-  —  sl- 

25.  Two  weighta,  P  and  Q,  connected  directly  by  a 
string  of  given  length,  rest  on  the  conves  side  of  a  smooth 
vertical  circle,  the  string  forming  a  chord  of  the  circle ; 
find  the  position  of  equilibrium. 

Ans.  If  2k  is  the  angle  subtended  at  the  centre  of  the 
circle  by  the  string,  the  inclination.  0,  of  the  string  to  the 
vertical  ia  given  by  the  equation 


cot  ff  : 


'  P+Q 


tan  0 


!.  Two  weights,  P  and  Q,  {Fig.  13), 
rest  on  tho  concave  side  of  a  parabola 
whose  axis  is  horizoutiil,  and  are  con- 
nected by  a  string,  length  1,  wliich 
pusses  over  a  smooth  jn'g  at  tlie  focus,  F. 
Find  the  position  of  equilibrium, 
-/cj;  Let  ff  =  the  angle  which  FP 
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makes  with  the  axis^  and  4m  =  the  latus  rectum  of  the 

parabola^  then 

^  e  P  ^/l  —  2w 

cot  -  =  — =■-- 

27.  A  particle  is  placed  on  the  convex  side  of  a  smooth 
elhpse,  and  is  acted  upon  by  two  forces,  F  and  F\  towards 
the  foci,  and  a  force,  F'\  towards  the  centre.  Find  the 
position  of  equilibrium. 

Ans.  r  =  — ,  where  r  =  the  distance  of  the  pjar- 


Vi- 


n 


3 


tide  from  the  centre  of  the  ellipse ;  b  =  semi-minor  axis, 

F-F' 

and  n  =  — p— 

28.  Let  the  curve,  (Fig.  11),  be  a  circle  in  which  the 
origin  and  pulley  are  at  a  distance,  a,  above  the  centre  of 
the  circle;  to  determine  the  position  of  equilibrium. 

Q 
Ans,  r  =  -pa, 

29.  Let  the  curve,  (Fig.  11),  be  a  hyperbola  in  which  the 
origin  and  pulley  are  at  the  centre,  0,  the  transverse  axis 
being  vertical ;  to  determine  the  position  of  equilibrium. 

bP 


Ans.  X  = 


Z(P2_^§2)i 


30.  A  particle,  P,  is  acted  upon  by  two  forces  towards 

two  fixed  points,  /Sand  H^  these  forces  being  -ly,  and   J^.^^ 

respectively ;  prove  that  P  will  rest  at  all  points  inside  a 
smooth  tube  in  the  form  of  a  curve  Avhose  equation  is  8P. 
PH  z=  i^,  k  being  a  constant. 

31.  Two  weights,  P  and  Q,  connected  by  a  string,  rest 
on  the  convex  side  of  a  smooth  cycloid.     Fiud  tW.  >jvm\\^w 
of  equUibriam,    . 
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^P«3.  A  Rigid  Body.— Ill  the  last 
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and  act  in  opposite  directions,  may  be  omitted,  and 
that  two  equal  forces  along  ttie  same  line  of  action  and  iit 
opposite  directioas,  may  be  introduced  without  changing 
tbi!  circumstances  of  the  system. 

45.  Resultant  of  Two  Parallel 

ForooJ.*— (1)  U't  P  and  Q,  (Fig. 
14),  be  the  two  parallel  forces  acting 
at  the  points  A  and  B,  in  tlie  same 
direction,  on  a  rigid  body.  It  is  re- 
quired to  find  tlie  resultant  of  P 
anAQ. 

At  A  and  B  introduce  two  equal 
and  opposite  forces,  F.  The  introduction  of  these  forces 
will  not  disturb  the  action  of  P  and  Q  (Art.  44).  P  and  F 
at  A  are  equivalent  to  a  single  force,  U,  and  Q  and  ^  at  B 
are  equivalent  to  a  single  force,  S.  Then  let  R  and  8  be 
supposed  to  act  at  0,  the  point  of  intersection  of  their  linei 
of  action.  At  this  jwint  let  them  be  resolved  into  the! 
components,  P,  F,  and  Q,  F,  respectively.  The  two  force% 
F,  at  0,  neutralize  each  other,  while  the  componenta,  J* 
and  Q,  act  in  the  line  00,  parallel  to  tbeir  lines  of  action 
at  A  and  B.  Hence  the  mapiitude  of  the  resultant  i 
P-{-  Q,  (Art.  28).  To  find  the  point,  G,  in  which  its  Iiti« 
of  action  cuts  AB,  let  the  extremities  of  P  and  R  (acting  a 
A)  be  joined,  and  complete  the  parallelogram.  Then  &A 
triangle  PAR  is  evidently  similar  to  (JOA  ;  therefore, 


p    GO   .  .,  ,  e 

-^,  =  g^^;  similarly  ^  = 


GO 


therefore,  by  division, 


•  Miiicliin'*  Bi«\".  p.  W. 
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(2)  Wlien  the  forces  act  in  opposite  directions. — At  A  and 
B,  (Fig  15),  apply  two  equal  and  opposite  forces  F,  as 
before,  and  let  R,  the  resultant  of  P  \  p. 
and  F,  and  S,  the  resultant  of  Q  and 
F,  be  transferred  to  0,  their  point  of 
intersection.  If  at  0  the  forces,  B 
and  S,  are  decomposed  into  their 
original  components,  the  two  forces, 
F,  destroy  each  other,  the  force,  P, 
will  act  in  the  direction  GO  parallel  to  the  direction  of 
P  and  Q,  and  the  force  Q  will  act  in  the  direction  OG. 
Hence  the  resultant  is  a  force  =z  P  —  Q,  acting  in  the  line 
GO.  To  find  the  point  G,  we  have,  from  the  similar 
triangles,  PAR  and  OGA, 


p 

F 

GO 
GA' 

also  I 

GO 
GB' 

P 

GB 

•  •    Q 

GA- 

(2) 

Hence  the  resultant  of  tivo  parallel  forces,  acting  in  the 
same  or  opposite  directions,  at  the  extremities  of  a  rigid 
right  line,  is  parallel  to  the  components,  equal  to  their 
algebraic  sum,  and  divides  the  line  or  the  line  produced, 
into  tico  segments  which  are  inversely  as  the  forces. 

In  both  cases  we  have  the  equation 

P  X  GA  =  §  X  GB.  (3) 

Hence  the  following  theorem : 

If  from  a  point  on  the  refiultant  of  two  parallel  forces  a 
right  line  he  drawn  meeting  the  forces,  whether  perpendicu- 
larly or  not,  the  products  obtained  by  multiplying  each  force 
by  its  distance  from  the  resultant,  measured  along  the  arbi- 
trary line,  are  equal, 

ScH.-^The  point  Q  possesses  this  xema\:\«JtA^  ^jtkq^^^V^N 


■^s?^ 
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that,  however  P  and  Q  are  turned  about  their  points  of 
application,  A  and  B,  their  directions  reniaining  parallel, 
G,  determined  as  above,  remains  fixed.  This  point  is  in 
consequence  called  the  ceyitre  of  the  pamllel  forces,  P 
and  Q, 

46.  Moment  of  a  Force. — The  moment  of  a  force  with 
respect  to  a  point  is  the  product  of  the  force  and  the  perpen- 
dicular let  fall  on  its  line  of  action  from  thepoifit.  The 
moment  of  a  force  measures  its  tendency  to  produce  rota- 
tion about  a  fixed  point  or  fixed  axis. 
Thus  let  a  force,  P,  (Fig.  16),  act  on 
a  rigid  body  in  the  plane  of  the  paper, 
and  let  an  axis  perpendicular  to  this  \X 

plane  pass   through  the  body  at  any  /^ 

point,  0.    It  is  clear  that  the  effect  of  ^**'' 

the  force  will  be  to  turn  the  body  round  this  axis  (the  axis 
being  supposed  to  be  fixed),  and  the  turning  effect  will 
depend  on  the  magnitude  of  the  force,  P,  and  the  perpen- 
dicular distarice,  p,  of  P  from  0.  If  P  passes  through  0, 
it  is  evident  that  no  rotation  of  the  body  round  0  can  take 
place,  whatever  be  the  magnitude  of  P ;  while  if  P 
vanishes,  no  rotation  will  take  i)lace  however  great  p  may 
be.  Hence,  the  measure  of  the  power  of  the  force  to 
produce  rotation  may  be  represented  by  the  product 

and  this  product  has  received  the  special  name  of  Moment, 

The  unit  of  force  being  a  pound  and  the  unit  of  length  a 
foot,  the  unit  of  ynoment  will  evidently  be  2i  foot-pound. 

The  ])()int  0  is  called  the  origin  of  7nom^7its,  and  may  or 
may  not  be  chosen  to  coincide  with  the  origin  of  co- 
ordinates. The  sohition  of  problems  is  often  greatly  sim- 
plificil  by  a  proper  select i<m  of  the  origin  of  moments.  The 
'^^"ncndiciilur  from  the  origin  of  movweuts  to  the  action  line 
force  18  called  the  arm  ol  Wie  ioiG^» 
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47.  Signs  of  Moments. ^A  forcD  may  tend  to  turn  a 
L.body  ubout  a  point  or  abont  an  axis,  in  t'ithor  of  two  direc- 
■iaonB ;  if  one  be  regarded  as  positive  the  other  must  be 
ynegatice ;  and  iience  we  distiugiiiah  between  positive  and 
I  neyative  momenta.  For  the  sake  of  aiiiformity  the  moment 
Wai  a,  force  is  aaid  to  be  negative  when  it  tends  to  turn  a  body 

■^■om  left  to  right,  i'.  e.,  in  the  direction  iu  which  the  hands 
■/of  a  clock  move ;  and  positive  when  it  tends  to  turn  the 
llwdy  from  right  to  left,  or  opposite  the  direction  in  which 
Pthe  hands  of  a  clock  more. 

48.  Greometric  Representation  of  the  Moment  of 
a  Force  with  respect  to  a  Point. — Let  the  line  AB 
(Fig,  IG),  represent  the  force,  F,  in  magnitude  and  direc- 
tion, and^  the  perpendicular  OC  :  then  the  moment  of  P 
with  rospcet  to  0  is  ABxjO  (Art.  46).     Bnt  this  is  doable 

^  the  area  of  the  triangle  AOB.    Iience,  Ihe  miimeni  of  a  force 

foitb  respecl  to  a  point  is  gsometrimUy  represented  by  double 

Ythe  area  of  the  triangle  u-hoae  hose  is  the  line  representing 

'~e  force  in  magnitude  and  direction,  and  whose  vertex  is 

II  given  poii'l. 

49.  Oaso  of  Two  Equal  and  Opposite  Parallel 
Forces.— If  the  forces,  P  and  Q,  iu  Art.  4.1,  (Fig.  15)  ai-e 

ieqaal,  the  equation 

P  X  GA  ^  (?  X  GB 

pves  (tA  =  GB,  whieh  is  true  only  when  G  ia  at  intitiity 
1  AB;  also  the  repultant.  P~Q.  h  equal  to  zero.     Such  a 
hiyatem  is  called  a  t'ouple. 

A  Couple  comisln  nf  two  equal  ami  opposite  parallel  forcts 
feting  an  a  rigid  body  at  a  finite  distance  from  each  atk<tv. 

We  shnU  investigate  the  laws  ol  \\\f:   co'm\itis.\\\o"(\  w\i 
Klutioa  of  couples,  eijiuo  to  these  t\\e  coin\ioa\^-VQ' 
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resolution  of  forces  of  every  kind  acting  on  a  rigid  body 
may  be  reduced. 


a       o      h     d 


50.  Moment  of  a  Couple. — Let  0     f^ 

(Fig.  17)  be  any  point  in  the  plane  of  the 

couple;   let  fall  the  perpendiculars  Oa 

and  0^  on  the  action  lines  of  the  forces 

P.    Then  if  0  is  inside  the  lines  of  action 

of  the  forces,  both  forces  tend  to  produce  ^'•''^ 

rotation  round  0  in  the  same  direction,  and  therefore  the 

sum  of  their  moments  is  equal  to 

P  (Oa  +  Oh),  or  P  X  ab 

If  the  point  chosen  is  0',  the  sum  of  the  moments  is 
evidently 

p  (O'a  —  0'^),  or  P  X  ab, 

which  is  the  same  as  before.  Hence  the  moment  of  the 
couple  with  respect  to  all  points  in  its  plane  is  constant. 

The  Arm  of  a  couple  is  the  perpendicular  distance 
between  the  two  forces  of  the  couple. 

Tlie  Moynent  of  a  couple  is  the  product  of  the  arm  and 
on?  of  the  forces. 

T/te  Axis  of  a  cotiple  is  a  right  line  drawn  from  any 
chosen  point  perpendicular  to  the  plane  of  the  couple,  and 
of  such  length  as  to  represent  the  magnitude  of  the  mo- 
ment, and  in  such  direction  as  to  indicate  the  direction  in 
which  the  couple  tends  to  turn. 

As  the  motion,  in  Statics  is  only  virtual,  and  not  actual^ 

the  direction  of  the  axis  is  fixed,  but  not  the  position  of  it; 

it  may  be  any  line  perpendicular  to  the  plane  of  the  couple, 

and  may  be  drawn  as  follows ;  imagine  a  watch  placed  in 

tAe  plane  in  which  several  coupVea  «Lct.    TWw  \^t  tHe  azea 

of  those  couples  which  tend  to  proOiuc^  to\,^\1\otl  V^  '<^ 
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direction  of  the  motion  of  the  hands  be  drawn  downward 
through  the  back  of  the  wiitcli,  and  tlieaxesof  those  which 
tend  to  piodncii  the  contrary  rotiition  be  drawn  upward 
throngli  the  fuco  of  the  watch.  Thus  each  couple  ia  com- 
pletely represented  by  its  axis,  which  is  drawn  upward  or 
downward  accoiiling  as  the  moment  of  the  couple  is  posi- 
tive or  negative;  and  couplps  are  to  be  resolved  and 
compounded,  by  the  same  geometric  foustructions  performed 
with  reference  to  their  axes  as  forces  or  velocities,  with 
reference  to  the  lines  which  directly  represent  them. 

We  shall  now  give  three  propositions  showing  that  the 
effect  of  a  couple  is  not  altered  when  certain  changes  are 
made  with  respect  to  the  couple. 

51.  The  Effect  of  a  Couple  an  a  Rigid  Body  is  not 
altered  if  the  arm  fie  turned  through  any  angle 
about  one  extremity  in  the  plane  of  the  Couple. 

Let  the  plane  of  the  pai)er  be  the 
plane  of  the  couple,  AB  the  arm  of 
the  original  couple,  AB'  ita  new  posi- 
tion, and  P,  P,  the  forces.  At  A 
and  B'  respectively  introduce  two 
forces  each  equal  to  P,  with  their 
action  lines  perpendicular  to  the  arm 
AB',  and  opposite  in  direction  to 
each  other.     The  effect  of  the  given  '*' 

couple  is,  of  course,  unaltered  by  the  introduction  of  these 
forces.  Let  BAB'  =  Sfl  ;  then  the  resultant  of  /"acting  at 
B,  and  of  P  acting  at  B',  whose  lines  of  action  meet  at  Q, 
is  'iP  sin  fl,  acting  along  the  bisector  A.Q;  and  the  result- 
ant of  P  acting  at  A  perpendicular  to  AB  and  of  R  per- 
pendicular to  AB',  is  9P  sin  9,  acting  along  the  bisector 
A^  in  a  direction  opposite  to  the  former  resultant.  Hence 
these  two  resultants  neutralize  eac\\  otWf,  «."«&.  'Cft'«« 
remains  tlie  couple  whose  arm  is  AlV,  anA  ■wVo'ia  \owe%«ss. 
Heuee  the  effect  ui'  tiie  coutik'  \8  not  aXteteA.     |^ 
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52.  'nie    Effect  of  a   CuupU   im.   (i  R!g!il  Borhj  is 
not  altered  if  we  transfer  the  Couple  to  iinj/  nlli 

\  Parallel   Plane,  the  Arm  reuvalning  parallel  to 

I  itself. 

Let  AB  be  the  arm,  and  P,  P,  the 
forces  of  the  given  couple;  let  A'B' 
be  the  new  position  of  the  arm  par- 
allel to  AB.  At  A'  and  B'  apply  two 
equal  and  opposite  forces  each  equal 
to  P,  acting  perpendicular  to  A'B', 
and  in  a  plane  parallel  to  the  plane  of  '^''■" 

the  original  couple.  This  will  not  alter  the  effect  of  the 
given  couple.  Join  AB',  A'B,  bisecting  each  other  at  0 ; 
then  P  at  A  and  P  at  B',  acting  in  parallel  lines,  and  in 
tlie  same  direction,  are  e(|uiTaleut  to  2P  acting  at  O  ;  also 
P  at  B  and  P  at  A',  acting  in  parallel  lines  and  in  the 
Bame  direction,  are  equivalent  to  2P  acting  at  0.  At  0 
therefore  these  two  resultants,  being  eqnal  and  opposite, 
neutralize  each  other;  and  there  remains  the  couple  whose 
arm  is  A'B',  and  whose  forces  are  each  P,  a<!ting  in  the 
same  directions  us  those  of  the  original  couple.  Hence  the 
effect  of  the  couple  is  not  altered. 

53.  The  Effect  of  a  Coihple  on  a  Rigid  BoAj/  ia 
not  altered  if  we  replace  it  hy  another  Couple  of 
which  the  Moment  is  the  same:  the  Plane  remain- 
ing the  same  and  the  Jlrms  Ijciii-g  in  the  aam* 
straight  line  and  having  a 
common  extremity.  1^=5+" 

Let  AB  be  the  arm,  and  P,  P.  the 

forces  of  the  given  couple,  and  sup-     * 

pose  P  =  Q  +  R.    Pi'oduce  AB  to  (!  Fia-JO 

80  that  ■lp=Q4fl 

AJi  :  AC    ;:    Q  :  P{=Q  +  R),  (1) 

fad /lic-rofaiv        AB   :    BC     ::     Q   -   R-,  *3| 
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at  0  introduce  opposite  forces  each  equal  to  Q  and  parallel 
to  P ;  this  will  not  alter  the  effect  of  the  couple. 

Now  ^  at  A  and  §  at  C  will  balance  §H-^  at  B  from 
(2)  and  (Art.  45);  hence  there  remain  the  forces,  Q,  Q, 
acting  on  the  arm,  AC,  which  form  a  couple  whose  moment 
is  equal  to  that  of  P,  P,  with  arm,  AB,  since  by  (1)  we 
have 

P  X  AB  =  e  X  AC. 

Hence  the  effect  of  the  couple  is  not  altered. 

Eem. — ^From  the  last  three  articles  it  appears  that  we 
may  change  a  couple  into  another  couple  of  equal  moment, 
and  transfer  it  to  any  position,  either  in  its  own  plane  or 
in  a  plane  parallel  to  its  own,  without  altering  the  effect  of 
the  couple.  The  couple  must  remain  unchanged  so  far  as 
concerns  the  direction  oj  rotation  which  its  forces  would 
tend  to  give  the  arm,  L  e.,  the  axis  of  the  couple  may  be 
removed  parallel  to  itself,  to  any  position  within  the  body 
acted  on  by  the  couple,  while  the  direction  of  the  axis  from 
the  plane  of  the  couple  is  unaltered  (Art  50). 

54.  A  Force  and  a  Couple  acting  in  the  same 
Plane  on  a  Rigid  Body  are  equivalent  to  a  Single 
Force, 

Let  the  force  be  Pand  the  couple  (P,  a),  that  is,  P  is 
the  magnitude  of  each  force  in  the  couple  whose  arm  is  a, 

Tlien  (Art  53)  the  couple  (P,  a)  =  the  couple  ( P,  ^ V 

Let  this  latter  couple  be  moved  till  one  of  its  forces  acts  in 
the  same  line  as  the  given  force,  P,  but  in  the  opposite 

direction.    The  given  force,  P,  will  then  be  destroyed,  and 
there  will  remain  a  force,  P,  acting  in  the  same  direction 
as  tlie  given  one  and  at  a  perpendicular  di«>t3k.Tie.^l^<^\s\\\. 
aP 
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Cor. — A  force  and  a  couple  acting  on  a  rigid  body  cannot 
produce  equilibrium,  A  couple  can  be  in  equilibrium  only 
with  an  equivalent  couple,  Equivaleiit  couples  are  those 
tvhose  moments  are  equalJ^ 

The  res^dtant  of  several  couples  is  one  which  will  produce 
the  same  effect  singly  as  the  component  couples. 

55.  To  find  the  Resultant  of  any  number  of 
Couples  acting  on  a  Body,  the  Planes  of  the 
Couples  being  parallel  to  each  other. 

Let  Py  Q,  R,  etc.,  be  the  forces,  and  a,  b,  c,  etc.,  their 
arms  respectively.  Suppose  all  the  couples  transferred  to 
the  same  plane  (Art.  52) ;  next,  let  them  all  be  transferred  so 
as  to  have  their  arms  in  the  same  straight  line,  and  one 
extremity  common  (Art.  51)  ;  lastly,  let  them  be  replaced 
by  other  couples  having  the  same  arm  (Art  53).  Let  a  be 
the  common  arm,  and  Pj,  Q^,  R^,  etc.,  the  new  forces, 
80  that 

P^a  =  Pa,     Qia  =  Qb,     R^a  =  Re,  etc., 
then       Pi  =  P-,    Q.  =  Q-,   R.  =  P-,  etc., 

i.e..  the  new  forces  are  P-,  0-,  P-,  etc.,  acting  on  the 

common  arm  a.     Hence  their  resultant  will  be  a  couple  of 
which  each  force  equals 

P-  +  e-  +  7?^-  +  etc., 

a  a  a 

and  the  arm  =  a,  or  the  moment  equals 

Pa  +  Qb  +  Re  +  etc. 

If  one  of  the  couples,  as  Q,  act  in  a  direction  opposite  to 

♦  Tbe  momenta  of  eciuiyalent  coup\ea  may  YtfLNftYCaa  ot  \xx\\>sft  ^^Qaa. 


USStrtfAXf  OP  TWO    CtitfPtES.  6? 

Bie  otiier  couples  its  sign  will  be  negative,  aud  the  force  at 
ixtreuiity  of  the  anii  of  the  resultaut  couple  will  be 


f"^  ~  Q^  +  R-  +  etc. 


Fig.ll 


Hence  the  moment  of  the  resultant  couple  is  equal  to  the 
jSlgebraic  sum  of  the  moments  of  the  component  couples. 

[  56.  To    Find    the   .Resultant  of  two   Couples   not 
tettn^  in  the  same  Plane.* 

Let  the  planes  of  the  couples  be  « 

inclined    to    each    other    at    an  V/v 

angle  y ;  let  the  couples  bo  trans-     R^     p  /// 

ferred  in  their  planes  so  as  to        Q^^b  &  k^ 

have  the  same  arm  lying  along 
the  line  of  intersection  of  the  two 
planes ;  and  let  the  forces  of  the 
couples  thus  transferred  be  P  and  Q.  Let  AB  be  the  com- 
mon arm.  Let  R  be  the  resultant  of  the  forces  P  aud  Q  at 
A  acting  in  the  direction  A^  ;  and  of  P  and  Q  at  B  acting 
in  the  direction  BE.  Then  since  P  aud  §  at  A  are  pnrallel 
to  P  and  Q  s^t  B  respectively,  therefore  ft  at  A  is  parallel 
to  R  at  B.  Hence  the  two  couples  are  equivident  to  the 
single  couple  R,  R,  acting  on  tiie  arm  AB  ;  and  since 
PAQ  :=  y,  we  have 

1^  =  pa  +  ^  +  2PQ  cos  y  (Art.  30).  (I) 

Draw  Aa,  Bb  perpendicular  to  the  planes  of  the  couples 
,  /',  and  Q,  Q,  respectively,  and  proportional  in  length  to 
Eir  moments.  '- 

Draw  Ae  perjiendicular  to  the  plane  of  R,  R,  and  in  the 
me  proportion  to  Aa,  tli,  that  the  moment  of  the  couple, 
,  A,  ia  to  those  of  P,  P,  and  Q.  Q,  respectively.  Then 
t,  Ah,  Ac,  may  be  taken  aa  the  axes  ot  P,  P  -,  Q,  Q',  «».&. 


•  Todbaolfr'f  Sialics,  p.  «.     Al«o  Prall's  MeBlum^™,^-^- 


08  RESULTANT  OF   TWO    COtTPLJBA 

Jk,  R,  respectively  (Art.  50).  Now  the  three  straight  lines, 
Ar^  Ar,  A^,  make  the  same  angles  with  each  other  that 
AP,  A7^,  KQ  make  with  each  other;  also  they  are  in  the 
same  proportion  in  which 

AB  .  P,   AB  .  i?,   AB  .  g  are, 

or  in  which  P,  if,  Q  are. 

But  R  is  the  resultant  of  P  and  Q  ;  therefore  Ac  is  the 
diagonal  of  the  parallelogram  on  Aa,  Kb  (Art  30). 

Hence  if  two  straicjht  lines,  having  a  common  extremity, 
represent  the  axes  of  two  couples,  that  diagonal  of  the 
parallelogram  described  on  these  straight  lines  as  adjacent 
sides  which  passes  through  their  common  extretnity  repre* 
sents  the  axis  of  the  resultant  couple, 

CoR.— Since  R  •  AB  is  the  axis  or  moment  of  the  lesalt- 

ant  couple,  we  have  from  (1) 

P2.AB^  =  in.  AB^  §2.  AB^4-2P.  AB-  g.  AB-cosy.  (2) 

If  L  and  M  represent  the  axes  or  moments  of  the  com- 
ponent couples  and  G,  that  of  the  resultant  coaple,  (2) 
becomes 

ff2  =  X2  +  Jf2  +  2i  .  Mco^  y.  (3) 

ScH.  1. — If  L,  M,  N,  are  the  axes  of  three  component 
couples  which  act  in  i)lanes  at  right  angles  to  one  another, 
nnd  G  the  axis  of  the  resultant  couple,  it  may  easily  be 
shown  that 

G^=:  D  +  i¥2  +  N\  (4) 

If  A,  //,  V  be  the  angles  which  the  axis  of  the  resultant 
makes  with  those  of  the  components,  we  have 

Z  M  F 

cos  A  =  j=y      cos  fi  =  Yi »     CO^  '^  =  -Qf 
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^K  Sen.  ^.— ITencp,  conversely  any  couj)]e  iiiity  Ue-  ['(.'placed 
^B  by  three  couples  uctitig  in  planes  at  right  ungles  to  one 
^P'another;  thoir  mamentti  being  G  cos  ?l,  G  cos  (i,  G  cos  v ; 
^^  where  G  is  the  moment  of  tlis  given  conple,  uiid  A,  fi,  v  the 
^ft  angles  its  axis  makes  ivitli  the  axes  of  the  tiiree  couples. 
^M  Thus  the  composition  and  reeolution  of  couples  follow 
^K  iawB  similar  to  those  which  apply  to  forces,  the  cms  of  the 
^HCOuple  coirespDiidtiig  to  the  diredien  of  the  force,  and  the 
^^nnoment  of  the  couple  to  the  magmtvde  of  the  force. 

^H  57.  Vat^non'a  Theorem  of  Moments. — The  mo- 
^^bnent  of  the  resultaiti  of  two  coniponent  forces 
^^kioith  respect  to  any  point  in  their  plane  is  equal 
^^n^  the  (il^r.brmc  sitm  iif  the  moments  nf  the  two 
^^^Bomponents  with  respect  to  the  same  point. 

^K  Let  A  P  and  A  Q  represent  two  com- 
ponent forces ;  complete  the  parallelo- 
gram and  draw  the  diagonal,  AR, 
representing  the  resultant  force,  Let 
0  be  the  origin  of  moments  (Art.  4C), 
Join  OA,  OP,  OQ,  OR,  and  draw  PC 
and  QB  parallel  to  OA,  and  let  p  r=  the  perpendicular  let 
fall  from  0  to  A  R. 

Now  the  moment  of  AP  about  0  is  the  product  of  AP 
and  the  perpendicular  let  fall  on  it  from  0  (Art.  46),  which 
18  double  the  area  of  the  triangle,  A  OP  (Art,  48).  But 
the  area  of  the  triangle,  AOP,  =  the  area  of  the  triangle, 
AOC.  Binco  these  triangles  have  the  same  base,  AO,  and 

IB  between  the  same  parallels,  AO  and  CP.  Hence  the 
oment  of  AP  about  0  =  the  moment  of  AG  about 
=  AC-  p.  Also  the  moment  of  AQ  about  0  is  double 
e  area  of  the  triangle,  AOQ,  =  double  the  area  of  the 
langle,  AOB,  since  the  two  triangles  ha\6  ^\\e ftwn\4i\wafti 
0,  aad  are  between  the  nume  puraWeXa,  AO  ^'Q^  Q,^- 
mce  tbe  moment  of  AQ  iibout  0  —  \\i«  tcwmo.vv't  ^A  A"! 
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about  0  =  AB  ■  p.  Therefore  the  sara  of  the  moments 
jlP  and  ^Q  about  0  =  the  sum  of  the  moments  of  Ai 
and  AB  about  0  =  {AC  +  AB)p,  =  {AB  -j-  £R)' 
(sioce  AC  =  BR  from  the  equal  triangles  APC aad.  QSi 
^  AB  ■  p  ^  the  moment  of  the  resultant. 

If  the  origin  of  momenta  fall  between  AP  and  AQ,  tlio 
forces  will  tend  tu  produce  rotation  in  opposite  directi'Jiis, 
and  hence  their  moments  will  have  contrary  signs  (Art. 
47).  Id  this  case  the  moment  of  the  reaultitnt  ^  the  dif- 
ference of  the  moments  of  the  components,  as  the  student 
will  find  no  difiiciiltj  in  showing.  Hence  in  either  case 
the  moment  of  the  resultant  is  equal  to  the  algebraic  sum 
of  the  moments  of  the  components 

CoH.  1. — If  there  are  any  number  of  component  forces, 
iv^e  may  compound  them  in  order,  taking  any  two  of  thecU 
Sret,  then  finding  the  resultant  of  these  two  and  a  thirdj 
aad  80  on :  and  it  follows  that  the  sum  of  their  momenti 
(with  their  propei'  signs),  is  equal  to  the  moment  of  tbt 
resultant. 

Cor.  3. — If  the  origi::  of  moments  be  on  the  line  of 
action  of  the  resultant,  y>  =  0,  and  therefore  the  momenl 
of  the  reaoltaut  =;  0  ;  hence  the  sum  of  the  moments  ( 
the  componeuta  is  equal  to  zero.  In  this  case  the  momenl 
of  the  forces  in  one  direction  balance  those  in  the  opporib 
direction ;  i.  e.,  the  forces  that  t*ind  to  produce  rotaUon  ii 
one  direction  are  counteracted  by  the  forces  tliat  tend  ti 
produce  rotation  in  the  opposite  direction,  and  there  is  lu 
tendency  to  rotation. 


OoB.  3. — If  all  the  forces  are  in  equilibrium  the 
^  =  n,  and  therefore  the  moment  of  fl  =  0 ;  hence 
sum  of  the  moments  of  the  components  is  equal  to 
and  there  is  no  tendency  to  motion  either  of  translatioa 
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u.  4. — Therefore  when  the  moment  of  the  resultant 
we  conclude  either  that  the  resultant  =  0  (Cor.  3), 
at  it  passes  through  the  point  taken  as  the  origin  of 
lents  (Cor.  2). 

3.  Varignon's  Theorem  of  Moments  for  Parallel 
'ces. — The  sum  of  the  moments  of  two  parallel 
oes  about  any  point  is  equal  to  the  moment  of 
ir  resultant  about  the  point. 


jet  P  and  Q  be  two  parallel  forces 

ing  at  A  and  B,  and  R  their  result- 

t  acting  at  G,  and  let  0  be  the  point 

out  which  moments  are  to  be  taken. 

len  (Art.  45)  we  have 


P  X  AG  =  (2  X  BG, 


A  G        B 

Fi|.23 


...    p(OG  -  OA)  =  e  (OB  -  OG), 


•  • 


(P  +  e)  OG  =  P  X  OA  +  e  X  OB, 
P  X  0G  =  Px  0A+  e  X  OB; 


that  is,  the  sum  of  the  moments  =  the  moment  of  the 
resultant. 


Cor. — It  follows  that  the  algebraic  sum  of  the  moments 
of  any  number  of  parallel  forces  iu  one  plane,  with  respect 
to  a  point  in  their  plane,  is  equal  to  the  moment  of  their 
resultant  with  respect  to  the  point. 

59.  Centre  of  Parallel  Forces. — To  find  the  mag- 
nitiule,  directiony  and  point  of  applicatinn  of  tke 
resultftnt  of  any  number  of  parallel  forces  aoV\.n>t, 
p/i^  a  rljld  body  in  one  plane. 


dSA'TBS  Of  t'AHAtLEL  FORCES. 

I  Let  P„  /'g,  P3,  etc.,  denote  the 
I  forces,  Mf,  M^,  M^,  etc.,  their  points 
of  application.  Take  any  {)0Jnt  in 
the  plane  of  tlie  forces  us  origin  and 
>  draw  the  rectangular  axes  OX,  OT. 
Let  (a;;,  y, ),  (X^,  y^),  etc.,  be  the  '* 
points  of  appliiiation,  Jf,,  i/,,  etc. 
Join  MjM^;  and  take  the  point  3f  on  M^M^, 


A  +  A ' 


(1) 


then  the  resultant  of  P,  and  Pg  is  P,  +  P^.  and  it  acts 
throngh  j1/ parallel  to  P^  (Art.  46). 

Draw  vWiff,  Mi,  M^c  parallel,  and  J/,f  perpendicular  to 
the  a-xis  of  y.    Then  wc  have 


Jf.if 

Jf,. 

= 

-Ji 

= 

p 

-'',  + 

i' 

Ml 

= 

A?, 

+ 

1.1, 

\  irhioh  gives  the  ordinate  of  the  point  of  apphcation  o(  the  J 
ivsnltiint  of  P,  and  P,. 

Now  since  the  resultant  of  P,  and  P,,  vhicfa  ig  J 
Pi  +  P,,  acta  at  M,  tho  resultant  of  P,  +  Pg  at  M,  and  1 
P,  at  .tf,,  is  P,  +  P,  +  Pj  at.(/,  and  snhstituting  in  (2)  | 
P,  +  P,,  P,,  Jf6,  and  y^  for  P,,  P,.  y,,  and  y,  respeo- 1 
lively,  we  have 


.  _  (J>,  +-P,)Mi  +  P,y, 

-      J-t+i;  +  p. 


CENTRE  OF  PARALLEL  FORCES.  73 

and  this  ])roeess  may  be  extended  to  any  number  of  pamllel 
forces.  Let  R  denote  the  resultant  force  and  y  the  ordi- 
nate of  the  point  of  application  ;  then  we  have 

i?  =  Pi  +  Pg  4-  ^3  +  etc.  =  SP. 

__  Pi.Vi  +  P2y2±_P_sys_+  etc.  _  SPy 
•^  -        I\-^  F\  +  p;  +  etc.  SP  • 

Similarly,  if  x  be  the  abscissa  of  the  point  of  application  of 
the  resultant,  we  have 

^=   SP' 

The  values  of  x,  y  are  independent  of  the  angles  which  • 
the  directions  of  the  forces  make  with  the  axes.  Hence 
if  these  directions  be  turned  abont  the  points  of  application 
of  the  forces,  their  parallelism  being  preserved,  the  point  of 
application  of  the  resultant  will  not  move.  For  this  reason 
the  point  {x,  y)  is  called  the  centre  of  parallel  forces.  We 
shall  hereafter  have  many  applications  in  which  its  position 
is  of  great  importance. 

ScH.  1. — Tlie  mome7it  of  a  force  with  respect  to  a  plane 
is  the  product  of  the  force  into  the  perpendicular  distance 
of  its  point  of  application  from  the  plane.  Thus,  P^y^  is 
the  moment  of  the  force  P^,  in  reference  to  the  plane 
through  OX  perpendicular  to  OY,  This  must  be  carefully 
distinguished  from  the  moment  of  a  force  with  respect  to 
a  point.  Hence  the  equations  for  determining  the  position 
of  the  centre  of  parallel  forces  show  that  the  sum  of  the 
moments  of  the  parallel  forces  with  respect  to  any  plane,  is 
equal  to  the  moment  of  their  resultant, 

ScH.  2. — The  moment  of  a  force  icith  respect  io  mx-i^  \\ue, 
/>  t^eprodtic^  of  the  component  of  the  ioree  '5e\\)^w^\^viN^^^ 
4 


to  tliL'  linf  i 
the  line  of  a 


COHniTTOKS  OF  K<iVlLtBItWM. 


[to  the  sliortest  distauce  bttwt't 
■tioii  of  tlic  force. 


60.  Conditdons  of  Equilibritun  of  a  Rigid   Body 
acted  on  by  Parallel  Porces  in  one  Plane. — Let 

Pi,  Pf,  Pi,  et(!.,  denote  tlie  forces.  Take 
acy  point  in  the  plane  of  tho  forces  as 
origin,  and  draw  rectangular  axes,  OA'. 
OY,  tho  latter  parallel  to  tho  forces.  Let 
A  be  the  point  where  OA'  meeta  the  direc- 
tion of  P^,  and  let  OA  ^  x^. 

Apply  at  0  two  opposing  forces,  each 
1  and  parallel  to  P, ;  this  will  not  diatarb  the  eqnili' 
lirium.  Then  P^  at  .1  is  replaced  by  P,  at  0  along  OY, 
and  a  conplo  whose  moment  is  P,  ■  OA,  i.  e.,  Pi^^.  The 
remaining  forces,  P^,  P^,  etc.,  may  be  treated  in  like  man- 
ner. We  thus  obtain  a  set  of  forces,  P^,  P^,  P^,  etc, 
acting  at  0  along  OY,  and  a  sot  of  couples,  P^.f,,  -PgiCej 
Pjj^j,  etc.,  in  the  piano  of  the  forces  tending  to  turn  tha 
body  from  the  axis  of  x  in  the  axis  of  y.  These  forces  arCj 
equivalent  to  a  single  resultant  force  P^  +  /'g  +  /'g  +  eta^ 
and  the  couples  are  equivalent  to  a  single  resultant  couple^ 
P,j-,  +  Pg^g  +  P^x^  +  etc.  (Art.  65). 

Hence  denoting  the  resultant  force  by  R,  and  the  moment 
of  the  resultant  couple  by  0,  we  have 

:  P,  +  Pg  +  Pg  4-  etc.  =  2P; 


G  =  P,3^,  +  P,x^  +  P3J 


:  ZPXI 


that  ifl,  a  system  of  parallel  forces  can  be  reduced  to  1 
single  force  and  a  couple,  which  (Art.  54,  Cor.)  oannol 
produce  equilibrium.  Hence,  for  equilibrium,  the  torcd 
Bad  the  couple  must  vnnisb  ;  or 


s,r 


■  0,     and    xrx  =  Q. 


CQNDtnOlfB  or  EQmiitBBIVM. 


,  HeTiM  the  conditions  uf  wjiiilibriiim  of  a.  sysU'ui 
(llel  forces  acting  ou  ii  rigid  body  in  oue  jiluue  arc  : 


iif  par- 


Y 

v: 

° 

FIfl.2fl 

n  of  the  forces  must  =  0, 

Tiie  sum  of  the  momenfs  of  thf-fn-n's  ahmit  every  point  in 
X-iheir  plane  w-ust  =  0, 

61.  Conditions  of  Hquilibrium  of  a  Rigid  Body 
acted  on  by  Forces  in  any  direction  in  one  Plane.  — 
Let  /',,  /"j,  P3.  etc,  be  tlie  furetfi  aci\n%  at  the  points 
{^'i<  y^),  i^i'  ffa).  (^s.  ys)>  etc.,  ill  the 
plane  xt/.  Resolve  the  force  P^  into  two 
components,  -1',,  Y^,  parallel  to  OJT 
and  01'  respectively.  Let  the  direc- 
tion of  F,  meet  OX  at  M,  and  the 
direction  of  X,  meet  Ol'at  JV.  Apply 
at  0  two  opjjoaing  forces  each  equiil  and  parallel  to  X,, 
anil  also  two  opposing  forces  each  equal  and  parallel  to  P", . 
Hence  }\  at  A,,  or  M,  is  equivalent  to  Y^  at  0,  and  a 
couple  whose  moment  is  1\  ■  OM;  and  Xi  at  .■!,,  or  N,  la 
equivalent   to  X^  at  0,  and  a  couple  whose  moment  is 

l-^-,  ■  O.V. 

Hence  Fj  is  replaced  l)y  F,  at  0,  and  the  couple  FjXj  ; 
Kfend  X,  is  replaced  by  X^  at  0,  and  the  couple  X^y^  (Art. 
K;47).  Therefore  the  force  P^  may  be  replaced  by  the  com- 
~  F,  acting  at  0,  and  the  couple  whose 
lent  is 

lod  which  equals  the  moment  of  P^  about  0  (Art.  57)- 
1  15y  a  similar  resolution  of  all  the  forces  we  shall  have 
lem  replaced  by  the  forces  {X^,    F,).   (X^,  Fj),  etc., 
ting  at  0  along  the  axes,  and  the  eouples 

together  the  couples  or  momenta  ol  P  v>  ^  »'  *^'^ 
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and  denoting  by  G  the  moment  of  the  resultant  couple,  we 
get  the  total  moment 

If  the  sum  of  the  components  of  the  forces  along  OX  is 
denoted  by  SX,  and  the  sum  of  the  components  along  OY 
by  S  F,  the  resultant  of  the  forces  acting  at  0  is  given  by 
the  equation 

^  =  (XX)2  +  (xr)3. 

If  a  be  the  angle  which  R  makes  with  the  axis  of  X,  we 
.lave 

R  cos  a  =  2X,     ^  sin  a  =  S  F; 
•.    tana  =  ^. 


•  • 


Therefore,  any  system  of  forces  acting  in  any  direction 
in  one  plane  on  a  rigid  body  may  be  reduced  to  a  single 
force,  R,  and  a  single  couple  whose  moment  is  O,  which 
(Art.  54,  Cor.)  cannot  produce  equilibrium.  Hence  for 
equilibrium  we  must  have  ^  =  0,  and  G^  =  0,  which 
requires  that 

XX  =  0,  xr=  0, 

'L{Yx  —  Xy)  =  0. 

Hence  the  conditions  of  equilibrium  for  a  system  of 
forces  acting  in  any  direction  in  one  plane  on  a  rigid  body 
are  : 

T/ze  sum  of  the  components  of  the  forces  parallel  to  each  of 
two  rectangular  axes  must  =  0. 
77de  sum  of  the  momenis  of  the  /orces  rouud  euertj  point  in 
^/^eir plane  must  =  0. 
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^V  Cor.— Conversely,  if   tlio  forces  aro  in  eqiiilibriimi  the 
^^  enm  of  the  components  of  the  forces  parallel  to  any  direc- 
tion will  ^  0,   and  also  the  sum  of  the  momenta  of  the 
forces  abont  any  point  will  =  0. 

62.  Condition  of  Squilibritim  of  a  Body  under  ths 
Action  of   Three  Forces  in  one    Plane. — //'  tJirer. 
^i'orces    iii.airit'i.iib    a     body     in    cqiillibrliiui.    tlieir 
^^irections  must  meet  in  a  point,  or  be  parallel- 

^»^  Suppose  tho  directions  of  two  of  the  forces,  P  and  Q,  to 
^^neet  at  a  point,  and  take  .momenta  round  this  point;  then 
tlie  moment  of  each  of  these  two  forces  ^  0;  therefore  the 
moment  of  the  third  force  ^  =  0  (Art.  61,  Cor.),  which 
requires  either  that  E  ^0,  or  that  it  pass  through  the 
point  of  intersection  of  P  and  Q.  If  R  is  not  ^^  0,  it  mnst 
pass  through  this  point.  Hence  if  any  two  of  the  forces 
meet,  the  third  must  pass  through  their  point  of  intersec- 
tion, and  keep  it  at  rest,  and  each  force  must  tie  equal  and 
opposite  to  the  resultant  of  the  other  two.  If  the  angles 
between  them  in  pairs  he  p,  g,  r,  the  forces  must  satisfy  the 
conditions 


:  E  = 


n  q  :  sin  r  {Art.  33). 


^f  two  of  the  forces  are  parallel,  the  third  must  h 
.llel  to  them,  and  equal  and  directly  opposed  to  their 
tant. 


1.  Suppose  six  parallel  forces  proportional  to  tho  nnmhera 
1.  2,  3,  4,  5,  6  to  act  at  paints  (—2,  —1),  (—1,  0),  (0,  1), 
(1,  3),  (a,  3),  (3,  4) ;  find  the  resultant,  /?,  and  the  centre 
t  panUlul  forces. 

py  Art.  59  wc  have 


=  1  +  3-1-  . 


=  a\\ 
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SPa?  =  — 2  —  3  +  4  + 10 +  18  =  28; 

l.Py  =—1  +  3  +  8  +  15  +  24  =  49. 

SPa;        28      -       SPy       49 
•  •    ^""    SP    -21'    ^""    SP  "21 

2.  At  the  three  vertices  of  a  triangle  parallel  forces  are 
applied  which  are  proportional  respectively  to  the  opposite 
sides  of  the  triangle ;  find  the  centre  of  these  forces. 

Let(a:i,  y^),  (x^^  y^),  {x^,  y^)  be  the  vertices,  and  let  a, 
J,  c  be  the  sides  opposite  to  them ;  then 

>  ^  m^-^rhx^+cx^^    :^_ayi+iyt+cy9 
a+b+c       '    ^  a+b+c 

3.  K  two  parallel  forces,  P  and  Q,  act  in  the  same  direc- 
tion at  A  and  P,  (Fig.  14),  and  make  an  angle,  0,  with 
A  B,  find  the  moment  of  each  about  the  point  of  applica- 
tion of  their  resultant. 

The  moment  of  P  with  respect  to  G  is 

P  .  ^  G^  sin  0  (Art.  46). 

But  from  (1)  of  Art.  45,  we  have 

P  +  Q  _AB 
Q      ^  AG' 

•••  ^^  =  PTe-^^' 

which  in  P  >  AG  sin  6  gives 
for  the  moment  of  P  whicli  alBO  cc\w«i^a  t\v^  tclq.x£l«o^  q\  Q, 
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4.  Two  parallel  forces,  acting  in  the  same  direction, 
have  their  magnitudes  5  and  13,  and  their  points  of  applica- 
tion, A  and  B,  6  feet  apart.  Find  the  magnitude  of  their 
resultant,  and  the  point  of  application,  O. 

Am.  i?  =  18,  AG  =  4i,  BO  =  If. 

5.  On  a  straight  rod,  AF,  there  are  suspended  5  weights 
of  5, 15,  7,  6,  and  9  pounds  respectively  at  the  points  A,  By 
A  E,  F;  AB  =  '6  feet,  BD  =  6  feet,  DE  =  b  feet, 
EF  =  4  feet.  Find  the  magnitude  of  the  resultant,  and 
the  distance  of  its  point  of  application,  Gy  from  A, 

Ans.  E  =  42  pounds.  AG  =^  S^  feet. 

6.  A  heavy  uniform  beam,  AB,  rests 
in  a  vertical  plane,  with  one  end,  A,  on  a 
smooth  horizontal  plane  and  the  other 
end,  B,  against  a  smooth  vertical  wall ; 
the  end,  A,  is  prevented  from  sliding  by  a     p.  j^ 
a  horizontal  string  of  given  length  fas- 
tened to  the  end  of  the  beam  and  to  the  wall ;  determine 
the  tension  of  the  string  and   the  pressures  against  the 
horizontal  plane  and  the  wall. 

Let  2a  =  the  length  of  the  beam,  and  let  W  be  its  weight, 
which  as  the  beam  is  uniform,  we  may  suppose  to  act  at  its 
middle  point,  G.  Let  R  be  the  vertical  pressure  of  the 
hoiizontal  plane  against  the  beam ;  and  E'  the  horizontal 
pressure  of  the  vertical  wall,  and  T  the  tension  of  the  hor- 
izontal string,  AC ;  let  BAC  =  «,  a  known  angle,  since 
the  lengths  of  the  beam  and  the  string  are  given.  Then 
(Art.  61),  we  have 

for  horizontal  forces,  T  =z  R ; 

for  vertical  forces,      W  =  R ; 

for  moments  about  A  (Art.  47),  2R'amia=Wa  cos  « ; 


w 
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7.  A  heavy  beam,  AB  =  a  +  ^,  rests 
on  two  given  smooth  planes  which  are 
inclined  at  angles,  a  atid  (i,  to  the 
horizon ;  required  the  angle  d  which 
the  beam  makes  with  the  horizontal 
plane,  and  the  pressures  on  the 
planes. 

Let  a  and  h  be  the  segments,  AG  and  BG,  of  the  beam, 
made  by  its  centre  of  gravity,  G;  let  R  and  K  be  the 
pressures  on  the  planes,  AC  and  BC,  the  lines  of  action  of 
which  are  perpendicular  to  the  planes  since  they  are  smooth, 
and  let  W  be  the  weight  of  the  beam.     Then  we  have 

for  horizontal  forces,  i2  sin  «  =  R'  sin  j3;  (1) 

« 

for  vertical  forces,  R  cos  a  +  R'  cos  i3  =  JT ;       (2) 

for  moments  about  G,  Ra  cos  («  +  ^)  =  R'b  cos  (fi — B).  (3) 

Dividing  (3)  by  (1),  we  have 

a  cot  a  —  a  tan  0  ^  h  cot  i3  -f-  5  tan  B ; 


therefore, 


tan^  = 


a  cot  a  —  h  cot  )3 


a  -\-  b 


and  from  (1)  and  (2)  we  have 


W sm  0  ,      , 

R  =  -r— . — —.j: ;    and  R 
sm  («  -f  ^) ' 


TTsin  a 


sin  {a  +  j3) 


Otherwise  thus:  since  the  beam  is  in  equilibrium  under 
the  action  of  only  three  forces,  they  must  meet  in  a  point  0, 
(Art.  G2),  and  therefore  we  obtain  immediately  from  the 
geometry  of  the  figure, 


sin  (i 


B 


fF^  sin  (a  +  py 


R  =  -. 


W  du  3 


^vu  U  -V  W 


I 
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,      R' siu «  , If  Bin « 

*""      T-Bn(=  +  «'        ■'■    ''  -  .m  («  +  (!5 

Also  eince  the  angles,  GOA  and  GOB,  are  eqiial  to  o 

feepeetively,  and  BGO  =  ^  —  fl,  we  bave 

(a  +  h)  cot  BGO  ;: 

therefore,  tan  B  = 


acotGOA  — ScotGOB; 
eot  K  —  i  cot  3 


tan  « 

"  taii^' 


iid3,        I 


BLv 


Hence,  if  ^ 

position. 

8.  A  hesTj  iinifonn  beam,  AB,  rests  with 
le  end.  A,  againat  a  smooth  vertical  wall, 
and  the  other  end,  B,  is  fastened  by  a  string, 
BC,  of  given  lengtii  to  a  point,  C,  in  the 
wall ;  the  beam  and  the  string  are  in  a  vertical 
plane ;  it  is  required  to  determine  the  pressiiro 
against  the  wall,  the  tension  of  the  string,  and 
the  position  of  the  beam  and  the  string. 


1  rest  in  a  horizontal 


eight  of  beam 


GB  =  a,    AC  ^  X,    BC  =  h, 

=  W,  tension  of  string  =  T,  pressure  of 


BAE  =  e,    BCA  =  -p. 
"hen  we  have 

for  horizontal  forces,  R  =  2" siu  0;  (1) 

for  vertical  forces,      -11'=  7'i:<m'l-;  (3) 

formomentsahoiitA,  Wf/ninO  =:'T- \H  =  Tx,i\x^6?:,  K^ 

asiu  6  =  X  tnii  <(>  \  ^ 
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and  by  the  geometry  of  the  figure 


i,  (5),  and  (6),  we  get 


,    1  riw-8>"]t 


I 


from    -which    R    and    T   become  known.     (Price's  Anal. 
Mech'B.,  Vol.  I,  p.  69). 

To  determine  all  tlie  unknown  qaajitities  man;  problems  in  Statin 
require  equationa  to  be  formed  bj  geometric  relations  as  well 
relatioBB.  ThoB  (1),  (2),  (3)  are  static  equations,  and  (0)  is  a  e«ometria 
equation. 

9.  A  UDiform  heavy  beam,  AB  =  3«, 

rests  with  one  end.  A,  aguinst  the  inter- 
nal surface  of  a  smooth  hemispherical  ^ 
bowl,  radius  =  r,  while  it  is  supported 
at  some  point  in  its  length  by  the  edge 
of  the  bowl ;  find  the  position  of  equili-  ~n^  ** 

brill  m. 

The  beam  is  kept  in  equilibrium  by  three  forces,  via.,  i 
reaction,  R,  at  A  perpendicular  to  the  surface  of  conttui 
(Art   42)   and   therefwe   perpendicnlar  to   the  bowl, 
jviiction,   li'.  at  C  which,  for  t\ie  aame  Tcasow,ia  \ 
tiiciilar  to  the  beam,  uiid  lUe  we\g\\i  W  >u;\.m^\A  Qg 
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Let  B  =  the  inclination  of  the  beam  to  the  horizon 
=  <ACD.  The  solution  will  be  most  readily  effected  by 
resolving  the  forces  along  the  beam  and  taking  moments 
about  C,  by  which  we  shall  obtain  equations  free  from  the 
unknown  reaction,  R'.    Then  we  have 

for  forces  along  AB,  R  co^O  z=:  W  sin  6,  (1) 

for  moments  about  G, 

5  .  2r  cos  0  sin  ^  =  W  (2r  cos  0  —  a)  cos  0.        (2) 

From  (1)  we  have 

R  =  fFtan^, 

which  in  (2)  gives,  after  reducing, 

2r  sin^  0  —  2r  cos^  ^  +  a  cos  ^  =  0, 

or,  4r  cos^  0  —  a  cos  0  —  2r  =  0,  (3) 


.       a±  \/32r^  +  dJ^ 
• .    cos  ^  = 


•     • 


8r 


Otherwise  thus:  since  the  beam  is  in  equilibrium  under 
the  action  of  only  three  forces,  they  must  meet  in  a  point 
0  (Art.  62).  Draw  the  three  forces  AO,  00,  GO,  which 
keep  the  beam  in  equilibrium.  Let  the  line,  OG,  meet  the 
semicircle,  DAC,  in  the  point,  Q.  Then  AQ  is  a  horizontal 
line.     Also 

<QAG  =  <DCA  =  (9, 
therefore  <OAQ  =  W. 

Hence  AQ  =r  AO  cos  2^, 

and  also  ^Q  =  AG  COS  6  \ 
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therefore  3r  cos  W  :^  a  cos  fl, 

or  4r  COB*  9  —  «  cos  0  —  3r  =  0, 

which  is  the  same  as  (3)  obtained  by  the  other  method. 
The  student  may  prove    that    the    reaction,    R',  at  0 

3r 

10.  rind  the  position  of  equilibrium  of 
a  iiuiform  heavy  beam,  one  end  of  which 
resta  against  a  smooth  vertical  plune,  and 
the  other  against  the  internal  surface  of  a 
smooth  spherical  bowL 

The  beam  is  in  equilibrium  under  the 
action  of  three   forces,    the   weight,   W, 
acting  at  G,  the  reaction,  R,  at  A,  perpen- 
dicular to  the  surface  and  hence  jiaesing  through  the  centr^ 
C,  iiud  the  reaction,  B',  of  the  vertical  plane  perpendicular 
to  itself  and  henco  horizontal. 

Let  the  length  of  the  beiim,  AB,  =  2n,  ?■  =  the  radius; 
of  the  spliere,  d  =  CD,  the  distance  of  the  centre  of  th», 
sphere  from  the  vertical  wall,  H'  =  the  weight  of  the  beam 
and  let  6  =  the  required  inclination  of  the  beam  to  th& 
horizon,  and  0  =  the  inclination  of  the  radius  AG  to  the 
horizon.    Then  we  have 


Frfl.si 


for  vertical  forces,  ^  sin  0  ^  W ;  (l),l 

for  moments  about  B,  i?-2rtsin  (^ — 9)  ^  W-acwO;  {8U 

Dividing  (2)  by  (1)  wo  have 


2  Bin  (ifi  —  0)  _ 
sin  1^ 

tan  0  =  a  ' 


cos  B, 
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_  Then  wo  have,  from  the  geometry  of  the  figure,  the 
hori^ioiital  distance  from  A  to  thu  wall  =  the  horizontal 
projection  of  AC  +  CD,  that  is, 

kHa  cos  e  =  r  cos  ->  +  (7.  (4) 

Prom  (3)  and  (4)  a  valiio  of  0  can  be  obtuined,  and  hence 
le  position  of  equilibrium. 

Otherwise  thns:  since  the  beam  is  in  equilibrium  under 
the  action  of  only  three  forces  they  must  meet  in  a  point,  0. 
geometry  then  gives  us 

W      3  cot  0GB  =  cot  AOG  -  cot  GOB  =  cot  AOG, 

or  3  tau  9  =  tan  ip, 

which  is  the  same  as  (3). 

63.  Centre  of  Parallel  Forces  in  Differeat  Flanes. 

— To  find  the  nutgtiitutie,  direction,  and  point  of 
applicntion  of  the  resultant  of  any  number  of 
parallel  forces  acting  on  a,  rigid  body. 

The  theorem  of  Art.  59  \s  evidently  true  also  in  the  case 
in  which  neither  the  parallel  forces  nor  their  fixed  points  of 
application  lie  in  the  same  plane,  hence,  calling  e  the  thii-d 
co-ordinate  of  the  point  of  application  of  the  resultant,  we 
have  for  tlje  distance  of  the  centre  of  parallel  forces  from 
the  planes  yz,  zx,  and  xy. 


^^1 


mce  (Art.  59,  8ch.)  the  equations  for  determining  the 
position  of  the  centre  of  parallel  forces  show  that  the  sum 
(if  ike  moments  of  the  parallel  forces  with  respect  (o  auij 
pkmt  is  fgvai  to  the  moment  of  llieir  resuUttnt. 


EQITTLTBHTUX  of  parallel   forces  Uf  SPACES. 


rg.ai 


64.  Conditions  of  Eguilibriiun  of  a  System  of 
Parallel   Forces   Acting   upon   a   Rigid   Body   In 

Space. — Let  I\,  I'^,  P^,  etc.,  denote  the  forces,  and  let 

them  be  referred  to  three  rectangular  axes, 

OX,  or,   OZ:    the  last  parallel  to  the 

forces  ;  let  (aij,  ^j,  z^),  {x^,  y^,  z^),  etc., 

be  the  points  of  application  of  the  forces, 

i",,  Pj,  etc.      Let  the  direction   of  P, 

meet  the  plane,  zy,  at  J/j. 

Draw  J^i-^j  perpend icnlar  to  the  axis 
of  X  meeting  it  at  A',.    Apply  at  0,  and  also  at  JV^,,  two 
opposing  forces  each  equal  and  parallel  to  F^.    Then  the 
force  P,  at  M^  is  replaced  by 

(1)  P,  at  0  along  OZ; 

(2)  a  couple  formed  of  P,  at  J/,  and  Pj  at  JV, 

(3)  a  couple  formed  of  P,  at  A'l  and  P,  at  0. 

The  moment  of  the  first  couple  ia  Pj^i,  and  this  conpl^ 
may  be  trausforreil  to  the  plane  yz,  which  is  parallel  to  itl 
original  plane,  without  altering  its  effect  (Art,  62).  Th* 
moment  of  the  second  couple  ia  Pj^,,  and  the  couple  is  itk 
the  plane  xz. 

Heplacing  each  force  in  this  manner,  the  whole  Bysteitt 
will  be  equivalent  lo  a  force 

'Pi+-P*  +  -^j+etc.,  or  SPat  0  along  OZ, 

together  with  tlie  couple 

P,y,  +  Pjyg  +  Pjyj  +  etc.,  or  sPy,  in  the  plane  yz, 
and  the  couple 

P,a;,  +  P,rg+Ps:rj-t-etc.,  or  SPa;  in  the  plane  iw 

The  Srst  couple  tends  to  turn  V\\e  ^wi-j  to^^iw  ft«  wtU  of' 
ihai  of  z  iBund  the  axis  oi  x,  ani  \.^le 
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tendB  to  turn  the  body  from  the  axis  of  a  to  that  of  z 
round  the  axis  of  y.  It  is  customary  to  consider  those 
couples  as  positive  which  tend  to  turn  the  body  in  the 
direction  indicated  by  the  nattiral  order  of  the  letters,  t.  e., 
positive  from  a;  to  y,  round  the  e-asis ;  from  y  to  z  ronnd 
the  i-axis ;  and  from  z  to  x  round  the  y-axis  ;  and 
negative  in  the  contrary  direction. 

Hence  the  moment  of  the  first  couple  is  +SP^,  and 
therefore  OX  is  its  axis  (Art.  50) ;  and  the  moment  of 
the  second  couple  is  — SjPa',  and  therefore  OY'  is  its  axis. 
The  resultant  of  these  two  couples  ia  a  single  couple  whose 
axis  is  found  (Art.  56)  by  drawing  OL  (in  the  positive 
direction  of  tlie  axis  of  t)  =  ^Py,  and  OM  (in  the  nega- 
tive direction  of  the  axis  of  y)  =  SPar,  and  completijig  the 
parallelogram  OLGM.  If  OG,  the  diagonal,  ia  denoted  by 
0,  we  hare 


Bod 


R  =  ZP; 


Jt  being  the  resultant  force. 

Now  since  this  single  force,  B,  and  this  single  couple,  G, 
cannot  produce  equilibrium  (Art.  54,  Cor.),  we  must  have 
Ji  =  0,  and  0  t=  Q,  and  G  cannot  be  =  0  unless  ^Px  =  0 
and  ^Py  ;=  0;  the  conditions  therefore  of  equilibrium  are 


Hence,  the  conditions  of  equilibrium  of  parallel  forces  in 
space  are: 


m 


The  sum  of  ike  forces  must  =  0. 

■The  sum  of  Ike  momenls  of  the  fartxi  loilli.  respecl  ' 
•^laKeparallelio  them  mud  =.  O.  . 


ng.33 
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65.  Conditioiis  of  Equilibrium  of  a  System  of 
Forces  acting  in  any  Direction  on  a  Rigid  Body  in 
Space. — Let  P,,  P^,  P^,  etc.,  denote  the  forces,  and  let 
them  be  referred  to  three  rectangular  axes,  OX,  OT,  OZ 
let  (ic,,  ji,  2j),  (^2,  y^,  z^),  etc.,  be  thu  points  of  applica- 
tion of  Pi,  Pg,  etc. 

Let  A^  be  the  point  of  application  of 
Pj;  resolve  Pj  into  components  X^, 
Yi,  Zi,  parallel  to  the  co-ordinate  axes. 
Let  the  direction  of  ^j  meet  the  j)lane 
xyatM^,a,ud  draw  M,Ii^  perpeudicn- 
lar  to  OX.  Apply  at  N^  and  also  at  0 
two  opposing  forces  each  equal  and  par- 
allel to  Z^.  Hence  Z^  at  A^  or  Jf,  is  equivalent  to  Z,  at 
0,  and  two  couples  of  which  the  former  has  its  moment  = 
^1  X  A"i  Jf,  =  Z^y^,  and  may  be  supposed  to  act  in  the 
plane  yz,  and  tlie  latter  haa  its  moment  =  Z,  x  OJV, 
—  ZfXj  and  acts  in  the  plane  zx. 

Hence  Z,  is  rejilaced  by  Z,  at  0,  a  couple  Z^y^  in  the 
plane  yz,  and  a  eoiiplc  —  Z^x^  (Art.  64)  in  the  plane  xx. 
Similarly  Xj  may  be  replaced  by  X,  at  0,  a  couple  X,j!j 
in  the  plane  «■,  and  a  conple  —  Xipj  in  the  plane  ay. 
And  J^i  may  be  replaced  by  Y^  at  0,  a  couple  I'lai,  in  the 
plane  xy,  and  a  couple  —  J',ai  in  the  plane  yz.  Therefore 
the  foi-ce  Pj  may  be  replaced  liy  X,,  I',,  Z,,  acting  at  0, 
and  three  couples,  of  which  tlie  moments  are,  (Art.  " " 

Zjji  —  3',i!,  in  the  plane  yz,  around  the  axis  of  !^ 
X,z,  —  ZiXi  in  the  plane  zx,  around  the  axis  of  y, 
l",ar,  —  X,y,  in  the  plane  xy,  around  the  axis  of*. 

By  a  similar  resolution  of  all  the  forces  we  shall  hs^ 
them  replaced  by  the  forces 

zx,  ir,   zz, 

acting  at  O  aloag  the  axes,  and  t\ie  couv^s*  j 
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X  (^Zy  —  Yz)  =  L,  suppose,  in  the  plane  yz^ 
^  {Xz  —  Zx)  =  M,  suppose,  in  the  plane  zx, 
Ii{Yx  —  Xy)  =  JV,  suppose,  in  the  plane  xy. 

Let  R  be  the  resultant  of  the  forces  which  act  at  0;  a, 
i,  c,  the  angles  its  direction  makes  with  the  axes ;  then 
(Art  38), 

7P  =  (sx)2  +  {I.YY  +  (^zy, 

cos  a  =  -^,     cos  0  =  —rTy     COS  c  ^  -^. 

Let  0  be  the  moment  of  the  couple  which  is  the  result- 
ant of  the  three  couples,  Z,  if,  iV;  X,  /i,  v,  the  angles  its 
axis  makes  with  the  co-ordinate  axes  ;  then  (Art.  56,  Sch.), 

ff2  =  i2  +  if  2  +  JV^, 

.       L  M  N 

cos  A  =  — ,      COS  /A  =  7c,      COS  V  =  -^. 
Cr  Cr  Cr 

Therefore  any  system  of  forces  acting  in  any  direction  on 
a  rigid  body  in  space  may  always  be  reduced  to  a  single 
force,  Rj  and  a  single  couple,  0,  and  cannot  therefore  pro- 
duce equilibrium  (Art.  54,  Cor.).  Hence  for  equilibrium 
we  must  have  72  =  0  and  (?  =  0 ;  therefore 

(SX)2  +  (SF)2  +  {LZf  =  0, 
and  D  +  M^  +  IP  =zO. 

These  lead  to  the  six  conditions, 

i;X=0,      SrrzrO,      XZzrO, 

X  (Zy  -  Yz)  =  0,     S  (Xi  -  Zx^  =  Q, 
-S  (Fa;  -  Xy)  =  0. 


1.  If  the  weights,  1,  2,  3,  4,  5  Iba.,  act  perpendicalarl; 
to  a  strtiight  line  at  the  respective  distances  of  1,  3,  3,  4, 
5  feet  from  one  extremity,  find  the  resultant,  auil  the  dis- 
tance of  its  point  of  application  from  the  first  extremity. 

Alts.   R  =  15  lbs.,  X  =  31  feet. 

2.  Four  weights  of  4,  —7,  S,  —3  lbs.,  act  perpend icnlarly 
to  a  straight  line  at  the  points  A,  B,  C,  D,  so  that  AB 
5  feet,  BC  =  4  feet,  CD  =  2  feet ;  find  the  resultant  and 
its  point  of  application,  G. 

Ans.  R  =  2  lbs.,  AG  =  3  feet. 

3.  Two  parallel  forces  of  23  and  42  Ihs.,  act  at  the  points 
A  and  B,  14  inches  apart;  find  GB  to  three  places  ot 
decimals.  Atis.  4.954 

4.  Two  weights  of  3  cwts.  2  qrs.  15  Ihs.,  and  1  cwL  3  qrs. 
29  lbs.  are  supported  at  the  points  A  and  B  of  a  straight 
line,  the  length  AB  =  3  feet  7  inches;  flud  AG  to  three 
places  of  decimals  of  feet,  Ans.   1.268  ft.- 

5.  A  bar  of  iron  15  inches  long,  weighing  12  lbs.,  and  oj 
uniform  thickness,  has  a  weight  of  10  lbs.  suspended  from- 
one  extremity ;  at  what  point  must  the  bar  be  supported 
that  it  may  just  balance. 

Tbe  weiglit  of  tbe  bur  acta  at  ita  centre. 

Am.  i-^  in.  from  tbe  weight 

(J.  A  bar  of  uniform  thickness  weighs  10  lbs.,  and  i 
5  feet  long ;  weights  of  9  lbs.  and  .5  lbs.  are  suspended  froiq 
its  extremities ;  on  wbat  point  will  it  balance  ? 

Ans.  5  in.  from  the  centre  of  the  bar. 

",  A  beam  30  feet  long  balances  itself  on  a  point  at 

tlijrd  of  ita  length  from  the  thlckei  ei\Oi-,  \iwt  v^Wn  a  weigh 

^JO  lbs.  ia  suspended  from  Uie  sHiaWet  eni,  Wvt  ijtd'}  ■«£» 
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be  mnved  two  feet  toivurds  it,  iti  order  to  maintain  the 
wjtiilibrium.     Find  tlie  weight  of  the  beam,  Ans.  90  lbs. 

■S.  A  ntiiform  bar,  4  feet  long,  weighs  10  lbs.,  and  weights 
of  30  lbs.  and  40  lbs.  are  appended  to  its  two  extremities  ; 
where  must  the  fulcrum*  be  placed  to  jiroduce  cquUibrium  ? 
A?is,  3  in.  from  tlie  centre  of  the  bar. 

9.  A  bar  of  iron,  of  uniform  thickness,  10  ft.  loug,  and 
weighing  \\  cwt.,  is  supported  at  its  extremities  in  a  hori- 
zontal position,  and  carries  a  weight  of  4  cwt.  suspended 
from  a  point  distant  3  ft.  from  one  extremity.  Find  the 
presBures  on  the  points  of  support. 

Ans.  3.55  cwt.,  and  1.95  cwt. 
.  10.  A  bar,  each  foot  in  length  of  which  weighs  7  lbs., 
rests  upon  a  fulcrum  distant  3  feet  from  one  extremity ; 
what  must  be  its  length,  that  a  weight  of  1\^  lbs.  sus- 
pended from  tbat  extremity  may  just  be  balanced  by 
20  lbs.  suspended  from  the  other  ?  Ans.  9  ft. 

11.  Fiye  equal  parallel  forces  act  at  5  angles  of  a  regular 
hosagon,  whose  diagonal  is  a  \  find  the  point  of  application 
of  their  resultant. 

Ans.  On  the  diagonal  passing  througli  the  sixth  augic,  at 
a  distance  from  it  of  jff. 

12.  A  body,  P,  suspended  from  one  end  of  a  lever  with- 
out weight,  is  balanced  by  a  weight  of  1  lb.  at  the  other 
end  of  the  lever ;  and  when  the  fulcrum  is  removed 
through  half  the  length  of  the  lever  it  requires  10  lbs.  to 
balance  P  ;  fiud  the  weight  of  P.      Ans.  5  lbs.  or  2  lbs. 

13.  A  carriage  wheel,  whose  weight  is  W  and  radius  r, 
rests  upon  a  level  road  j  show  that  the  force,  F,  necessary 
to  draw  the  wheel  over  an  obstacle,  of  height  k,  is 
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14.  A  tjeum  of  uniform  thickness,  5  feet  long,  weighing 
10  lbs.,  m  supported  on  two  props  at  the  ends  of  the  beam 
find  where  a  weight  of  30  lbs.  must  be  plaeed,  so  tliat  the 
pressoree  on  tlie  two  props  may  be  15  lbs.  and  25  lbs. 

Ans.  10  ins.  from  the  centre. 

15.  Porcea  of  3,  4,  5,  6  lbs.  act  at  distances  of  3  ins, 
4  ins.,  5  ins.  6  ins.,  from  the  end  of  a  rod  ;  at  what  distance 
from  the  same  end  does  the  resultant  act  p 

Ana.  4}  inches. 

16.  Four  vertical  forces  of  4,  6,  7,  9  lbs.  act  at  the  four 
corners  of  a  square ;  find  the  point  of  application  of  the 
resultant.    Ans.  -^g  of  middle  line  from  one  of  the  s 

17.  A  flat  board  13  ins.  square  is  suspended  in  a  hori- 
zontal position  by  strings  attached  to  its  four  comers,  A, 
B,  C,  D,  and  a  weight  equal  to  the  weight  of  the  board  is 
laid  upon  it  at  a  point  3  ins.  distant  from  the  side  AB  and 
4  ins.  from  AD ;  find  the  relative  tensions  in  the  four 
strings.  A?is.  Asf  :  J:  J:.^. 

18.  A  rod,  AB,  moves  freely  about  the  eud,  B,  ae  on  ft 
hinge.  Its  weight,  W,  acta  at  its  middle  point,  and  it  ia 
kept  horizontal  by  a  string,  AC,  that  makes  an  angle  of  45° 
with  it.     Find  the  tension  in  the  string.  .  W 

^"'-  vi- 

19.  A  rod  10  inches  long  can  turn  freely  about  one  of 
its  ends ;  a  weight  of  4  lbs.  is  slung  to  a  point  3  ins.  front 
this  end,  and  the  rod  is  held  by  a  string  attached  to  its  ftea 
end  and  inelined  to  it  at  an  angle  of  120° ;  find  the 
tension  in  the  string  when  the  rod  ia  horizontal. 

A,is.  I  V^  lbs. 

20.  Two  forces  of  3  lbs.  and  i  lbs.  act  at  the  extremitial 
of  a  straight  lever  13  ins.  long,  and  inclined  to  it  at  anglei 

of  1^0°  and  135"  respectively ;  6n4  l\ve  ^aition  of  tin 
^?w.    (8  —  3  VG)  X  9.&\ivB.l'EOTQ.awa«!&. 


an 


I  21.  Find  tin;  tme  weiglit  of  a  body  wbich  is  found  to 
iza,  iind  'J  ozs.  when  placed  in  eacli  of  the  Bcale- 
IDB  of  a  false  balance.  ji^g^   6  V^  ozs. 

.  A  beam  3  ft.  long,  the  weight  of  wbich  is  10  lbs., 
and  acts  at  its  middle  point,  rests  on  a  rail,  with  4  lbs.  hang- 
ing from  one  end  and  13  lbs.  from  the  other ;  find  the  point 
at  which  the  beam  is  supported  ;  and  if  the  weights  at  the 
two  ends  change  places,  what  weight  must  be  added  to  the 
lighter  to  preserve  equilibrium  ? 

Ans.  12  ins.  from  one  end  ;  37  lbs. 
23.  Two  forces  of  4  lbs,  and  8  lbs.  act  at  the  ends  of  a 
bar  18  ins.  long  and  make  angles  of  130°  and  90°  with  it; 
find  the  point  in  the  bar  at  which  the  resultant  acts. 

Ans.  -J§  (4  —  VS)  ins.  from  the  4  lbs.  end. 
34.  A  weight  of  24  lbs.  is  suspended   by  two   flesible 
srings,  one  of  which  is  horizontal,  and  the  other  is  inclined 
at  an  tingle  of  30"  to  the  vertical.     What  is  the  tension  in 
each  string  ?  j„s.  8  -/S  lbs. ;  16  Vs  lbs. 

25.  A  pole  13  ft.  long,  weighing  25  lbs.,  rests  with  one 

end  against  the  foot  of  a  wall,  and  from  a  point  2  ft.  from 

the  other  end  a  cord  runs  horizontally  to  a  point  in  the 

Kv^I  8  ft.  from  the  ground  ;  find  the  tension  of  the  cord  and 

^fxe  pressure  of  the  lower  end  of  the  pole. 

Ans.  11.25  lbs.;  27.4 lbs. 
F^6.  A  body  weighing  6  lbs,  is  placed  on  a  smooth  plane 
Ijich  is  inchned  at  30°  to  the  horizon  ;  find  the  two  direc- 
jona  in  which  a  force  equal  to  the  body  may  act  to  produce 
l^ailibrium.  Also  find  what  is  the  pressure  on  the  plane 
p  each  case. 

[  Ans.  A  force  at  60°  with  the  plane,  or  vertically  upwards ; 
i  =  6  VS,  or  0. 

^7-  Arod^  AB,  5  ff,  long,  without  «i?\^\\t,\6  V\\\\^V«wv 
I  strings   which  atu  aUacXwi  Va  ^'^*  «^^'^ 


anil  to  the  poiut ;  the  striug,  AC,  is  3  ft.,  and  BC  is  4  ft,  i) 
length,  and  a  weight  of  a  lbs.  is  hung  from  A,  and  a  weight 
of  3  lbs.  from  B  ;  find  the  tensions  of  the  strings, 

An,s.    VMbs.;  2  Vs  lbs. 

28.  Find  the  height  of  a  cylinder,  which  can  just  rrat  ob 
an  inclined  plane,  the  angle  of  which  is  60°,  the  diameter 
of  the  cylinder  being  C  ins.  and  its  weight  acting  at  the 
middle  point  of  its  axis.  Ans.  3,46  ina. 

29.  Two  eqnal  weights,  P,  Q,  are  connectJ^d  by  a  string 
which  passes  over  two  smooth  pegs,  A,  B,  sitnatcd  in  a 
horizontal  line,  and  supports  a  weight,  W,  which  hangs 
from  a  smooth  ring  through  which  the  string  passes ;  find 
the  position  of  equilibrium. 

Ans.  The  depth  of  the  ring  below  the  line 


AB  = 


3^4/^- 


W^ 


■  AB. 


30.  The  resultant  of  two  forces,  P,  Q,  acting  at  an  angle, 
e,  is  =  {2m  +  1)  V-t^  +  Q^ ;  when  they  act  at  an  angle, 
^  —  e,  it  ifi  =  {3»i  —  1)  VT^~+~^;   show  that  tan  0  = 

))i  —  1 
m  +  1 

31.  A  uniform  heavy  beam,  AB  =  2n, 
rests  ou  a  smooth  peg,  P,  and  against  a 
smooth  vertical  wall,  AD ;  the  horizontal 
distance  of  the  peg  from  the  wall  being 
A ;  find  the  inclination,  9,  of  the  beam  to 
the  vertical,  and  the  pressures,  U  and  S,  on  the  wall  and  p 


Ans. 


I  i,?=i 


32.    Two  equal  smooth  cyUuieTs  xast  va  contact  oa  i 
wtBootb  pJanes  inclined  at  singVee,  k  ais*V  B,  ^o  '^Jaa  \ 
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fliul  the  inclination,  0,  to  t!ic  horizon  of  the  line  joining 
their  centres.  Ans.  tan  9  =  j-  (cot  «  —  cot  (i). 

33.  A  beam,  5  ft.  long,  weigliing  5  lbs.,  rests  on  a  ver- 
tical prop,  CD  =  2^  ft. ;  the  lower  end.  A,  ia  on  a  hori- 
zontal plane,  and  is  prevented  from  sliding  by  a  string, 
AD  =  3^  ft. ;  find  the  tension  of  the  string. 

Ans.   T=^  lbs. 

34.  A  uniform  beam,  AB,  is  placed  with  one  end,  A, 
inside  a  smooth  hemispherical  bowl,  with  a  point,  P,  rest- 
ing on  the  edge  of  the  bowl.  If  AB  =  3  times  the  radius 
R,  find  AP.  Ans.  AP  ^  1.838  R. 

35.  A  body,  weight  W,  is  suspended  by  a  eord,  length  I, 

from  the  point  A,  in  a  horizontal  plane,  and  is  thrust  out 

of  its  vertical  position  by  a  rod  without  weight,  acting  at 

another   point,   B,   in    the    horizontal    plane,   such    that 

AB  ^  d,  and  making  the  angle,  0,  with  the  plane ;  find 

the  teneion,  T,  of  the  cord.  ,  ' 

Ans. 

36.  Two  heavy  uniform  bars,  AB  and 
CD,  movable  in  a  vertical  plane  about 
their  extremities,  A,  D,  which  rest  on  a 
homontal  plane  and  are  prevented  from 
sliding  on  it;  find  their  position  of  - 
ecjuilihrium  when  leaning  against  each 
other. 

Let  the  bars  rest  against  each  other  at  B,  and  let 
AD  =  rt,  AB  =  h,  CD  =  c,  my  =z  X,  W  and  \\\  =  tlie 
weightB  of  AB  and  CD,  respectively  acting  at  their  middle 
points;  then  wo  have 


Fig.SS. 


ij^  W  (fl»  -t-  js  - 


=  c\\\{a^+  3? -&)(!?  -{ 


-<t% 


vhich  is  an  equation  of  the  fifth  degree,  and  hence  always 
has  one  real  root,  tin-  value  of  -wliicVi  tosi'j  \«  ie'wiTms.-wA 
numbers  are  pat  for  a,  b,  and  c  . 


^ben 


I 

o! 


37.    A    pav.ibolic    curve    is 

placed  in  a  vwticiil  plane  with 

axis    vertical    and    vertex 

downwards,   and  inHidc  of  it, 

.  and  against  a  peg  in  the  focus, 

L  and  against  the  concavo  arc,  a 

I  araooth     uniform    and    heavy 

I  beam  rests ;  required  the  posi- 

tiou  of  equilibrium. 

Let  PB  be  the  beam,  of 
length  I,  and  of  weight  W, 
TCBting  on  the  peg  at  the  focua, 
F ;  let  AF  =  _p  and  AFP  =  6. 


38,  Find  the  form  of  the  curve  in  a  vertical  plane  Bach 
that  a  heavy  bar  resting  on  its  coucaye  side  and  on  a  peg  at 
s  given  point,  say  the  origin,  may  be  at  rest  in  all 
[msitionB. 

Ans.  r  =  i?  +  i  sec  e,  in  which  /  =  the  length  of  the 
bar,  k  an  ai'bitrary  constant,  and  8  the  inclination  of  the 
bar  to  the  vertical.  It  is  the  equation  of  the  conchoid  of 
Nicomedes. 

39.  A  rod  whose  centre  of  gravity  ia  not  its  middle  point 
IB  hnag  fram  a  smooth  i)eg  by  means  of  a  string  attached 
to  its  extremities ;  find  the  position  of  equilibrium. 

Ans.  There  are  two  positions  in  which  the  rod  hangs 
vertically,  and  there  is  a  third  thus  di'fined  : — Let  I^  be  the 
extremity  of  the  rod  remote  from  the  centre  of  gravity,  k 
the  distance  of  the  centre  of  gravity  from  the  middle  point 
of  the  rod,  2a  the  length  of  the  string,  and  2c  the  length  of 
the  rod ;  then  measure  on  the  string  a  length  FP  fi-om  F 

egtialtoall  -h  - j,  and  place  the  point  P  over  the  peg. 

'j's  win  deSne  a  third  position  o£  (Ki\u!i\\iTi.-am. 
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40.  A  smooth  hemisphere  is  fixed  on  a  horizontal  plane, 
with  its  convex  side  turned  upwards  and  its  base  lying  in 
the  plane.  A  heavy  uniform  beam,  AB,  rests  against  the 
hemisphere,  its  extremity  A  being  just  out  of  contact  with 
the  horizontal  plane.  Supposing  that  A  is  attached  to  a 
rope  which,  passing  over  a  smooth  pulley  placed  vertically 
over  the  centre  of  the  hemisphere,  sustains  a  weight,  find 
the  position  of  equilibrium  of  the  beam,  and  the  requisite 
magnitude  of  the  suspended  weight. 

Ans.  Let  W  be  the  weight  of  the  beam,  2a  its  length,  P 
the  suspended  weight,  r  the  radius  of  the  hemisphere,  h 
the  height  of  the  pulley  above  the  plane,  d  and  0  the 
inclinations  of  the  beam  and  rope  to  the  horizon ;  then  the 
position  of  equiUbrium  is  defined  by  the  equations. 

r  cosec  6  =z  h  cot  <p,  (1) 

r  cosec^  0  =  a  (tan  0  +  cot  0),  (2) 

which  give  the  single  equation  for  ^, 

r  {r  —  a  sin  6  cos  6)  =  ah  sin^  d.  (3) 

sin  6 


Also  P  =  W 


cos  (0  —  0) 


^  a  sin2  eVr^-\-  h^  sin^  6  ,,, 

=  W -^ (4) 

41.  If,  in  the  last  example,  the  position  and  magnitude 
of  the  beam  be  given,  find  the  locus  of  the  pulley. 

Arts.  A  right  line  joining  A  to  the  point  of  intersection 
of  the  reaction  of  the  hemisphere  and  W, 

42.  If,  in  the  same  example,  the  extremity.  A,  of  the 
beam  rest  against  the  plane,  state  how  the  nature  of  the 
problem  is  modified,  and  find  the  position  of  equilibrium* 

Ans.  The  suspended  weight  must  \)^  gVs^^,  vcveJifc^iii  <^\- 
being  a  result  of  calculation.    Equation  ^1"^  «teCiV  V^^^^^^"^^ 
6 
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not  (2) ;  and  the  position  of  equilibrium  is  dolined  by  the 
equation 

Ph^  cos*  0  =  War  sin*  tp. 

43.  If  the  fixed  hemisphere  he  replaced  by  a  fixed  sphere 
or  cylinder  resting  on  the  plane,  and  the  extremity  of  the 
1}eam  rest  on  the  ground,  find  the  position  of  equilibrium. 

Anit.  IE  h  denote  the  vertical  height  of  the  pulley  above 
the  point  of  contact  of  tiie  sphere  or  cylinder  with  the 
plane,  we  have 

r  cot  ■  =  /[  cot  0, 

Pr  (1  +  cot  ^  cot  e)  COB  0  ^  Wa  cos  6. 

44.  One  end.  A,  of  a  heavy  uniform  beam  rests  against  a 
Binooth  horizontal  plane,  and  the  other  end,  B,  rests  against 
a  smooth  inclined  plane  ;  a  rope  attaciied  to  B  passes  over 
a  smooth  pulley  situiited  in  the  inclined  plane,  and  sustains 
ft  given  weight ;  And  the  position  of  equilibrium. 

Let  6  he  the  inclination  of  the  beam  to  the  horizon,  a  the 
inclination  of  the  inclined  plane,  W  the  weight  of  the  beam, 
and  P  the  suspended  weight ;  then  the  position  of  equili- 
brium is  defined  by  the  equation 

ooaO(irKin«  — 3P)  =  0.  (1) 

Hence  we  draw  two  concUisious: — 

(ff)  If  the  given  quantities  satisfy  the  equation  IF  sin  a 
—  %P  =  0,  the  beam  will  rest  in  all  positions, 

{b)  There  is  one  position  of  eqnilibrinm,  namely,  that  in 
which  the  beam  is  vertical. 

This  position  requires  that  both  planes  be  conceived  as 
jirolonged  through  their  line  of  intersection. 

45.  A  nnitorm  beam.  AB,  movaHe  vtv  a  \e."c\;\^«^  \tlaiiQ 
foat  a  smooth  horizontal  axis  fixe4  a.t  oiift  cxX.^CTtv*?!,  K,^ 
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attached  by  means  of  a  rope  BC,  whose  weight  is  negligible, 
to  a  fixed  point  C  in  the  horizontal  line  through  A,  such 
that  AB  =  AC ;  find  the  pressure  oh  the  axis. 

Arts.   It  0  z=z  <CAB,  W  =  weight  of   beam,    the    re- 
action is 

\W y  4:  sin2     _|_  gec2  - . 


<i\?>V^'^^ 


CHAPTER  IV. 

CENTRE  OF  GRAVITY'  (CENTRE  OF  MASSl. 


66.  Centre  of  Gravity. — Gravity  is  the  name  given  to 
the  force  of  itttractioti  wliich  the  earth  exerts  ou  all  bodies. 
the  eflectB  of  this  force  are  twofold,  (1)  statical  in  virtue  ot 
which  all  bodies  exert  pressure,  and  (i)  kinetical  in  virtue 
of  which  bodies  if  unsupported,  will  fall  to  the  ground 
{Art.  15).  The  force  of  gravity  varies  slightly  from  place; 
to  place  on  the  earth's  surface  (Art.  33} ;  but  at  each  pktca 
it  is  a  force  exerted  upon  every  body  and  upon  every 
particle  of  the  body  in  direetious  that  are  normal  to  the 
earth's  surface,  and  which  therefore  converge  towards  the 
earth's  centre ;  hut  as  this  centre  is  very  distant  compared 
with  the  distance  between  the  particles  of  any  body  of' 
.  ordinary  magnitude,  the  convergence  is  so  small  that  the 
lines  in  which  the  force  of  gravity  acts  are  sensibly  paralleL. 

The  centre  of  gravity  of  a  body  is  the  point  of  applioatiott, 
of  the  resultant  of  aU  the  forces  of  gravity  which  act  vpon. 
every  particle  of  the  body;  and  since  these  force*  art- 
practically  parallel,  the  problem  of  finding  its  position  may 
he  treated  in  the  same  way  a.^  that  of  finding  the  centre  of  a 
system  of  parallel  forces  (Arts.  45,  59,  C3).  The  centre  of 
gravity  may  also  bo  defined  as  /he  point  at  vhich  the  vnhels 
veight  of  a  body  ads.  If  the  body  !»  supported  at  this 
point  it  will  rest  in  any  position  whatever. 

Tlie  might  of  a  body  i«  the  resultant  of  all  the  forest  ff 
gramty  which  act  upon  every  parlirle  of  if,  and  is  eguaJ  i 
magnitude  and  dirpHly  oppo>'ite  to  the  force  which  wHl  jw 
siipjmrt   the   body.     Since   the  centre  of  gravity  is  hei 
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I  regarded  as  the  centre  of  parallel  forces,  it  is  more  truly 
■■  conceived  of  Jta  tbe  "centre  of  mass;"  jet  in  deference  to 
I  usage  we  shall  call  the  point  the  "  centre  of  gravity." 

L     67.  Plaue&of  Symmetry.— Axes  of  Symmetry, — It 

Bb  homogeneous  body  be  symmetrical  with  ret'ereuce  to  any 
^^lane,  the  centre  of  gravity  \&  in  that  plane. 
K  If  two  or  more  snch  planes  of  symmetry  intersect  in 
^Hke  line,  or  axis  of  symniBtry,  the  centre  of  gravity  is  in 
^^at  asis. 

^v  If  three  or  more  planes  of  symmetry  intersect  each  other 

Hd  a  point,  that  point  is  tho  centre  of  gravity. 

W   By  observing  tliese  principles  of  the  symmetry  of  the 

^■^re  there  are  many  cases  where  the  centre  of  gravity  is 

HcnoniL  at  once ;  thns,  the  centre  of  gntvity  of  a  straight 

^Kda  J8  its  middle  point.     The  centre  of  gravity  of  a  circle 

KiDT  of  its  circumference,  or  of  a  sphere  or  of  its  surface,  is  its 

centre.    The  centre  of  gravity  of  a  parallelogram  or  of  its 

perimeter  is  the  point  in  which   the  diagonals   intersect 

The  centre  of  gravity  of  a  cylinder  or  of  its  surface  is  the 

middle  of  its  axis;  and  in  a  similar  manner  we  shall 

jquently  conclude  from  the  symmetry  of  the  figure,  that 

Ihe  centi-e  of  gravity  of  a  body  is  in  a  particular  line  which 

^n  be  at  once  determined. 

When  we  sj^eak  of  the  centre  of  gravity  of  a  line,  we 

e  really  considering  a  material  line  of  the  same  density 

land  thickness  throughout,  whose  section  is  infinitesimal; 

l.jnd  when  wc  consider  tho  centre  of  gravity  of  any  surface, 

»e  are  really  considering  the  surface  as  a  thin  uniform 

la,  tho  thickness  of  which,  being  uniform,   can   be 

iglectcd. 

\  68.  Body  Suspended  from  a  Point — When  a  body  is 
mgpeiided  from  a  point  about  which  it  can,  («mfTmij,\l 
hill  retit  with  Us  centre  ofaravUy  \n  (he  I'erlicdT  \vm  -paaaVix^ 
i  iAepoiut  of  suspension,     Por,  M  Wc  ■^vcA,  cS  ?.^a» 
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pension  and  the  centre  of  gravitv  ai^e  not  in  a  vertical  line, 
the  weight  acting  vertically  downwards  at  the  centi-e  of 
gravity  aud  tlie  reaction  of  the  point  of  snspensiott  yertically 
upwards  form  a  statical  couple  aud  heuce  there  will  be 
rotation. 

69.  Body  Supported  on  a  Surface. —  When  a  hody  is 
placed  on  a  surface  it  will  stand  or  fall  according  as  Ihe 
vertical  line  through  the  centre  of  gravity  falls  within 
without  the  base.  For  if  it  falla  within  the  base  the  rcsction 
of  the  surface  upward  aud  the  aetion  of  the  weight  down- 
ward will  be  in  the  eainc  vertical  line,  and  so  there  will  be 
equilibrium.  But  if  it  falls  without  the  base  the  reaction 
of  the  surface  upward  and  the  action  of  the  weight  down- 
ward form  a  statical  couple  and  hcacc  the  body  will  rotate 
and  falL 

70.  Different  Kinds  of  Equilibrium. — According  to 

the  proposition  just  proved  (Art.  6!))  a  body  ought  to  rest 
upon  a  single  point  without  falling,  provided  that  its  centre 
of  gravity  is  placed  in  the  vertical  line  through  the  point 
which  forma  its  base.  And,  in  fact,  a  body  so  situated 
would  be,  mathematically  speaking,  in  a  position  of  equili- 
brium, though  practically  the  equilibrium  would  Mot  But)- 
sist.  The  body  would  be  moved  from  its  position  by  \ 
least  force,  and  if  left  to  itself  it  would  depart  further  from 
it,  and  never  return  to  that  position  again.  This  kind  ol 
equilibrium,  and  that  which  is  practically  possible,  am 
distinguished  by  the  names  of  unstable  and  stable,  Thiu 
an  egg  on  either  end  is  in  a  position  of  unstable  equilibrianif 
but  when  resting  on  its  side  it  is  in  a  position  of  ataila. 
equilibrium.  The  distinction  may  he  defined  geueraUj  at 
fullowa : 

Wlien  the  body  is  in  such  a  position  that  if  »Hght\y  dis; 
placed  It  fcods  to  return  to  ita  original  position,  the  eijniU' 
When  it  tends  to  move  ?vift\v«  ««ws  t 
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its  original  position,  ita  equilibrium  is  unstable.  Wbeu  it 
remains  in  its  new  position,  its  equilibrium  is  neutral.  A 
sphere  or  cyL'ndrical  roller,  resting  on  a  horizontal  surface, 
is  in  neutral  equilibrium.  In  stable  equilihriwn  the  centre 
of  ijravity  occupies  the  lowest  possible  position;  and  in 
unstable  it  occupies  the  highest  position. 
We  Bhall  first  give  a  few  elementary  examples. 

71.  Griven  the  Centres  of  Gravity  of  two  Masses, 
Mj  and  Mg,  to  find  the  Centre  of  G-ravity  of  the  two 
Masses  as  one  System.— Lut  ^,,  lieuoto  the  centre  of 
gravity  of  the  muaa  Af^,  and  tfg  the  centre  of  gravity  uf  the 
mass  Mg.    Join  ^,  g^  and  divide  it  at  the  point,  G,  so  that 

-^  =  -J,- ,  then  G  is  the  centime  of  gravity  of  the  two 

masses  as  one  system  (Art.  45). 

72.  Given  the  Centre  of  Gravity  of  a  Body  of 
Mass,  JI,  and  also  the  Centre  of  Gravity  of  a  pan 
of  the  Body  of  Mass,  iii,  to  find  the  Centre  of 
Gravity  of  the  remainder. — Lot  0  denote  the  centre  of 
gravity  of  the  mass,  M,  and  (/,  the  centre  of  gravity  of  the 
mass,  »i,.  Join  Ggi_  and  produce  it  through  G  to^^.  so  that 


Gs,  ~"  M- 


thou  /7j  is  the  centre  of  gravity  of  the 


remainder  (Art,  45). 

73.  Centre  of  Gravity  of  a  Triangular  Figure  of 
Uniform  Thickness  and  Density. — Lit  AB(J  be  the 
TTianglf;  l>i8eet  BC  in  D,  and  juiii  AT);  ^ 

draw  any  line  btlc  parallel  to  BO  ;  then  it 
is  ovidout  that  this  line  will  be  biscetod  by 
AD  in  d,  and  will  therefore  have  ite  centre 
of  gravity  at  d;  similarly  every  line  in  the 
triangle  parallel  to  UC  will  have  its  centre 


Fia.37 


of  gravity  in  AD,  and  therefore  the  cciitoi  til  gLftvA-s  oVOaa 
tngle  mnst  be  somewhere  in  AD. 
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Iq  like  mauiier  the  centre  of  gravity  must  lie  on  the  line 
BE  which  joins  B  to  the  middle  point  of  AC,  It  13  there- 
fore at  the  intersection,  G,  of  AD  and  BE, 

Join  DE,  which  will  bo  parallel  to  AB ;  then  the  tnang'les, 
ABG,  DE(?,  are  similar;  therefore 

AG        AB       BC        a 


or  GD  =  JAG  =  JAD. 

Hence,  to  find  the  centre  of  gravity  of  a  triangle,  bisect  any 
side,  join  the  point  of  bisection  with  the  opposite  angU,  iht 
centre  of  gravity  lies  one  third  the  waff  up  this  bisection, 

CoH.  1. — If  three  eqaal  particles  be  placed  at  the  Terticea 
of  the  triangle  ABC  their  centre  of  gravity  will  coincide 
with  that  of  the  triangle. 

For,  the  centre  of  gravity  of  the  two  eqnal  particles  at  B 
and  C  ia  the  middle  point  of  BC,  and  the  centre  of  gravity 
of  the  three  lies  on  the  line  joining  this  point  to  A. 
Similarly,  it  lies  on  the  line  joining  B  to  the  middle  of  AG, 
Therefore,  etc. 

Cos.  2. — The  centre  of  gravity  of  any  plane  polygon  may 
be  found  by  dividing  it  into  triangles,  finding  the  centre  of 
gravity  of  each  triangle,  and  then  by  Art  59  deducing  ths 
centre  of  gravity  of  the  whole  fignre. 

Cob,  3. — Let  the  co-ordinates  of  A,  referred  to  any  axes, 
be  Xj,  y,,  z^ ;  those  of  B.  x^,  y^,  z^  \  and  those  of  0,  *(, 
y^,  Kj ;  then  (Art.  59),  the  co-ordinates,  t,  y,  z,  of  the  centre 
of  gravity  of  three  equal  particles  placed  at  A,  B,  C,  respeo- 
tlTely,  are 

-  _  g,  -f  y,  -f  a:,  _     p  _  ffi  +  y,  +  .Vi . 
L  +  lutlt. 


which  are  also  the  co-ordinates  of  th<i  ceatre  of  gravity  of 
tbe  triangle  ABC  (Cor.  1). 

74.  Centre  of  Grravity  of  a  Triangular  Fjrramid  of 
Uniform  Density. — Let  D-ABC  be  a  triangular  pynimid; 
bisect  AC  Ht  E;  join  BE,  DB;  take  EF  ^ 

=  -JEB,  then  F  is  the  centre  of  gmvity  of 
ABC  {Art.  73),  Join  FD ;  draw  ab,  be,  ca 
parallel  to  AB,  BC,  CA  respectively,  and 
let  DF  meet  the  plane,  ahc,  at  /;  ]oin  b 
and  produce  it  to  meet  DE  at  e.     Then  -* 

since  in  the  triangle  ADC;  ac  is  parallel 
to  AC,  and  DE  bisects  AC,  e  is  the  middle  point  of  ac ;  also 


BF  ~  DF  " 


EF' 


but 
therefore 


EF 


ef=Wl 


therefore/ is  the  centre  of  gravity  of  the  triangle  abc  (Art. 
IZ).  Now  if  we  suppose  the  pyramid  to  be  divided  by 
planes  parallel  to  ABC  into  an  indefinitely  great  number  of 
triangular  lamina.',  each  of  these  laminse  baa  its  centre  of 
gravity  in  DF.  Hence  the  ceuti'e  of  gravity  of  the  pyramid 
ia  in  DF. 

Again,  take  EH  =  JED;  join  HB  cutting  DF  at  fi. 
Then,  as  before  tbe  centre  of  the  pyramid  rauat  be  on  BH. 
It  is  therefore  at  the  intersection,  G,  of  the  linos  DF 
and  BH. 

Join  FH  ;  then  FH  ia  parallel  to  DB.  Also,  EF  =  |EB, 
therefore  FH  =  JDB :  and  in  the  similar  triangles,  FGH 
and  BGDj  we  have 


FQ 
i>G  ' 


FH 
DB  " 


1 


f^y)G  =  im 


'  cB^^s  '^bPsBZvr^^^^^coifST 


Hence,  fke  centre  of  gravity  of  the  pyramid  is  one-fourthm 

of  the  way  up  the  line  joining  the  centre  of  gravity  of  the  1 
base  with  the  vertex.     (Todh  a  liter's  Statics,  p.  108. 
Pratt's  MechaoicB,  p.  53.) 

Cob.  1. — The  centre  of  gravity  of  four  equal  particlee  ] 
placed  at  the  vertices  of  the  pyramid  coincides  with  the  1 
centre  of  gravity  of  the  pyramid. 

Cor.  S. — Let  (^nyu^i)  beoneof  the  vertices;  {ic,,y,, »,)  I 
a  seoond  vertex,  and  so  on ;  let  (z,  y,  i)  be  the  centre  <^  J 
gravity  of  the  pyramid  ;  then  (Art.  59) 


S^i(^,  +^s  +^ 


-^A 


£  =  J{^.   +2,  +t,  +0- 

Cor.  3. — The  perpendicular  distance  of  the  centre  of 
gravity  of  a  tnangular  pyramid  from  the  base  is  equal  to  J 
of  the  height  of  the  pyramid. 

75.  Centre    of  Gravity  of  a    Cone  of  Unifoim 

Density  having  any  Plane  Base. — Consider  u  pyramid 

whose  bitse  is  a  polygon  of  any  number  of  tiidea.    Divide 

the  base  into  ti'iangles;  join  the  vertex  of  the  pyramid  with 

tlie  vertices  of  all  tlie  triangles ;  then  we  may  consider  the 

pyramid  as  composed  of  a  number  of  triangular  pyramids. 

Now  the  centre  of   gravity  of  each  of  these   triangnlsr 

pyramide  lies  in  a  plane  whose  distance  from  the  base  is 

one-fourth  of  the  height  of  the  pyramid  (Art.  74,  Cor.  3); 

therefore  the  centi-e  of  gravity  of  the  whole  pjTamid  lies  it 

this  plane,  t.  c,  its  peritendicular  distance  from  the  base  ii 

one-fourth  of  the  height  of  the  pyramid. 

Again,  if  we  suppose  the  pyramid  to  he  divided  Into  ao 

L  indefinitely  great  number  of  Immmse,  aa\w  ^\i.  7-t,  eooh 

iBesc  lamhioi  haa  ita  centre  oi  gro-fAVj  o-u  ^-V 
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joining  the  vertex  to  the  centre  of  gravity  of  the  base ;  and 
hence  the  centre  of  gravity  of  the  whole  pyramid  lies  on 
this  line,  and  hence  it  must  be  one-fourth  the  way  up  this 
line.  There  is  no  limit  to  the  number  of  sides  of  the  poly- 
gon which  forms  the  base  of  the  pyramid,  and  hence  they 
may  form  a  continuous  curve. 

Therefore,  the  centre  of  gravity  of  a  coiie  whose  base  is 
any  plans  curve  whatever  is  found  hy  joining  the  centre  of 
gravity  of  the  base  to  the  vertex,  and  taking  a  point  one^ 
fourth  of  the  way  up  this  line, 

76.  Centre  of  Gravity  of  the  Frustum  of  a  Pyra- 
mid.— Let  ABC-aSc  (Fig.  38)  be  the  frustum,  formed  by 
the  removal  of  the  pyramid,  D-abc,  from  the  whole  pyramid, 
D-ABC ;  let  Ai  and  H  be  the  perpendicular  heights  of  these 
pyramids,  respectively;  let  m  and  if  denote  their  masses; 
and  let  Zi,  z^,  I  denote  the  perpendicular  distances  of  the 
centres  of  gravity  of  the  pyramids  D-ABC,  and  D-aSc,  and 
the  frustum,  from  the  base ;  then  we  have  (Art.  59,  Sch.  1) 

Mz^  =  « {M  —  m)  +  mz^ ; 

Mz.  —  mz^  ,^. 

or  «  =  —17 -•  (1) 

H 
Bat  «i  =  4^> 

z,^{H^h,)+^^  =  H-^ih,. 

Also,  the  masses  of  the  pyramids  are  to  each  other  as  their 
volumes  *  by  (1)  of  Art.  10,  and  therefore  as  the  cubes  of 
their  heights.    Hence  (1)  becomes 


*  Iftbe  bodies  are  homogeneous,  the  volumee  or  tlie  Yiev^X.^  M«i  "^o^oitNStfstiS^Na 
UteauuteoB^  and  may  be  subsMtnted  for  them. 
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.  i-H-'^(g-;^.)S' 


1    £*-- *ffAii+3V 


Instead  of  the  heights  we  may  use  any  two  corresponding 
Jines  in  the  lower  and  upper  bases,  to  which  the  heights  are 
proportional,  aa  for  example  AB  and  ab.  Denoting  these 
lines  hy  a  and  b,  and  the  altitude  of  the  irustum  by  h,  {2) 


_  h    a>  +  2aS  +  3^ 


(3) 


This  is  trae  of  a  frustum  of  a  pyramid  on  any  base,  a 
and  b  being  homologous  sides  of  the  two  ends,  and  hence  it 
is  true  of  the  frustum  of  ts,  cone  standing  on  any  plane  base. 


1.  Find  the  centre  of  gravity  of  a  trapezoid  in  t«nna  of 
the  lengths  of  the  two  parallel  sides,  a  and  h,  and  of  the 
line,  h,  joining  their  middle  points. 

Tahe  momentB  with  reference  to  the  longer  paralld  aide. 

Ana.  On  the  line  bisecting  the  parallel  sides  and  at  a 

distance  from  its  lower  end  =  -  •  — — r- 
3     a  +  0 

%.  If  out  of  any  cone  a  similar  cone  is  cut  so  that  their 

axes  are  in  the  same  line  and  their  baees  in  the  same  planer 

find  the  height  of  the  centre  of  gravity   of  the  remainder 

I  above  the  base. 

Take  inomeate  with  referenyB  lo  1\ic\»»k- 


lA-TSQRATIOX  FOMMUL^. 


me,  and  h',  tbo  height  oE  that  which  is  cut  out  of  it, 

3.  If  out  of  any  cone  another  cono  is  cut  having  the 
same  base  and  their  axes  in  the  same  line,  find  the  height 

of  the  contre  of  gravity  of  the  remainder  above  the  base. 

An^.  i{h  +  hi),  where  A  and  A,  are  the  respective 
heights  of  the  original  cone  and  the  one  tliat  is  cut  out 
of  it. 


fcae 


If  ont  of  any  right  cylinder  a  cone  is  cut  of  the  same 
and  height,  find  the  centre  of  gravity  of  the  remainder. 
Ans.  jths  of  the  height  above  the  base. 

77.    Investigations    Involving    Integration.  —  The 

general  formula  for  the  co-ordinates  of  the  centre  of  gravity 
vary  accoi'ding  as  we  consider  a  material  line,  an  area  or 
thin  lamina,  or  a  solid  ;  and  assume  diiferen  t  forms  accord- 
ing to  the  manner  in  which  the  matter  is  supposed  to  be 
divided  into  infinitesimal  elements. 

In  either  ease  the  principle  is  the  same ;  the  quantity  of 
matter  is  divided  into  an  infinite  numher  of  infinitesimal 
elements,  the  mass  of  the  elemeut  being  dm  ;  multipljing 
the  element  by  its  co-ordinate,  x,  for  example,  we  get 
X  ■  dm,  which  is  the  moment  of  the  element*  with  reBpect  to 
the  plane  yz  (Art.  63);  and  fx-dm  is  the  sum  of  the 
moments  of  all  the  elements  with  respect  to  the  plane  yz, 
and  which  corresponds  to  SPx  of  Art.  63.  Also,  fdm  is 
the  sum  of  the  masses  of  all  the  elements  which  correspond 
to  SP  of  the  same  Article.  Hence,  dividing  the  former  by 
the  latter  we  have 


•  The  moment  oF  tbB  force  »cMnE  <"i  elaraont  dm 

aalricOy  dta- 

■x.  hnt  «1DM 

*p  omHUDt  g  sppesra  In  both  terms  of  e«pre9»lon 

for  ci>-ordin«tei 

of  ociKre  of 

■Kllf.  It  Bi«y  be  omilied  uid  It  ftccomca  mnrt  cony 

en  lent  to  epcak 

Kbe  element.  mwnInK  by  It  the  prmlnct  of  ihe  m 

ssul&ocWnw 

B.a^    raemomenlo/sDdeiiiMlmeMUteBlWBlI 

BB,Wa»Wn»li! 

\o4'aitV>«'««« 

mhetmievofgnrU^. 
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Atiry  Oh-  A  Li:ih 

fx  ■  dm 
/dm 

(1) 

fy  ■  dm 
/dm    ' 

m 

J\-dm^ 
/dm   ' 

(3) 

I 


I 


Bimilarly 


the  limits  of  integration  being  determined  by  the  form  of 
the  body  ;  the  sign,  /,  is  used  as  a  general  symbol  of  sum- 
mation, to  be  replaced  by  the  symbols  of  single,  double,  or 
triple  integration,  ctecording  as  dm  denotes  the  mass  of  an 
elementary  length  or  surface  or  solid.  Hence,  the  co-or- 
dinale  of  the  centre  of  gravity  referred  to  any  jAana  is  tqual 
to  the  sum  of  the  moments  of  the  elements  of  the  mass 
referred  to  the  same  plane  divided  by  the  sum  of  the  elements, 
or  the  whole  mass.  If  the  body  has  a  plane  of  symmetry 
(Art.  67),  we  may  take  it  to  be  the  plane  xy,  and  only  (1) 
and  (2)  are  necessary.  If  it  has  an  asis  of  symmetry  w& 
may  take  it  to  he  the  axis  of  x,  and  only  (1)  is  necessary. 

78.  Centre  of  Gravity  of  the  Arc  of  a  Curve. — If 

the  body  whose  centre  of  gravity  we  want  is  a  material  line 
in  the  form  of  the  arc  of  any  curve,  dm  denotes  the  n 
an  elementary  length  of  the  curve. 

Let  ds  ^  the  length  of  an  element  of  the  curv 
k  =  the  area  of  a  normal  section  of  the  curve  at  the  point- 
{x,  y.  2),  and  lot  p  =  the  density  of  the  matter  at  this 
point.  Tlien  (Art,  11),  we  have  dm  =  i-pd.^,  which  tft  thr 
mass  of  the  element ;  mnltiph-ing  tiiis  mass  by  its  eo-oP'' 
dinate,  x,  for  example,  wo  have  the  moment  of  the  element^ 
{kpxds),  with  respect  to  tlie  plane,  yz. 

Hence,  substituting  for  dm  in  (1),  (3),  (3),  of  Art.  17, 
the  Jiiwar  element,  kpde,  we  obtain,  for  the  position  of  th8 
centre  of  gravity  of  a  body  in  the  form  ol  m\^  curve, ' 


EXAMPLES. 


Ill 


~~  fkpds  ' 

-_  fkpyds 
^  ■"  fkpds  ' 


e  ^ 


fkpzds 
fkpds 


(1) 


(2) 


(3) 


The  quantities  k  and  p  must  be  given  as  functions  of  the 
position  of  the  point  {x,  y,  z)  before  the  integrations  can 
be  performed. 

If  the  curve  is  of  double  curvature  all  three  equations 
are  required.  If  it  is  a  plane  curve,  we  may  take  it  to  be 
in  the  plane  xy,  and  (1)  and  (2)  are  sufficient  to  determine 
the  centre  of  gravity,  since  i  =  0.  If  the  curve  has  an  axis 
of  symmetry,  the  axis  of  x  may  be  made  to  coincide  with 
it,  and  (1)  is  sufficient. 


EXAMPLES. 

1.  To  find  the  centre  of  gravity  of  a  circular  arc  of  uni- 
form thickness  and  density. 

Let  BO  be  the  arc,  A  its  middle  point, 
and  0  the  centre  of  the  circle.  Then  as 
the  arc  is  symmetrical  with  respect  to  OA 
its  centre  of  gravity  must  lie  on  this  line. 
Take  the  origin  at  0,  and  OA  as  axis  of  x. 
Then,  since  k  and  p  are  constant,  (1)  be- 
comes 


fxds 
fds' 


(i) 


ft  being  the  co-ordinate  of  any  point,  P,  in  the  arc.     Let  B 
be  the  angle  POA,  and  a  the  radius  o?  V5aa  eVt^'^,  ^xAVJv^ 
^  =.  the  angle  BOA.     Then 


If 


I    COS  ( 

a    ~°- — 


Therefore,  the  distance  of  llie  centre  of  gravity  of  the  are  of 
a  circle  from  tjte  centre  is  the  product  of  the  raditia  and  Ike 
chord  of  the  arc  divided  iy  the  length  of  the  arc. 

Cor, — The  distance  of  the  centre  of  gravity  of  a  Bemi- 

eircle  from  the  centre  is  —  ■ 

3,  Find  the  centre  of  gravity  of  the  quadrant,  AD,  (Fig. 
39),  referred  to  the  co-ordinate  axes  OX,  OY. 
The  equation  of  the  eirolo  is 


^  _  _dy^  __  Vdx^  +  df  _ 
S  ~  ~^~    V^  +  y^ 


yds  =  adx, 
and  (?s  =  — ; 

y 

which  in  (1)  and  (3),  aft«r  canceling  k  and  p,  give 
dx 


Va'- 


V'^'^'X 
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J^^       HI 


2a 


«^o  Va^  —  ic2       L         a  Jo 

3.  Find  the  centre  of  gravity  of  the  arc  of  a  cycloid. 

Take  the  origin  at  the  starting  point  of  the  cycloid,  and 
let  the  base  be  taken  as  the  axis  of  x.  The  equation  of 
the  curye  is 

a;  =  a  vers~i  -  —  (2ay  —  y2)i  j 
dx  _        dy ds    ^ 

it  is  evident  that  the  centre  of  gravity  will  be  in  the  axis  of 
the  cycloid ;  therefore  5  =  7ra  ;  and  as  k  and  p  are  constant, 
(2)  becomes 

r^     ydy 


•  • 


^_^o    {U-y)i  _ 
P'^      dy 


^"    P^ dy_ ~*^* 

0    (2a -y)* 


CoR. — For  the  arc  of  a  semi-cycloid,  we  get 

5  =  |a,    y  =  ^a. 

4.  Find  the  centre  of  gravity  of  a  circular  arc  of  uniform 
section,  the  density  varying  as  the  length  of  the  arc  from 
one  extremity. 

Let  AB  (Fig.  39),  be  the  arc  ;  let  jit  be  the  density  at  the 
units  distance  from  A,  then  iis  will  be  the  density  at  the 
distance  8  from  A ;   let  OA  be  the  axis  of  x,  and  «  the 
Z.  AOB.    Then,  putting  [is  for  p,  and  a  ciO«>  ^,  a  ^\\x  ^^  a  O^ft^ 
and  a0,  torx,  t/,  dSy  and  «,  in  (1)  aivd  ^i\ 
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J  k  >  naO  '  a  co^B  '  adS  Id  cos  '0  dO 

X  = =  a'  ^      

J  k'  fiaO-adO  JO  dS 

-    a  sin  a  -f  cos  a  —  1 

=  2a ^ 

J  k  <  (Mad  '  a  Sin  6  .  a  do  I   6 Bin  Odd 

y  = ^  a— 

J  k-  fiad  -  add  J   Odd 

^    sin  a  —  a  cos  a 
=  2a ^ . 

Cor. — ^For  a  quadrant  we  get 

5.  Find  the  centre  of  gravity  of  one-half  ot  a  loop  of  a 
/emuiscate  whose  equation  is  r^  =  a^  cos  26,  I  being  the 
length  of  the  half-loop. 

dr        _     rdd      __ds 
^^^  -a'  sin  26  "  a'  cos  26  "  ^ '  •'*  ^*^- 

6.  Find  the  centre  of  gravity  of  a  straight  rod,  the  den- 
sity of  which  varies  as  the  wth  power  of  the  distance  of 
each  point  from  one  end. 

Take  the  origin  at  this  end,  suppose  the  axis  of  ^  to  coindde  with 
the  axis  of  the  rod,  and  let  I  =  the  length  of  tlie  rod. 

-r^  i      n  +  1. 


,  Finil  the  centre  of  gra-vity  of  the  arc  of  a  eemi-car- 
joid,  its  equation  being 

r  =  B  (1  +  coa  6), 

Ans.  The  co-ordinates  of  the  centre  of  gravity  referred 
to  the  axis  of  the  curve  and  a  perpendicular  through  the 
cuap,  aa  axes  of  ir  and  y,  are 


=  ia. 


79.  Centre  of  Gravity  of  a  Plane 
Area. — I^efc  ABCD  be  an  area  bounded 
by  the  ordinates,  AC  and  BD,  the  curve 
AB  whose  equatiou  is  given,  and  theasis 
of  a; ;  it  is  required  to  find  the  centre  of 
gravity  of  this  area,  the  lamina  (Art.  67) 
being  supposed  of  uniform  tliieknesa  and  density.  We 
divide  the  area  into  an  infinite  number  of  infinitesimal 
elements  (Art,  77).  Suppose  this  to  be  done  by  drawing 
ordinates  to  the  curve.  Let  PM  and  QN  be  two  consecu- 
tive ordinates,  let  {x,  tf)  be  the  point,  P,  and  let  g  be  the 
centre  of  gravity  of  the  trapezoid,  MPQN,  whose  breadth  is 
dx  and  whose  parallel  sides  are  y  and  y  +  dy.  The  area  of 
this  trapezoid  is  y  dx,  (Cal.,  Art,  184). 

Let  p  be  the  density  and  t  the  thidtness  of  the  lamina. 
Then  (Art.  11)  we  have  dm  —  kpydx,  which  is  the  ma-sa 
of  the  element  MPQN ;  multiplying  this  mass  by  its  co-or- 
dinate, X,  for  example,  we  have  the  moment  of  the  element 
(kpxydx),  with  respect  to  OY,  and  multipljnng  by  the 
other  co-ordinate,  Jy,  we  have  the  moment  with  respect  to 
OX.  Hence,  substituting  for  dm  in  (1)  and  (2)  of  Art.  ?7, 
the  surface  element,  hpy  dx,  and  remembering  that  k  and  /> 
are  constants,  we  obtaiu,  for  the  ■position  o1  flwa  t^^Xst  <A. 
"  :4f »  body  in  the  form  of  a  pVanc  awaA'^^  %«p.'i^\'iiis.. 
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the  integrations  extending  over  the  whole  area  GABD. 


EXAMPLES. 

1.  Find  the  centre  of  gravity  of  the  area  of  a  semi-parab* 
ola  whose  equation  is  y^  =  2px. 

Let  a  =  the  axis,  and  h  the  extreme  ordinate,  then  we 
have  from  (1) 

/    V^x^dx         I  xidx 
-  _  *^o *^o .    ,    . 

I   ^/%px^dx        I  x^dx 

I  "ilpxdx  .     I-  I  xdx 


/    V^px^dx        ^      I  x^  dx 


2.  Find  the  centre  of  gravity  of  the  area  of  an  elliptic 
quadrant  whose  equation  is 

^       a 


Here 


J  xydx        I    ~{a^ '-a^)ixdx 


-      4a 
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-         U 

•••    »'  =  3^- 

Hence  for  the  centre  of  gravity  of  the  area  of  a  circnlar 
quadrant  we  have 

-      -       4a 

3.  Find  the  centre  of  gravity  of  the  area  of  a  semi- 
cycloid. 

Take  the  axis  of  the  curve  as  axis  of  x,  and  a  tangent  at 
the  highest  point  as  axis  of  y ;  then  the  equsirtion  is  (AnaL 
Qeom.,  Art  167), 

y  =  a  vers"*  -  +  V'^a^  —  «*; 

where  a  is  the  radius  of  the  generating  circle.   Prom  (1)  we 
have 

J  ydx       \y^  —  JxdyY 

[yx^/{2ax-^a^)Ux'^  7ra.2a-iTra» 

since  when  a?  =  0  and  2a,  y  =  0  and  tto. 

•  *•    £  =  |a. 
AlsO; 

Jf  eZa?       \fx  —  2  fyx  dy^ 


X  = 


POLAS  ELEXSHTS  OJf  A  PLANE  ABSA. 
[y»r-a  fy  {%ax  —  x^)i  dxT 

\j/^x—2aj'(2ax—i^)i  ^erfr^^ dx—%f  {2ax—x>)  dxT 

[  y^  —  2nx^  4-  ^.r=  —  2a  /  {-iax  —  3-=)^  verB"'  -  dxT 


■  "3  3" 


|T7'«S 


8a» 


3to» 


37ia*       ' 
which  the  student  can  veiify  by  assuming 


I 

I 
ft     OQ 


(See  Todhnnter's  Statics,  p.  118.) 

80.  Polar  Elements  of  a  Plane 
Area. — Let  AH  lie  the  arc  of  a  c-urve, 
and  let  it  be  required  tu  find  the  centre  of 
gravity  of  the  area  bounded  by  the  arc 
AB  and  the  extreme  radii- vectors,  OA 
and  OB,  drawn  from  the  pole,  0.  to  the 
extromities  of  the  arc. 

Divide  the  area  into  iufiniteeimal  triangles,  such  ssPOQ,! 

ichided  between  two   cousectitive  nidii-vecturB,  OP  aniil 
OQ.     Let  (r,  6)    be   the  point,  P,  then  tlie  area  of  tina 
element,  POQ  =  ^r»dd  (Cal.,  iit.A^llV,  and  if  the  thiols] 
aad  density  o£   the  Iftmmti,  ato  um^urm,  ftv%  o 
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gravity  of  this  elementai-y  triangle  will  be  on  a  straight  line 
drawn  from  0  to  the  middle  of  PQ,  and  at  a  distance  of 
two-thirds  of  this  straight  line  from  0  (Art.  73).  Hence 
the  co-ordinates  of  the  centre  of  gravity,  g,  of  POQ,  are 
OM  and  M^,  or, 

fr  cos  0,    and    f r  sin  0. 

Hence,  (Art.  77), 

-  _  fjr  cos  e  ^  jr^  de  _     fr^co&edO  . 

""^  fii^dd         ~*      fr^dd      '  ^^^ 

,  _  /|r  sin  e.:^r^de  _     fr^Andde^  , 

^  ~~  fir'dd         ~^     fr^dd      '  ^^^ 

the  integrations  extending  over  the  whole  area,  AOB. 

EXAMPLE. 

Find  the  centre  of  gravity  of  the  area  of  a  loop  of  Ber- 
nouilli's  Lemniscate  whose  equation  is  r^  =  a^  cos  W, 

As  the  axis  of  the  loop  is  symmetrical  with  respect  to 
the  axis  of  a:,  y  =  0,  and  the  abscissa  of  the  centre  of 
gravity  of  the  whole  loop  is  evidently  the  same  as  that  of 
the  half-loop  above  the  axis.     Substituting  in  (1)  for  r  its 

value  a  cos*  26,  we  have 


n 

/cos*  26  cos  6  d6 

It 
/*^cos  26  d6 


ir 

=  f*  y  V  —  2  sin»  0)*  d  sin  ft 


Pat  Bin  S  =  55i,  then 

V2 


DOUBLE  INTEORATIOK. 


3  V3 


=  /   COS*  *  d 


'  4V3 


81.  Double   IntegratioiL— Polar   FommlsB.— Wheu 

J'  of  tliG  lamiua  varies  from  point  to  point,  it  may 
be  necessary  to  divide  it  into  elements  of  the  second  order 
instead  of  rectangular  or  triangular  elements  of  the  first 
order  (Arts.  79  and  80). 

Suppose  that  the  density  of  the  lamina  AOB  (Fig.  41), 
is  not  uniform.  If  we  divide  it  into  triangular  eleraenta, 
POQ,  the  element  of  mass  will  be  no  longer  proportional  to 
the  element  of  area,  POQ  =  ^r^dQ;  nor  will  the  centre  of 
gravity  of  the  triangle,  POQ,  be  \r  distant  from  0. 

Let  a  series  of  circles  be  described  with  0  as  a  cei 
the  distance  between  any  two  successive  circles  being  rfr. 
These  circles  will  divide  the  triangle,  POQ,  into  an  infinite 
number  of  rectangular  elements,  abed  ^=  rdOdr,  If  it  la 
the  thickness  and  p  is  the  density  of  the  lamina  at  this  ele- 
ment, the  element  of  mass  will  be  dm  =:  kprdBdT;  an^ 
the  co-ordinates  of  its  centre  of  gravity  will  be  r  cob  6  and 
r  sin  fl.     Hence,  from  (1)  and  (3)  of  Art.  11,  we  have 


(1) 


f  fkpr  cose  rdddr         C  jkpr'cQsBdSdr 
fj'kpr  d6  dr  J  'J  'kpr  dd  dr 

r  fhpr^  sin  0  dfl  dr 

,nd  y  =  '- — — 

/  /  kpr  dd  dr 

Jn  each  of  these  integrals  the  values  of  i  and  f>  are  to  b( 
eulmtituted  in  terms  of  r  and  9,  and  the  integrations  takei 
I  between  proper  X 
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EXA  M  PLE. 


Find  the  centre  of  gravity  of  the  area  of  a  cardioid  in 
which  the  density  at  a  point  increases  directly  as  its  distance 
from  the  cusp. 

Let  11  =  the  density  at  the  unit's  distance  from  the 
cusp,  then  p  =  ftr,  is  the  density  at  the  distance  r  from 
the  cusp. 

As  the  axis  of  the  curve  is  an  axis  of  symmetry  (Art.  67), 
y  =  0,  and  the  abscissa  of  the  whole  curve  is  the  same  as 
for  the  half  above  the  axis ;  then  (1)  becomes 


/    /  r^  cos  ddd  dr 


0    ^0 
X  = 


«/0    *-  0 


r^dSdr 


/ 


r^  cos  6  dO 


fi^de 


by  performing  the  r-integration. 

The  equation  of  the  curve  is 

0 

r  =  a  (1  +  cos  ^)  =  2a  cos^  h* 

Substituting  this  value  for  r,  and  putting  -  z=  0,  we  have 


X  =  ^^^ 


ir 

y   cos8  0  (3  cos8  0  —  1)  d^ 


/    cos*  <^  (ft/) 


TiECTANGULAR    FOSXULAS. 

82.  Bonble  Integratdoii. —Rectangular  Foimolae. 

Lot  a  eeries  of  consecutive  atraigbt  lines  be  drawn  parallel 
to  the  axes  of  x  aud  1/  respectively,  dividing  the  area,  ABCD, 
{Fig.  40),  into  an  infinite  number  of  rectangular  elements 
of  the  second  order.  Then  the  area  of  each  element,  as 
abed,  =  dzdif;  and  if  h  and  p  are  the  thickness  and  density 
of  the  lamina  at  this  element,  the  (element  of  mass  will  be 
dm  ^  ip  dx  dy ;  and  the  co-oi-dinates  of  its  centre  of  gravity 
will  bo  X  and  y.  Uence  from  (I)  and  (2)  of  Art.  77,  WB 
have 


(1)' 


w 


J  J  h  px  dx  dy 

i  = ; 

/  y  ip  dx  dy 

I  I  kpy  dx  dy 
I  I  hpdx  dy 

the  integrations  being  taken  between  proper  limits. 


EXAMPLE 

Find  the  centre  of  gravity  of  tiie  area  of  a  cycloid  tl 
density  of  which  varies  as  the  »th  power  of  the  diatani 
from  tlie  base. 

Take  the  base  as  the  axis  of  x  and  the  starting  point  i 
the  origin.    Then  the  equation  of  the  curve  is 


=  a  vers"'  -  —  ( 


/-?■)*; 
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Let  p  =  fiy^  =  density  at  the  distance  y  from  the  base. 
It  is  evident  that  the  centre  of  gravity  will  be  in  the  axis  of 
the  cycloid ;  therefore  x  =  na;  and  as  *  is  constant  (2) 
becomes 


J^rdydx 


/jra 
-  .  -    ^ 

J      y»+i  dx 


f 


2a      ^+3  cly 


n  +  1  '^o     \/2gy  —  y^ 
n  +  2    /^     yf^+^dy  " 

*^      V2ay  —  ~f 

p2a      yn+2  ^y 

n  +  1    2n  +  b     *^o     V2ay  —  y^  ^ 
w  +  2'  n  +  3  ^    /^     yn+Zdy~'' 

^0     ^2ay  —  p 


?j  +  1    2/i  +  5 


•  • 


83.  Centre  of  Gravity  of  a  Surface  of  Revolu- 
tion.— Let  a  surface  be  generated  by  the  revolution  of  the 
curve,  AB  (Fig.  40),  round  the  axis  of  x.  Then  the 
elementary  arc,  PQ,  (=  ds),  generates  an  element  of  the 
surface  whose  area  =  27ry  ds  (Cal.,  Art.  193).  If  k  is  the 
tliickness  and  p  the  density  of  the  lamina  or  shell  in  this 
elementary  zone,  the  element  of  mass  will  be  dm  =.  *2lt^lc^'\j  Aii. 
Aha  the  centre  of  gravity  of  this  zone  is  in  tYie  «ix\^  oi  x  ^^ 
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the  point  Jf  whose  abscissa  is  a;  and  ordinate  0. .  Henc^  (1) 
of  Art.  77  becomes,  after  cancelling  27r, 

/  kpxy  ds 
5  =  ^^-. (1) 


J^kpydB 


the  integrations  being  taken  between  proper  limits. 


EX  A  MPLES. 


1.  Find  the  centre  of  gravity  of  the  surface  formed  by 
the  revolution  of  a  semi-cycloid  round  its  base. 
The  equation  of  the  generating  curve  is 


a:  =  aver8-if-V2ay-y»J 


dx  __         dy         __     ds    ^ 


•  • 


y        ^2ay  —  y^       V2ay 


or  ds 


__    V2ady 


V2a  —  y 

which  in  (1)  gives,  after  cancelling  V^a  kp, 

r^_xydy_ 

2.  Find  the  centre  of  gravity  of  the  surface  formed  by 
the  revolution  of  a  semi-cycloid  round  its  axis. 
It  18  clear  that  the  centre  oi  gravity  lies  on  the  aiib  of 
tbe  carve;  hence  ^  =  0. 
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The  equation  of  the  generating  curve  is 

V  =  a  vers"^  -  +  \%ax  —  a?. 
^  a 


»_     — 


Here  rfy  =  |/?^^^  e?a?. 


X 

ds  =  V2a  x"^  dx, 


which  in  (1)  gives 


0 

9  = 


/    yxidx 


I    yx~^dx 


\2yx^  -  %fx^  dy'^ 

\yx^  —  \  I x'\/%a  —  X dxV' 
\%y^  —  2  C'\J%a  —  X  dxY 

^  jna  {2a)i  -  A  (ga)* 
2to  (2o)*  —  4  (2a)* 

.      15rr  —  8 

3.  Find  the  centre  of  gravity  of  the  surface  formed  by 
the  revolution  of  the  semi-cycloid  round  the  axis  of  y  in  the 
last  example,  t.  e,,  round  the  tangent  to  the  curve  at  the 
highest  point. 


a 


Am.  y  =  tr^V)^?>'^  — 'S^- 


15 
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84.  Centre  of  Ghravity  of  Any  Curved  Surface- 
Let  there  be  a  shell  having  any  given  curved  surface  for 
one  of  its  boundaries ;  and  let  k  =  the  thickness,  p  =  the 
density,  and  ds  =  the  area  of  an  element  of  the  surface  at 
the  point  (a;,  y,  z) ;  then  (1)  of  Art.  83  becomes 

/  kpxds 
S  =  ^. (1) 


fkp 


ds 


and  similar  expressions  for  y  and  e. 

Substituting  the  value  of  ds  (CaL,  Art.  201)  and  cancel 
ling  k  and  p,  we  have 

^  —     r  n        dz^       d:fi\i 


EXAMPLES. 

1.   Find    the  centre  of    gravity  of  one-eighth  of    the 
surface  of  a  sphere. 

Here  rc»  +  y«  +  2;8  =  a\ 

\    "*"  tfo3  "*"  dyV    ■"  (a2  -  a;2  -  y^)** 


p  p      xdxdy 


•  • 


m  = 


/*  r dxd^ 

J  J   (,0?  -  c>  -  •ih'^ 


SOLID  OF  SEVOLUTION. 


first  perform  the  y-integra- 
tioD,  X  being  constant,  from 
y  =  0  to  y  =  LI  =  y^  = 
V'«'  —  a.^ ;  the  effect  will  be 
to  BQm  up  all  the  elements 
similar  to  pg  from  IT  to  I. 
The  effect  of  a  subaeqaeiit 
3;-iiitegratioD  will  be  to  sum 
all  theae  elemental  strips  that 
are  comprised  in  the  snrface 
of  which  OAB  is  the  projec- 
tion, and  the  limits  i 
X  =  OA  =  a.    Hence 


this  integration  are  a 


_Jo^   («' 


zdxdy 


/*»  j-vx        dx  dy 
I  \Trx  dx 


^ 


Similarly 

2.  Find  the  centre  of  gravity  of  one-eighth  of  the  surface 
of  the  sphere  if  the  density  varies  as  the  2-ordinate  to  any 
point  of  it     Here  p  =  (iz. 

,        -        4a     _        4«     -       2rt 

Ans.  »=--;  51  =  5-;  «  =  — -■ 


85.  Centre  of  Oravity  of  a  Solid  of  Revolution.— 

Let  a  solid  be  generated  by  the  revolution  of  the  curvu,  AB, 
{Fig.  40),  round  the  axis  of  x.  Then  t\\ft  (;\fc"Cft«;'n\a.\'j 
rectaugle,  PQI^M,  ("=  ydx),  geQuratee  au  tjVeiaettV  ot  "Coa 


8  SOLID    OF  ItEVOLUTlOS.  " 

Bolid  whose  volume  =  -^y^  dx  (Cai.,  Art.  203).  Hence  if  tha 
density  of  the  solid  is  uniform,  we  liave  for  the  poBition  of 
the  centre  of  gravity  (whicli  evidently  is  in  the  axis  of  x), 


I  ny^x  dx         I  y^x  dx 
I  -ny^  dx  I  ^dx 


the    integrations    being    extended    over    tlie   whole  area, 
CABD,  of  the  boanding  curve. 

If  the  density  varies,  the  element  of  mass  may  require  to 
be  taken  differently.  If  the  density  varies  with  aralone, 
if  it  is  uniform  all  over  the  rectangular  strip,  PQNM,  the 
volume  may  be  divided  up  as  already  done,  and  the  element 
of  mass  =  ■npi/*  dx.    Hence,  we  shaJl  have  in  this  case 


Jpfxdx 
Jpfdx 


If  the  density  varies  as  y  alone,  we  may  take  a  rectangulw 

element  of  area  of  the  second  order,  dx  dy,  at  the  poinfl 

{x,  y) ;    this  area  will    generate  an  element  of   volnmfl 

=  Stt^  dx  dy  ',  therefore  the  clement  of  mass  =  Sirpy  dx  djft 

and  we  have 


J  J  (o^ydxdy 
J'fpydzdy' 


the  y-iutegrations  being  performed  first,  from  0  to  y, 
ordinate  ol  a  point  /',  uii  the  bounding  curve ;  and^' 
i  the  z-iategniiou&  from  00  to  01^ . 


p 


(« 
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EXAM  PLES. 

1.  Find  t*he  centre  of  gravity  of  the  hemisphere  generated 
by  the  revolution  of  the  quadrant,  AD,  (Fig.  39),  round  OA 
(taken  as  axis  of  x),  (1)  when  the  density  is  uniform ;  (2) 
when  it  is  constant  over  a  section  perpendicular  to  OA  and 
varies  as  the  distance  of  this  section  from  OD ;  (3)  when 
it  is  constant  at  the  same  distance  from  OA  and  varies  as 
this  distance. 

(1)  From  (1)  we  have 

j  yHdx 

X  m  — • 

ffdx 

Putting  X  =  r  cos  6,  and  ^  =  r  sin  d,  where  r  is  the 
radius  of  the  circle    and  integrating  between  6  =  0  and 

^  =  -,  we  have 

(2)  Since  p  =  //a:,  we  have  from  (2) 

/  x^y^  dx 


/  xy^  dx 


which  gives  x  =  ^r. 

(3)  Since  p  =  {ly,  wo  have  from  (3) 


m  = 


/    /  xf^  dx  dy         I  xy^  dx 

J  J  y^  ^^  dy       I  y^  dx 


and  the  previous  substitutions  for  x  and  y  give 


2,  Find  the  centre  of  gravity 
tioQ,  the  length  of  whi 


is  k. 


a  paraboloid  of  reyol 
Ans.  5  =  f7(. 


3.  Find  the  centre  of  gravity  (1)  of  a  portion  of  a  prolata 
spheroid,  the  length  of  whose  asis  measured  from  the  rertsi 
is  c,  and  (3)  of  a  bemi-splieroid. 

^'"■w-  =  ii^' (*)  —  *«• 

86.  Polar  FormulEe. — Let  a  solid  be  generated  by  the 
revolution  of  AB,  {Fig.  41),  round  the  axis  of  i.  Then  the 
elementary  rectangle,  abed,  whose  mass  =  pr  dO  dr,  (Art. 
81),  the  thickness  being  omitted,  generates  a  ring  which  ii 
an  element  of  the  solid  whose  volume  =  Srrr  sin  dprdddr. 
and  the  abscissa  of  the  centre  of  gravity  of  the  ring  ii 
r  cos  0,    Hence  (1)  of  Art.  77  becomes 


f   f  P>^  Bin  6  cos  fi  dB  dr 

^7> 


sin  e  dd  dr 


(1) 


in  which  p  must  be  a  function  of  )■  and  0  in  order  that  the 
integrations  may  be  effected. 

It  the  density  depends  only  on  the  distance  from  a  fixed; 
point  in  the  axis  of  revolution,  this  point  may  be  taken  as 
origin,  and  p  will  be  a  function  of  r  ;  if  the  density  depends 
only  on  the  distance  from  the  asis  of  revolution,  p  wH] 
be  a  function  of  r  sin  6, 

EXAMP  LE. 

The  vertex  dt  a  right  circular  cone  is  in  the  anrf^oe  ^ 
I  of  the  cone  co'uicViiog,  ■«'\\-\v «.  4l\ 


mrfiioe^^H 
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the  sphere,  the  base  of  the  cone  being  a  portion  of  the  sur- 
fece  of  the  sphere.  Find  the  distance  of  the  centre  of 
gravity  of  the  cone  from  its  vertex,  2a  being  its  vertical 
angle,  and  a,  the  radius  of  the  sphere. 

Here  the  r-limits  are  0  and  2a  cos  0 ;  the  ^-limits  are  0 
and  a ;  p  is  constant ;  hence  from  (1)  we  have 


m  = 


^0  *'o 


7^  sin  d  cos  0  do  dr 


r  Hr^  sin  e  dO  dr 


0    ^0 


=  i 


r  (2a  cos  ey  sin  d  cos  6  dS 

^0 

/'"(2a  cos  ey  sin  d  dO 


ia 


I   cos^  S  sin  6  dO 
«£o 

/'"coss  6  sin  6  dS 


1  —  cos*  a 
1  —  cos*  a 


87.  Centre  of  Gravity  of  any  Solid. — Let  {x,  y,  z) 

and  {x  +  dx,  y  +  dy,  z  +  dz)  be  two  consecutive  points  E 
and  F,  (Fig.  42),  within  the  solid  whose  centre  of  gravity  is 
to  be  found.  Through  E,  pass  three  planes  parallel  to  the 
co-ordinate  planes  xy,  yz,  zx ;  also  through  F  pass,  three 
planes  parallel  to  the  first.  The  solid  included  by  these  six 
planes  is  an  infinitesimal  parallelepiped,  of  which  E  and  F 
are  two  opposite  angles,  and  the  volume  =  dx  dy  dz.  If  p 
is  the  density  of  the  body  at  E,  the  element  of  mass  at  E 
=z  pdxdy  dz.  Hence  the  co-ordinates  ot  ttx^  ^^\iVt^  ^\. 
gmv'itf  of  the  solid  are  given  by  the  ec^uation^ 
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I  I  I  pxdxdydz 
I  I  I  pdxdy  dz 


(1) 


/  /  I  ?y  ^^^y  ^^ 

J    I    I  pdxdy  dz 

I  I  I  pz  dxdy  dz 
/    /   I  pdxdy  dz 

the  integrations  being  extended  over  the  whole  solid. 


EXAMPLES. 

1.  Find  the  centre  of  gravity  of  the  eighth  part  of  an 
ellipsoid  included  between  its  three  principal  planes.* 

Let  the  equation  of  the  ellipsoid  be 

?"  4.  1'  4.  -  -  1 
«2  -t-  ^^  -+-  c?  ■" 

Here  the  limits  of  the  ;2;-integration  are 
which  call  z^  and  0  ;  the  limits  of  y  are 


LI 


=  5(1-^*  and  0, 


which  call  y^  and  0 ;  the  a:-limits  are  a  and  0. 


♦  PlaneB  ot  xy,  vi,  «x. 
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First  integrate  with  respect  to  z,  and  we  obtain  the 
infinitesimal  prismatic  column  whose  base  is  PQ,  (Fig.  42), 
and  whose  height  is  Fp,  Then  we  integrate  with  respect 
to  y,  and  obtain  the  sum  of  all  the  columns  which  form 
the  elemental  slice  Kphnq.  Then  integrating  with  respect 
to  Xy  we  obtain  the  sum  of  all  the  slices  included  in  the 
solid,  OABC.  Hence  (1)  becomes,  since  the  density  is 
uniform, 


/     /     J    X  dxdydz 

pa    /^x    /^, 

r(i-5)»<fc 


r('-5) 


dx 


Similarly  y  =  |5,    «  =  fe?. 

2.  Find  the  centre  of  gravity  of  the  solid  bounded  by  the 
planes  z  =  (ix,  z  =  yx,  and  the  cylinder  ^  =  '^ax  —  oi^, 

Ans.  5  =  |«;  y  =  0;  5  =  y  {/3  +  y). 

88.  Polar  Elements  of  Mass.— Let  Fig.  43  repre- 
sent the  portion  of  the  volume  of  a  solid  included  between, 
its  bounding  surface  and  three   rectaiigv\\fikX  i^Q-ot^vcL^d^^ 
planes. 


134 
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(1)  Through  the  axis  of  z  draw 
a  series  of  consecutive  planes,  divid- 
ing the  solid  into  wedge-shaped 
slices  such  as  COBA. 

(2)  Round  the  axis  of  z  describe 
a  series  of  right  cones  with  their 
vertices  at  0,  thus  dividing  each 
slice  into  elementary  pyramids  like 
0-PQST. 

(3)  With  0  as  a  centre  describe 
a  series  of    consecutive  spheres; 
thus  the  solid  is  divided  into  elementary  rectangular  par- 
allelepipeds similar  to  ahpt,  whose  volume  =  op  'ps  >  st. 


Let 


XOA  =  0,    COP  =  e,    Op  =  r, 
AOB  =  d(t>,  POQ  =  dS,  pa  =  dr. 


Then  pq  is  the  arc  of  a  circle  whose  radius  is  r,  and  the 

angle  is  dd  ;  therefore 

pq  =  rdB. 

Also  ps  is  the  arc  of  a  circle  in  which  the  angle  is  d<l>, 

and*  the  radius  is  the  perpendicular  from  p  on  OZ,  or 

r  sin  0;  therefore 

ps  =  r  sin  d  d^* 

Therefore  the  volume  of  the  elementary  parallelepiped  = 

r^  sin  d  dr  dd  d<p ; 

and  if  p  is  the  density  of  the  solid  at  p,  the  element  of 

mass  is 

p7^  sin  6  dr  dO  d^. 

Also  the  co-ordinates  of  the  centre  of  gravity  of   this 
element  are 


r  sin  6  cos  <^,    r  Bin  6  am  ^^    ^xA    t  ^^^'s.^  \ 
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hence  for  the  centre  of  gravity  of  the  whole  solid  we  have 

tl  f  I  pi*  aiu^  6  cos  tj)  dr  d9  d^ 
J'fJ'(.r^^medrddd<j> 
I  f  I  pr^  6in^  Q  sia  (p  dr  dQ  d^ 
r  j'  I'pr^  ein  B  dr  dO  dijt 

T  f  fpi^  sin  0  cos  e  dr  d$  d<p 
J  J'fp^  sii  OdrdOd^ 

the  limits  of  integration  heing  determined  by  the  6gnre  of 
the  soHd  considered. 
The  angles,  6  and  ^,  are  sometimes  called  the  co-latitvde, 

^^M  EXAMF1.ES. 

1.  Find  the  centre  of  gravity  of  a  hemisphere  whose 
density  varies  as  the  nth  power  of  the  distance  fmm  the 
centre. 

Take  the  axis  of  z  perpendicular  to  the  plane  haae  of  the 
hemisphere.  Let  a  =  the  radius  of  the  sphere,  and 
p  =  fii*,  where  ,u  is  the  density  at  the  units  distance  from 
tiio  centre.  First  integrate  with  respect  to  r  from  0  to  n, 
and  we  obtain  the  infinitesiinal  pyramid  0-PQST.  Then 
integrate  with  respect  to  6  from  0  to  ^tt,  and  we  obtain  the 
sum  of  all  the  pyramids  which  form  the  elemental  slice, 
OOBA.  Then  integrating  with  respect  to  ip  from  0  to  ^it, 
we  obtain  the  sum  of  all  the  slicee  mc\adei]L  lu  Vbe  V(^\kv- 
^^^a».     HoBce, 


BFECIAL  MXTBODS. 


r'  f"'  rV*»  Pin  B  oos  0  dr  dd  n 
_  'la -^0    -'o 


"  «  +  4' 


''0  •-'0 


/"/"» 


and  it  13  clear  that         a;  =  y  =  0. 

2.  Find  the  centre  of  gravity  cf  a  portion  of  a  solid 
Sphere  contained  in  a  right  cone  whose  vertex  ia  the  centre 
of  the  sphere,  the  density  of  the  solid  varying  as  the  «th 
power  of  the  diatanc«  from  the  centre,  the  vertical  angle  of 
the  cone  being  z^  2«,  nnd  the  ladiue  ^  a. 

Take  the  axis  of  tbe  codo  as  that  of  z,  aad  aay  plane  through  i\ 
that  from  whicli  longitade  is  rueoBuied., 


-«  +  42 


.),  ,mdi 


89.  SpecisI  Methods. — In  the  preceding  Articles  ve 
have  given  the  iifiii^l  fonnula)  for  finding  the  centres  of 
gravity  of  bodie?,  hut  particular  cases  may  occur  which  may 
be  most  conveniently  treated  hy  special  methods. 


EXAMPLES. 


1,  A  circle  revolves  lonnd  a  tangent  line  through  t 
ABgJe  ot  180";    find   the   centre  «f  gravity  of  thfij 
jpiierated. 


BXAXPLBS. 


'  Let  OY  bo  tlie  tuugent  line  about 
whicli  the  circle  I'evolves,  and  let  the 
plane  of  the  paper  bisect  the  solid;  the 
centre  of  gravity  will  therefore  lie  in 
the  axis  of  x.  Let  P  and  Q  he  two 
consecutive  points  ;  and  let  OM  :=  x, 
and  MP  =  y  =  '\/%ix  ^^.  The 
elementary  rectangle,  PQy/J,  will  gen- 
erate a  aemi-cylindrical  shell,  whose  volume  =  Ity 
the  centre  of  gravity  of  which  will  he  in  the  axis  of  a 

^distance  —  from  0  (Art  78,  Ex.  1,  Cor.).     Hence, 


Fr9.44 


y„'^f  ^^^ 


/    3w  Tix  dx 
•Jo 


X"^'°' 


tax  —  a^  dx 


S.  Find  the  centre  of  gravity  of  a  right  pyramid  of  nni- 
density,  whose  base  is  any  regular  plane  figure. 

Let  the  vertex  of  the  pyramid  be  the  origin,  and  the  axis 
of  the  pyramid  the  axis  of  i;  divide  the  pyramid  into  slices 
of  the  thickneaa  dx  by  planes  perpendicular  to  the  axis. 
Tlien  as  the  areaa  of  these  sections  are  as  the  squares  of 
their  homologous  sides,  and  as  the  sides  are  as  their  dis- 
tances from  the  vertex,  so  will  the  areas  of  the  sections  be  as 
tho  squares  of  their  distances  from  the  vertex,  and  therefore 
the  massifs  of  the  slices  are  as  the  squares  of  their  distances 
from  tho  vertex.  Now  imagine  each  slice  to  be  condawKA. 
into  its  centre  of  g'ravjty,  which  point  is  on  tVe  otX%  v»V  i. 
~      the  problem  is  reduced  to  !iudmgt\ve  ce\iUo  o^  %'»'^' 


TBSOREMS  OF  PAPPDS. 


ity  of  a  material  line  iu  which  the  density  varies  as  thu 
square  of  the  distance  from  one  end,  and  which  may  be  1 
found  as  in  Ex.  G,  (Art.  T8).     Calling  a  the  altitude  of  tbef 
pyramid,  we  have 


x^dc 


'£" 


=  f>. 


which  is  the  same  as  in  Art,  75. 

90.  Theorems  of  PappQB.* — (1)  If  a  plane  curved. 
revolve  round  any  axis  in  its  plane,  the  area,  of  them 
su.rface  generated  is  equal  to  the  length  of  thsM 
revolving  curve  multiplied  by  the  length  of  theM 
path  described  by  its  centre  of  gravity. 


Let  s  denote  the  length  of  the  curve,  t,  y,  the  c 
of  one  of  its  points,  x,  y,  the  co-ordinates  of  the  centre  of  I 
gravity  of  the  curve;    then,  if  the  curve  ia  of  constaatij 
thickness  and  density,  we  have  from  (2)  of  Art.  78, 

I  yds 
I  ih 


Zn^s  =  ^-^  I  yds; 


t.he  second  member  of  which   is  the  ai'ea  of  the  sartit 
generated  by  the  revolution  of  the  curve  whose  length  is  | 
about  the  asis  of  x,  (Oal.,  Art.  103) ;  and  the  first  membi 
18  the  length  of  the  revolving  curve,  s,  multiplied  by  t 
length  of  the  path  described  by  its  centre  of  gravity,  Sn-y, 
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(2)  If  a  plane  area  revolve  round  any  axis  in  its 
plane,  the  volume  generated  is  equal  to  the  area  of 
the  revolving  figure  multiplied  by  the  length  of  the 
path  described  by  its  centre  of  gravity. 

Let  A  denote  the  plane  area,  and  let  it  be  of  constant 
thickness  and  density,  then  (2)  of  Art.  82  becomes 


y  = 


Jjy  dx  dy 
I  I  dxdy 


or  27ry  /  I dK  =  2tt  I   I y dxdy, 

(substituting  rfA  for  dx  dy), 

.  • .    ^TxyK  ==  TT  I  'i^dx,  (2) 

the  integral  being  taken  for  every  point  in  the  perimeter  of 
the  area ;  but  the  second  member  is  the  volume  of  the 
solid  generated  by  the  revolution  of  the  area  (Cal.,  Art. 
203) ;  and  the  first  member  is  the  area  of  the  revolving 
figure.  A,  multiplied  by  the  length  of  the  path  described 
by  its  centre  of  gravity,  27ry. 

CoR. — If  the  curve  or  area  revolve  through  any  angle,  B, 
instead  of  27r,  (1)  and  (2)  become 

Oys  z=z  eCy  ds,  (3) 

and  OyA  =  ^sCy^  dx,  (4) 

and  the  theorems  are  still  true. 

ScH. — If  the  axis  cuts  the  revolving  curve  or  area,  the 
theorems  still  apply  with  the  convention  that  the  surface 
or  volume  generated  by  the  portions  o?  t\ie  c\xi\^  ot  w^^<^\i 
opposite  sides  of  the  axis  are  affected  'witti  oijj^o«Afc  «v^^» 


EXAMPLES. 

1.  A  circle  of  radiua,  a,  revolvea  roand  an  axis  in  ita  own 
plaue  at  a  distance,  c,  from  its  centre;  find  the  Bnr&ce  of 
the  ring  generated  by  it. 

The  length  (circumference)  of  the  revolving  cnrve 
2ffB;   the  length  of  the  path  described  by  ita  centre  of 
gravity  =  Sttc; 

,  ■ ,     the  area  of  the  surface  of  the  ring  =  irflac. 

2.  An  ellipse  revolves  round  an  asia  io  its  own  plane, 
the  perpendicular  distance  of  which  from  the  centre  is  c  ; 
find  the  volume  of  the  ring  generated  during  a  complete 
revolution. 

Let  a  and  h  be  the  aemi-axes  of  the  ellipse ;  then  the 
revolving  area  =  Trab ;  the  length  of  t\ie  path  described  by 
ita  centre  of  gravity  =  'l-nc ; 

.".    the  volume  of  the  ring  =  2tt^iIc. 

Observe  that  thi?  volume  is  the  Bame  for  any  position  of  the  Biea 
of  the  ellipse  with  respect  to  the  Bxia  of  revolution,  pn)YidBd  the  per- 
pendlcalar  diBtuace  froin  that  axis  to  the  centre  of  the  ellipse 

3.  The  Buriaee  of  a  sphere,  of  radius  a,  ^  4^0*;  the 
length  of  a  semi -circumference  i^  -nti ;  find  the  length  ol' 
the  ordinate  to  the  centre  of  gravity  of  the  an 


4.  The  volume  of  a  sphere,  of  radiua  w,  =  ^ira* ;  tb« 
area  of  a  semicircle  =  Jt(i^:  find  the  distance  of  the  peotn 
of  gravity  of  the  semicircle  from  the  diameter. 


<S.  A  circiiiitr  tower,  the  diamptei  o?  "«\\\cH  ia  20  fl.^ 
'loiug  built,  and  for  every  foot  it,  nseB  "it  vcn;\wift%\Na- 
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I  vertical;  find  the  grsateat  height  it  can  reach  tviinoiit 
falling.  Ans,  340  ft. 

6.  A  eireular  table  weighs  20  Ibe.  and  rests  on  four  lega 
its  circum  fere  nee  forming  a  square  ;  And  the  least  ver- 
fiical  pressure  that  mnst  be  apphed  at  ita  edge  to  overturnit 
Am.  20(\/3  +  l)  =  48.38  Ibe. 

.  If  the  aides  of  a  triangle  be  3,  4,  and  5  feet,  find  the 
I  distance  of  the  centre  of  gravity  from  each  side. 

Ans.  t,  1,  i  ft. 
.  An  equilateral  triangle  stands  vertically  on  a  rongh 
^lane  ;  find  the  ratio  of  the  height  to  the  base  of  the  plane 
*lien  the  triangle  is  on  the  point  of  oveTtnrning. 

Ans.  VS  :  1. 

,  A  heavy  bar  14  feet  long  is  bent  into  a  right  angle  so 

nhat  the  lengths  of  the  portions  which  meet  at  the  angle 

re  8  feet  and  fi  feet  respectively ;  show  that  the  distance 

(  the  centre  of  gravity  of  the  bar  so  beot  from  the  point 

f  the  bar  which  was  the  centre  of  gravity  when  the  bar 

ivas  straight,  la  —z —  feet. 

10.  An  eqnilateral  triangle  rests  on  a  square,  and  the  base 
f  the  triangle  ia  equal  to  a  side  of  the  square  ;  find  the 
Wntre  of  gravity  of  the  figuie  thus  formed. 
Ans.  At  a  diHtance  from  the  base  of  the  triangle  eqaal  to 


.  Find  the  inclination  of  a  rough  plane  on  which  half 
Ik  regular  hexagon  can  just  rest  in  a  vertical  position  with- 
tjbnt  overturaing,  with  the  shorter  of  its  parallel  sides  in 
»ntact  with  the  plane.  ji^s.  3  ■y/s  :  5. 

13.  A  cylinder,  the  diameter  of  wW<;\\w\0^t.,«a&-\«\'^ 
VJt,  reetu  on  another  cylinder  tlie  dVamcle^  o^  -wVvdQ.''^ 


18  ft.,  anil  heiglit  6  ft. ;  anil  their  axes  coincide ;  find  iheii 
eoiuitioa  ceBtj-e  of  grurity.  Aiis.  27|8f  ft.  from  the  base. 

13.  Into  a  hoiiow  cylindrical  vesBol  11  ins.  high,  and 
weighing  10  lbs.,  the  centre  of  gravity  of  wliicli  is  5  ins. 
from  the  base,  a  uniform  solid  cylinder  G  ins.  long  and 
weighing  20  lbs.,  is  just  fitted ;  find  their  common  centre  o( 
gravity.  Ans.  3J  ins.  from  base. 

It  The  middle  points  of  two  adjacent  sides  of  a.  square 
are  joined  and  the  triangle  formed  by  this  straight  line  and 
tha  edges  ia  cut  off;  find  the  centre  of  gravity  of  the 
remainder  of  the  square. 

Alls.  ^  of  diagonal  from  centre. 

16.  A  trapezoid,  whose  parallel  sides  are  4  and  13  ft. 
long,  and  the  other  sideu  each  equal  to  5  ft.,  is  placed  with 
its  plane  vertical,  and  with  its  shortest  aide  on  an  inclined 
plane ;  find  the  relation  between  the  height  aud  base  of  the 
plane  when  the  trapezoid  is  on  the  point  of  falling  over. 
A>is.  8  :  7. 

16.  A  regular  hexagonal  prism  is  jilaced  on  an  inclined 
plane  with  its  end  faces  vertical ;  find  the  inclination  of 
the  plane  so  that  the  prism  may  jast  tumbledown  the  plane. 

Arts.  30°. 

17.  A  regular  polygon  just  tumbles  down  an  inclined 
plane  whose  inclination  is  10°;  how  many  aides  has  thu 
polygon  ?  Atts.  18. 

18.  From  a  sphere  of  radius  R  is  removed  a  sphere  of 
radius  r,  the  distance  between  their  centres  being  c;  find 
tlie  centre  of  gravity  of  the  remainder. 

Ans.  It  is  on  the  tiue  joining  their  centres,  aud  at  a  dis- 


^^Dffti 


•t  rod  of  UQtfonn  thickness  ia  made  uy  of  eqnal 
'is  of  three  siihstauccs,  tbe  densVtw*  ol  ■wVS.Oft  \aJ(.ica,\^ 
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_  «._jr  iire  in  the  proportion  at  1,  i,  and  S  ;  fijid  tlie  position 
of  the  centre  of  gmvity  of  the  rod. 

Ans.  At  i\  of  the  whole  length  from  the  end  of  the 
densest  pai-t. 

20.  A  heavy  triangle  is  to  be  suspended  by  a  string  pass- 
ing throngh  a  point  on  one  side ;  determine  the  position  of 
the  point  bo  that  the  triangle  may  rest  with  one  side 
vertical. 

An8.  The  distance  of  the  point  from  one  end  of  the  side 
=  twice  its  distance  from  the  other  end- 
Si.  The  sides  of  a  heavy  triangle  are  3,  i,  5,  respectively ; 
if  it  be  suspended  from  the  centre  of  the  inscribed  circle 
show  that  it  will  rest  with  the  shortest  side  horizontal, 

33.  The  altitude  of  a  right  cone  is  h,  and  a  diameter  of 
the  base  is  S ;  a  string  is  fastened  to  the  vertex  and  to  a 
l>oint  on  the  circnmference  of  the  circular  base,  and  is  then 
put  over  a  smooth  peg;  show  that  if  the  cone  rests  with  ita 
axis  horizontal  the  length  of  the  string  is  V(,h^  +  5^)- 

23.  Find  the  centre  of  gravity  of  the  helix  whose  equa- 
tions are 


/  =  fl  sin  ^  ;    2  =  kai>. 
:  ka-;  y  =  ka ;  z 


24.  Find  the  distance  of  the  centre  of  gravity  of  the 
catenary  (Gal.,  Art.  177),  from  the  axis  of  x,  the  curve 
being  divided  into  two  equal  portions  by  the  axis  of  y. 

Ans.  If  2Z  is  the  length  of  the  curve  and  {/(,  k)  is  the 

extremity,  the  centre  of  gra^ty  is  on  the  axis  of  ^  at  a 

kl -h  ia .        ,,         .      . 
-li-om  the  axiaotx, 


25,  Find    the  ccntro  of  gravity  of  the   ai'ca   included 

between  the  arc  of  tlie  pambola,  y^  =;  iax,  !wid  t!ie  straight 

line  y  =  kx.  .       8n      -       3 

Ans.  ^_^;y_-. 

20.  Find  the  centre  of  gravity  of  tlie  area  bounded  by 
the  cissuid  and  its  asymptote,  tlie  equation  of  the  cissoid 

7? 

being  1/  =  ;^zn'  ^^"*-  '  =  ^■ 

ST.  Find  the  centre  of  gravity  of  the  area  of  the  witch 
of  Agnesi. 

Ana.  At  a  distance  from  the  asymptote  equal  to  |  of  the 
diameter  of  the  baae  circle, 

38.  Find  the  centre  of  gravity  of  the  area  included  be- 
tween the  arc  of  a  semi-cycloid,  the  circumference  of  the 
generating  circle,  and  the  base  of  the  cycloid,  the  common 
tangent  to  the  circle  and  cycloid  at  the  vertex  of  the  latter 
being  talten  as  asia  of  x,  the  vertex  being  origin,  and  a  the 
radius  of  the  generating  circle. 

,        _       3^-8       _        , 

29.  Find  the  centre  of  gravity  of  the  area  contained  be^^ 
tween   the  curves  y"  =  ax  and  y'  ^  'iaz  —  i^,  vhioh 
above  the  axis  of  a;.  _  Ion-  —  44    .  a 


30,  Find  the  centre  of  gravity  of  the  area  ioehided  by 
the  curves  ^  =  ax  and  a^  =  by. 

A  ns.  5  =  -^H^ ;  y  =  Aa**i 

31.  Find  the  distance  of  the  centre  of  gravity  of  the  an 
of  the  circular  sector,  BOCA,  (Fig.  39).  from  the  centre. 

Let  20  =  the  angle  included  by  the  bounding  radiL 
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32.  Eiud  the  distance  of  the  centre  of  gravity  of  the 
circular  segment,  BCA,  (Fig.  39),  from  the  centre. 

-  __  a  sin3  e        __  BC^ 

""""*'  6;  -  sin  ^  cos  (9  ~"  12  area  of  ABC* 

33.  Find  the  centre  of  gravity  of  the  area  bounded  by 
the  cardioid  r  =  a  (1  +  cos  ^).  Ans,  «  =  |«. 

34.  Find  the  centre  of  gravity  of  the  area  included  by  a 

loop  of  the  curve  r  =  a  cos  W,  128a  \/2 

Ans.  X  =  ~— 

lOOTT 

35.  Find  the  centre  of  gravity  of  the  area  included  by  a 
loop  of  the  curve  r  ■=.  a  cos  3  .  31^  /y/3 

36.  Find  the  centre  of  gravity  of  the  area  of  the 
sector  in  Ex.  31,  if  the  density  varies  directly  as  the  dis- 
tance from  the  centre.  .        .       3a    sin  0 

Ans,  jc  =  — -  •  — - — 
4        d 

37.  Find  the  centre  of  gi^avity  of  the  area  of  a  circular 
sector  in  which  the  density  varies  as  the  Tith  power  of  the 
distance  from  the  centre. 

Ans,  5  •  -7-,  where  a  is  the  radius  of  the  circle,  I  the 

length  of  the  arc,  and  c  the  length  of  the  chord,  of  the 
sector. 

38.  Find  the  centre  of  gravity  of  the  area  of  a  circle  in 
which  the  density  at  any  point  varies  as  the  n\ki  power  of 
the  distance  from  a  given  point  on  the  circumference. 

Ans,  It  is  on  the  diameter  passing  through  the  given 

point  at  a  distance  from  this  point  equa\  \,o  -^^ — -— -~  a^ 

a  being  the  radius, 
7 


39.  Find  the  centre  of  gravity  of  the  area  of  a  quadrant 
of  an  ellipse  iu  whicii  the  density  at  any  point  varies  aa 
the  distance  of  the  point  from  the  major  axis. 

A  US.  x  =  fa  ;  y  =  —6. 

40.  Find  the  distance  of  the  centre  of  gravity  of  the  sii: 
face  of  a  cone  from  the  vertex. 

Let  «  =  the  altitude.  Aiis.  i  ^=  ja. 

41.  Find  the  centre  of  gravity  of  the  surface  formed  by 
revolving  the  curve 

)■  =  «(!  +  cos  6), 

round  the  initial  fine.  Ajis.  e  ^  -^. 

43.  A  parabola  revolves  round  its  a.ris ;  find  the  centre 
of  gravity  of  a  i>ortion  of  the  surface  between  the  vertex 
and  a  plane  per])endicular  to  the  axis  at  a  distance  from 
the  vertex  equal  to  J  of  the  latus  rectum. 

Alts.  Its  distance  from  the  vertex  =  ^J  (latus  rectum), 

43.  Find  the  centre  of  gravity  of  a  cone,  the  density  of 
each  circular  slice  of  which  varies  as  the  Jith  power  of  ita 
distance  from  a  parallel  plane  through  tJie  vertex. 

Let  the  vertex  bo  the  origin  and  a  the  altitude. 

,        -       n  +  3 
Ana.  a;  =  — f^ 
tt  +  4 


44  Find  the  centre  of  gravity  of  a  cone,  the  density  i 
every  purticle  of  which  increases  as  its  distance  frota  tl 

is. 

Alls,  S  =  Ja,  where  the  vertex  is  the  origin  and  a  the 
altitude. 


1..,.....,. 

^H  deasity  coiitaiaeA  between  a  hemisphere  and  a  cone  whi 
^ft  rertex  ia  the  rerf«x  of  the  beraisgbeie  aci.  \iDsa  ^*  the  ' 
^B^  the  bemispbere. 
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Ans,  X  :=  -,  where  the  vertex  is  the  origin  and  a  the 
altitude. 

46.  Find  the  distance  of  the  centre  of  gravity  of  a  hemi- 
sphere from  the  centre,  the  radius  being  a. 

Ans.  X  =:  ^a. 

47.  Find  the  centre  of  gravity  of  the  solid  generated  by 
the  revolution  of  the  semicycloid, 

y  =  v2aic  —  a^  +  a  vers"^ -, 

(1)  round  the  axis  of  x,  and  (2)  round  the  axis  of  y, 

A        n\'       (637r2  -  64)  a     .,.  .        /16   ,   7r2\  2a 
Ans.  (1)  X  =  V(9^^-I6)-'   ^^)  ^  =  (y  +  lilT- 

48.  Find  the  centre  of  gravity  of  the  volume  formed  by 
the  revolution  round  the  axis  of  x  of  the  area  of  the  curve 

y^  —  axy^  +  x*  =  0. 

.        -       dan 
Ans.  X  =  -3-. 

49.  Find  the  centre  of  gravity  of  the  volume  generated 
by  the  revolution  of  the  area  in  Ex.  29  round  the  axis  of  y. 

.        -  ba 

^'^-  ^  =  2  (15Tr  -  44)- 

50.  Find  the  centre  of  gravity  of  a  hemisphere  when 

the  density  varies  as  the  square  of  the  distance  from  the 

centre.  .        .       ba 

Ans,  X  =.  — • 

51.  Find  the  centre  of  gravity  of  the  solid  generated  by  a 
semi-parabola  bounded    by  the    latus   rectum,  Ye\oVs\\i^ 
round  the  \atu8  rectum. 

Ans.  Distance  from  focus  =  ^  ot  \a\.\x^  x^eXiXxxa, 


I 
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53.  ITie  Ycries  cf  a  right  circular  cone  ia  at  the  centre  of 
u  sphere :  find  the  centre  of  gravity  of  a,  body  of  uniform 
ileaaity  contained  within  the  cone  and  the  sphere. 

Alls.  The  distance  of  the  centre  of  gravity  from  the 


Fertical   angle  of  the   cone  and  a  =  the   radina  of  tlie 
sphere. 

53.  Find  the  distance  ftom  the  origin  to  the  centre  of 
gravity  of  the  sohd  generated   by  the  revolution  of  the 
cardioid  round  its  prime  radius,  its  equation  being 
r  ^  a{l  +  cos  0). 

Ans.  X  =  |a. 
5i.  Find  by  Art.  90  (1)  the  surface  and  (3)  the  volume 
of  the  solid  formed  by  the  revolution  of  a  cycloid  round 
the  tangent  at  its  vertex. 

A»s.  Surface  =  ^t«*;  Volume  ^  irV. 
55.  Find  (1)  tJie  surface  and  (2)  the  volume  of  the  solid 
formed  by  the  revolution  of  a  cych>id  round  its  base. 

Alls.   (1)  y^mi^;  (2)on\ 

66.  An  equilateral  triangle    revolves    round    its    base, 

whose  length  is  a ;    find   (1)   the   area  of    the    surfaoe, 

and  (3)  the  volume  of  the  figure  described. 

Ans.  (1)  ™»\/3;  (2)  - 

57.  Find  (1)  the  surface  and  (2)  the  volume  of  a  ring 
with  a  circular  section  whose  internal  diameter  is  12  ins., 
and  thickness  3  ins. 

Ans.  (1)  444.1  sq.  in.;  (2)  333.1  cub.  in. 


CHAPTER    V. 

I  FRICTION. 

■  91.  Friction. — Friction  is  that  force  which  acts  between 
"  two  bodies  at  their  surface  of  contact,  and  in  the  direction 
of  a  tangent  to  that  surface,  so  aa  to  resist  their  sliding  on 
each  other.  It  depends  on  the  force  with  which  the  bodies 
are  pressed  together.  All  the  curves  and  surfaces  which  we 
liave  hitherto  considered  were  supposed  to  be  smooth,  and, 
as  auch,  to  offer  no  resistanco  to  the  motion  of  a  body  in 
conta<!t  with  them  in  any  other  than  a  normal  direction. 
Sucli  curves  and  surfaces,  however,  *are  not  to  be  found  in 
nature.  Every  surface  is  capable  of  destroying  a  certain 
amount  offeree  in  its  tangent  plane,  i.e.,  it  possesses  a  certain 
degree  of  roughness,  in  virtue  of  which  it  resists  the  sliding 
of  other  surfaces  upon  it.  This  resistance  is  called /r*c( ion, 
and  is  of  two  kinds,  viz.,  sliding  and  rolling  friction.  The 
first  is  that  of  a  heavy  body  dragged  on  a  pla.ne  or  other 
surface,  an  axle  turning  in  a  fixed  box,  or  a  vertical  shaft 
turning  on  a  horizontal  plate.  Friction  of  tiie  second  kind 
is  that  of  a  wheel  rolling  along  a  plane,  feoth  kinds  of 
friction  are  governed  by  the  same  laws  ;  tlie  former  is  much 
grcator  than  the  latter  under  the  same  circumstances,  and 
is  the  only  one  that  we  shall  consider. 

A  smooth  surface  is  one  which  opposes  no  resistance  to 
the  motion  of  a  body  upon  it.  A  rough  surface  is  one 
which  does  oppose  a  resistance  to  the  motion  of  a  body 
upon  it. 

Tlie  mirracoB  of  n]l  boilius  poiisiHt  of  very  Hmitll  elevations  and 
depreBBiona,  an  that  if  they  are  pressed  Rgn,raB\.  pev>\  rfi\\eT.  'Oote 
elevations  <;/  nne  tit.  more  or  less,  intn  tlie  deprp'^aiuwa  ol  V\w  sA-Vsn, 
sad  ^emaUoea  interpenetrate  each  other ;  sjid  ttiB  vo.xx'wiai  ' 
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tion  IB  of  course  greater,  if  t1ie  preBsing  force  ia  greater, 
when  a  force?  is  applied  bo  as  to  nause  one  body  to  move  on  i 
with  wblcli  it  1h.  in  cootact,  it  ia  necesajiry,  bpfore  tootion  can  talM 
place,  either  ta  break  offtb«  elevations  or  compreHs  them,  or  force  tl 
bodies  to  separate  far  enough  to  allow  tlieiu  tu  paes  eacli  other. 
Muchoftliia  rowflAneM  may  be  removed  by  polisliing;  and  the  effect 
of  much  of  it  may  be  destroyed  by  lubrication. 

Frlctioii  alwaya  acta  aloug  a  tangent  ^^i  the  surlace  at  the  point  at 
contact :  and  its  directlun  is  opposite  to  that  of  the  line  of  ui 
presents  itself  in  the  motion  of  a  body  as  a  passive  force  or  resistance,* 
siuce  it  can  only  Mndsr  motion,  but  nan  never  pr</duee  or  md  it. 
investigations  in  mechanics  it  can  be  conBidercd  as  a  force  acting  In 
opposition  Ui  every  motion  whose  direction  lies  in  the  plane  ot 
of  the  two  bodies.  Whatever  may  be  the  direction  in  which  ¥ 
a  body  restinf;  upon  a  horisontal  or  inclined  plane,  the  Mction  w)B 
always  act  in  the  opposite  direction  to  that  of  tlie  motion,  i.  e.,  what, 
we  slide  a  body  down  an  inclined  phine.  it  will  apjiear  as  a  force  up 
the  plane.  A  surface  may  also  resist  eliding  motion  by  n 
adheiion  between  its  substance  and  that  of  another  body  in  contarOt 
with  it.+ 

The  friction  of  a  body  on  a  sarface  is  measured  by  the 
least  force  which  will  put  the  body  in  motion  along  the 
Burfuce, 

92.    Laws    of   Friction. — In    our    ignorance    of   the  A 
constiliitiun  of  bodies,  the  laws  of  friction  must  be  dedaced| 
from  expeiiment.      Experiments   made  by   Coulomb  i 
Morin  have  established  the  fullowing  laws  of  friction: 

(1)  TJte  friction  varies  as  the  normal  pressure  wA*n  t 
materials  of  the  surfaces  in  contact  remain  the  same.    Snbt 
quent  experiments  have,   however,  considerably  modified 
this  law,  and  ahown  that  it  can   bo   regarded  only  as 
ajtpruximation  to  the  truth.     When  the   pressure  is  i 
great  it  is  found  that  the  friction  is  less  than   this  lal| 
would  giva 


I 


I  The  fridion  is  independent  of  the  extent  of  the  sur- 
faces in  contact  so  long  as  the  normal  pressure  remains  the 
same.  Wlien  the  surfaces  in  contact  are  very  small,  aa  for 
instauce  a  cylinder  resting  on  a  surface,  this  law  gives  the 
friction  miich  too  great. 

These  two  lawB  are  true  when  the  body  la  on  the  point  of  moving, 
and  also  ivlien  it  is  actually  in  motion;  but  in  the  case  of  motion  the 
magnitude  of  the  friction  is  not  always  the  same  aa  when  the  bod;  is 
begimiing  to  move  ;  when  there  is  a  difiereiice,  the  frictiou  is  greater 
in  the  stat«  bvrdcH'ig  on  motion  than  in  actual  motion. 

(3)  Tlie  friction  is  independent  of  the  velocity  when  the 

body  is  in  motion- 
It  follows  from  these  laws  that,  if  R  be  the  normal 

pressure  between  tlie  bodies,  F  the  force  of  friction,  and  fi 

the  constant  i-atio  of  the  latter  to  the  former  when  slipping 

is  about  to  ensue,  we  have 

P  =  liR.  (1) 

The  fraction  /i  is  called  the  co-ejicieul  of  friction  ;  and  if 
:he  first  law  were  true,  (i  would  be  strictly  constant  for  the 
same  pair  of  bodies,  whatever  the  magnitude  of  the  normal 
pressure  between  them  might  be.  This,  however,  is  not 
the  ease.  When  the  normal  pressure  is  nearly  equal  to  that 
which  would  crush  either  of  the  surfaces  in  contact,  the 
Ibrce  of  friction  increases  more  rapidly  than  the  normal 
pressure.  Equation  (1)  is  nevertheless  very  nearly  true 
when  the  differences  of  norniai  pressure  are  not  very  great ; 
iind  in  what  follows  we  shall  assume  this  to  be  the  case. 

ItEMAnK. — The  laws  of  friction  were  ealahliahed  by  Coulomb,  a 
distinguished  French  officer  of  Engineers,  and  were  founded  on 
eiperinientfl  made  by  him  at  Rochefort.  The  results  of  these  esperi' 
ments  were  presented  in  1781  to  the  French  Academy  of  Boiences.  and 
in  178^  his  Memoir  on  Friction  was  pnblished.  A  veiy  full  abstract 
of  this  paper  is  given  In  Pe  Toung's  2?"tural  Plulo»iypky,  VoV,  W, 
p.  no  (lat  Eil.).  Further  ospcrinients  WBre  maAe  nJ.  WeVf.Ni's  ■\\orws, 
MJlff"  "'  bj  dimclioa  of  Che  French  military  aalhonVioa,  Ooft  tewiiX  >A 
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which  haa  (wen  fo  confirm,  with  slight  eiceptiouH,  all  the  reewlla  tA 
Coulomb,  and  to  determine  with  cODsiderable  precision  the  numerical 
valnes  of  tlie  coefflcienta  of  friction,  for  all  the  subaiancea  UBUtJlf 
employed  in  the  coDEtrnction  of  muclilDea.  (See  Galbmith's  Mo 
chanicE,  p.  68,  TwiHden's  Practical  Mcchanice,  p.  138,  and  WeiBbach'i 
Mechauics,  Vol.  I,  p,  317.) 

93.  Magnitudes  of  Coefficients  of  Friction. — Prai- 
tically  there  ia  no  observed  coetliuiutit  mncli  greater  than  1. 
Most  ol  the  ordinary  coefficients  are  leas  tlian  J.  Tlie  fol- 
lowing results,  selected  from  a  table  ot  coefficients,*  will 
afEord  an  idea  of  the  amount  of  friction  as  determined  by 
experiment ;  these  results  apply  to  the  friction  of  motion. 

For  iron  on  stone      ft  varies  between  .3  and  .7. 

For  timber  on  timber "      "  "        .3  and  .5. 

For  timber  on  metals  "      "  "        .2  and  .6. 

For  metals  on  metala  "      "  "      .15  and  ,25, 

For  full  particulars  on  tliia  subject  tlie  student  is  referreil 

to  Eankiue's    Applied  Meehanics,  p.  209.   and  Mosele/l 

Engineering,  p.  124,  also  to  the  treatise  of  M.  Morin,  when 

he  will  find  the  subject  investigated  in  all  its  eomp1eteneaa>. 

94.  Angle  of  Friction, — T7w  angle  at  which 
pkine  or  nurfnce  may  be  inclined  so  thai  a  body,  when  acU 
upon  bythtforvG  of  yravity  only,mayju8t  resl  upon  it  mti 
out  sliding,  is  called  the  A  nyle  of  Friction.  \ 

Let  «  be  the  angle  of  inclination  of 
the  piano  AB  just  as  the  weight  is  on 
the  point  of  slipping  down;  W  the 
weight  of  the  body  ;  R  the  normal  pres- 
sure on  the  plane;  F  the  force  of  fric-  Fij.AJ 
tion  acting  along  the  plane  :=  fiR  (Art. 
ita).  Then,  resolving  the  forces  along  and  perpendicular 
the  plane  we  have  for  equililirinm 


which  givpB  the  limiting  value  of  the  inclination  of  tlie 
plane  for  whicli  equilibrium  ia  poasiblo.  The  body  will  rest 
OQ  the  plane  when  the  angle  of  inclination  is  les.s  than  tho 
angle  ol'  Motion,  and  will  slide  if  the  angle  of  inclination 
exceeds  that  angle ;  and  this  will  be  the  case  however  great 
W  may  be ;  the  reason  being  that  in  whatever  manner 
we  increase  W,  in  the  same  proportion  we  increase  the 
friction  upon  the  plane,  which  serves  to  prevent  IF  from 
eliding. 

From  (1)  we  see  that  the  tangent  of  the  angle  of  friction 
is  erjual  to  the  coefficient  of  friction. 


95.  Reaction  of  a  Rough  Curve  t      ^r 

or  Surface. — Let  AB  be  a  rough  curve  'U/T 

or  surface ;  P  the  position  of  a  particle     j— — "  p      — ^ 
on  it ;  and  suppose  the  forces  acting  on  Fig.ie 

P  to  be  confined  to  the  plane  of  the 
paper.    Let  Ji^  —  the  normal  resistance  of  the  surface, 
acting  in  the  normal,  /*iV,  and  F  =  the  force  of  friction, 
acting  along  the  tangent,  FT, 

The  resultant  of  R^  and  F,  called  the  Total  Resislance* 
of  the  surface,  is  represented  in  magnitude  and  dirt'ction  by 
the  line  PR  =  R,  which  is  tho  diagonal  of  the  pamllehi- 
gram  determined  by  R^  and  F,  We  have  seen  that  the 
total  resistance  of  a  smoolh  surface  is  normal  (Art,  41) ;  but 
this  limitation  does  not  apply  to  a  rotiffh  surface.  Let  0 
denote  the  angle  between  R  and  the  normal  A',  ;  then  iji  is 
given  by  the  equation 

F 


Hence,  0  will  be  a  maximiim  wben  the  force  of  friction, ! 
F,  bears  the  greatest  ratio  to  the  normal  pressure  R^.  Bat  I 
this  greatest  ratio  is  attained  when  the  body  is  just  on  the  J 
point  of  slipping  along  the  surface,  and  is  what  we  called  | 
the  coeERcient  of  friction  (Art,  93),  that  is 

F 

R\  =  ^> 

.'.    tan  tl>  =:  ft. 

Therefore  tfie  greatest  angle  by  which  t/ie  Total  Resiatanet 
of  a  rough  curve  or  surface  can  deviate  from  the  normal  it 
the  angle  wliose  tangent  is  the  coefficient  of  friction  for  thi 
bodies  in  contact ;  and  this  deviation  is  attained  when  sli^ 
ping  is  about  to  commence. 

OoE.— By  (1)  of  Art.  94,  tan  a  =  p ; 


hence,  the  direction  of  the  total  resistance,  R,  is  inclined  ai 
an  angle  a  to  the  normal ;  t.  e.,  the  greatest  angle  that  tkt 
Total  Resistance  of  a  rmigh  c^trve  or  surface  can  make  with 
the  normal  is  equal  to  the  angle  of  friction,  corresponding 
to  the  two  bodies  in  contact. 

96.  Friction  on  an  Inclined  Plane. — A  body  rests  on 
a  rongh  inclined  ])lane,  and  is  acted  on  by  a  given  force,  P,; 
iu  a  vertical  plane  which  is  perpendicular  to  the  inclined 
plane ;  find  the  limits  of  the  force,  and  the  angle  at  whicfv 
the  least  force  capable  of  drawing  the  particle  up  the  plaofr 
must  act. 

Let  i  =  the  inclination  of  the  plane  to  the  horizon;  6  = 
the  angle  between  the  inclined  plane  and  the  lino  of  actios 
o//';  ft  =  the  coefiBcient  of  friction;  and  let  ns  first  eagj 
that  the  body  is  oq  the  toml  o^  m^yva^  i 


first  eapj 
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plane^  so  that  friction  is  a  force  acting  up  the  plane^  then 
resolving  along,  and  perpendicular  to,  the  plane,  we  have 

J^+Pcos^  =  TTsint, 

B  +  P^mB  =  WcoBi, 

F=  fiE; 


p^^^r^ini^fi  cost 

COS  9  —  [i  sin  0  ^  ^ 


And  if  P  is  increased  so  that  motion  tip  the  plane  is  just 
beginning,  F  acts  in  an  opposite  direction,  and  therefore 
the  sign  of  (jl  must  be  changed  and  we  have 

p  =  i^sint  +  Z^cosf 

cos  ^  +  jLfc  sin  ^  ^  ' 

Hence,  there  will  be  equilibrium  if  the  body  be  acted  on  by 
a  force,  the  magnitude  of  which  lies  between  the  values  of 
P  in  (1)  and  (2).  Substituting  tan  0  for  fi  (Art.  95) ;  (2) 
becomes 

COS  (<l>  —  0)  ^  ^ 

To  determine  6  in  (2)  so  that  P  shall  be  a  minimum  we 
must  put  the  first  derivative  of  P  with  respect  to  ^  =  0, 
therefore 

rf^       TfT  /  •     •  .  ..     sin  ^  —  jit  cos  ^         - 

do  ^  If-/  ^^^g  ^  +  jtt  sin  9)^         ' 

.•.    tan  9  zn  n; 

that  is,  the  force  P  necessary  to  draw  the\>oflL3  w^  >i)cv^^«xi^ 
wW  be  the  least  possible  when  9  =  the  aug\&  oltE\si^Q^ 


p 
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^^. 


Hence  we  infer  that  a  givea  force  acts  to  the  greateafc 
advantage  in  drugging  a  vtight  up  a  hill,  \t  the  angle  ai 
which  its  line  uf  uction  is  inclined  to  the  hill  is  equal  to 
the  angle  of  friction  of  the  hill.  Similarly,  a  force  acta  to 
the  greatest  advantage  in  di-agging  a  weight  along  a  hori' 
zontal  plane  if  its  line  of  action  is  inclined  ,tu  the  plane 
at  the  angle  of  friction  of  the  plane.  We  may  also  deter- 
mine from  this  the  angle  at  which  the  traces  of  a  drawing 
horse  should  be  inclined  t«  the  plane  of  traction. 

These  results  are  those  which  are  to  be  expected,  becanse 
some  part  of  the  force  ought  to  be  expended  in  lifting  thO: 
weight  from  the  plane,  so  that  friction  may  be  diminished. 
(See  Price's  Anal.  Mech's,  Vol.  I,  p.  160.) 

97.   Friction  on   a   Double-Inclined  Plane. — Two 

bodies,  whose  weights  are  P  and  Q,  rest  on  a  rough  donble- 
iDclined  plane,  ami  are  connected  by  a  string  which  passes 
over  a  smootli  peg  at  a  point.  A,  vertically  over  the  intersec- 
tion, B,  of  the  two  planes,  i'jnd  the  position  of  equili- 
brium. 

Let  «  and  3  be  the  inclinations  of 
the  two  planes  ;  let  ?  =  the  length  of 
the  string,  and  A  :=  AB;  and  let  6 
and  fl'  be  the  angles  the  portions  of 
the  string  make  with  the  planes. 

Suppose  P  is  on  the  point  of 
ascending,  and  Q  of  deBcending. 
Then,  since  the  motion  of  each  body  is  about  to  eugue,  tbtl 
total  resistances,  R  and  ^,  must  each  make  the  angle  ( 
friction  with  the  corresponding  normal  (Art,  95,  Cor.) ;  anj 
since  the  weight,  P,  is  about  to  move  upwards  the  friotioij 
must  act  downwards,  and  therefore  R  must  lie  below  tbi 
iiiirmal,  while,  since  Q  is  about  to  move  downwanla, 
friction  must  act  upwards,  and  therefore  S  must  be  abon 
"'c  nonoRh 


FIg.4T 
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If  T  is  the  tension  of  the  string,  we  have  for  the  equi- 
librium of  P,  (Art.  32), 

y_  pSin(a  +  0)^ 
cos  {B  —  0) 

And  for  the  equilibrium  of  Q, 

T  ^  0  ^^^  (^  —  ^) , 
^cos  {&  4-  0)' 

Equating  the  values  of  T  we  get 

sin  (g  +  0)  _  ^  sin  (3  —  0)  ,.  v 

cos  ((9-0)  "  ^eos  {0'  4-0)'  ^  ^ 

and  if  P  is  about  to  move  down  the  plane,  the  friction  acts 
in  an  opposite  direction,  and  therefore  the  sign  of  0  must 
be  changed  and  we  have 

sin  (^  -  0)  _  ^  sin  (/?  +  0)  .. 

cos  ((9  +  0)  "  ^  cos  ((9'  -  0)'  ^^ 

(1)  or  (2)  is  the  only  statical  equation  connecting  the 
given  quantities. 

We  obtain  a  geometric  equation  by  expressing  the  length 
of  the  string  in  terms  of  h,  a,  p,  6,  and  6',  which  is 

l  =  h(^  +  5??|).  (3) 

\sin  6       8ind/  ^  ' 

From  (1)  or  (2)  and  (3)  the  values  of  6  and  6'  can  be  found, 
and  this  determines  the  positions  of  P  and  Q. 

Otherioise  thus: 

Instead  of  considering  the  total  resistancei^,  R  Wi^  S,  ^'^ 
may  consider  two  normal  resistanceB,  B^  Wifli  S^^^^'^'^^ 
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forcfs  of  frirtioii,  /iJ?,  iind  /'.S'j.  acting  vespeutiveiy  down 
the  plane  n  and  up  the  plane  /?.  In  this  case,  considering' 
the  equilibrium  of  P,  and  resolving  forces  along,  and  por- 
pendicnlar  to,  the  plane  a,  we  have 


PBino 

PCOS  (I 


h  //i?i  =  y  COS  fl,  ] 

-  ff ,  +  r  sin  e,   ] 


w. 


and  for  the  equilibrium  of  Q, 

Gsin(3  =  f(.?,  +  rcosfl',)  ,  . 

ecoa3=  6'i  +  rsinO'.    \  ^' 

Elimiuttting  fl,,  Xj,  and  T  from  (4)  and  (5)  we  get  (1), 
the  same  statical  equation  as  beTore. 

The  method  of  considering  total  resistances  instead  of 
their  normal  and  tangential  components  is  usuallj  more 
simple  than  the  separate  consideration- of  the  latter  forces. 
(,See  Minchin's  Statics,  p.  60.) 

OOE. — If  Q  ia  given  and  P  be  so  small  that  it  is  about  to 
ascend,  its  value,  Pj,  will  be  given  by  (1), 


*  sin  («  +  (/>)  cos  {fl'  +  <p) 


and  if  P  is  so  large  that  it  is  about  to  drag  Q  up,  ite  value, 

P^  will  be  given  by  (3) 


^sin(3  +  »)coa(9H 


the  angies  9  and  fl'  being  connected  by  (3). 
There  will  be  equilibrium  it  QW  ac\M  c 
WfOff-e  taitgiiitude  lies  betwetn  Pi  aui  P ». 


n.  l^^j  any  foro^J 
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Friction   on  Two  Inclined    Planes.— A   beam 
rests  on  two  rough  iuclincd  planes;  fiud  tlie  position   of 
equilibrium. 
Let  a  and  5  be  the  segments,  AG 
I  and  BG,  of  the  beam;  let  6  be  the 
fncliuation  of  the  beam  to  the  hori- 
^Kon,  a  and  /3  the  iuclinations  of  the 
planes,  and  R  and  S  the  total  resiat- 
tilQces.     Suppose  that  A   is  on   the 
toint  of  ascending ;   then  the  total 
'  resistances,   B    and    S,   must    each 
make  the  angle  of  friction  with  the  correeponding  normal 
and  act  to  the  right  of  the  normal. 

The  three  forces,  W,  R,  S,  must  meet  in  a  point  0  (Art. 
!2) ;  and  the  angles  GOA  and  GOB  are  equal  to  «  +  0, 
md  0  —  tj>,  respectively. 

Hence    (a  +  S)  cot  BGO  =  a  cot  GOA  —  5  cot  GOB, 

(a  +  J)  tan  e  =  «  cot  (rt  +  0)  —  *  cot  (3  —  tp).     (1) 


Pig.4e 


GoE.— K  the  plat 


e  smooth,  0  =  0,  and  (1)  becomes 


(a  +  *)  tan  0  = 
e  Ex.  "T,  Art.  63.) 


99.   Friction  of   a    Trunnion.* — Trunnions  are  (he 

t^linrirical  projections  from  the  ends  of  a  shaft,  which  rest 

on  the  concave  surfaces  of  cylindrical  boxes.    A  shaft  rests 

in   a  liorizontal   position,   with    its    trunnions    on  rough 

cylindrical  snrfaces;   find  the   resistance  due   to   friction 

^whioh  is  to  be  overcome  when   the  shaft  begins  to  turn 

Kut  a  horizontal  axis. 


100 


fstcmoK  or  a  pivot. 


Let  SAf?  and  BAED  be  two  riglit 
Beetions  of  the  trunnion  and  its  box; 
the  two  circles  are  tangent  to  eac]i 
other  internally.  If  no  rotation 
takes  place  the  trunnion  presses 
npon  its  lowest  jioint,  H,  through 
which  the  direction  of  the  resulting 
pressure,    R,  passes;    if   the  shaft 

begins  to  rotate  in  the  direction  AH,  the  trunnion  ascenda 
along  the  inclined  surface,  EAB,  in  consequence  of  the 
friction  on  its  bearing,  until  the  force,  S,  tending  to  move 
it  down  just  balances  the  friction,  F.  Eesolving  R  into  a 
normal  force  A' and  a  tangential  one,  S,  we  have,  since  the 
tangential  component  of  R  in  urging  the  trunnion  down 
the  surface  =  tiie  friction  which  opposes  it. 

S=F=iiN;    but    ^=5»  +  A'»; 

or  m  =  ifiA'"  +  N" ; 


and  the  friction 


=  (Art.  96), 


Hence,  to  find  the  friction  upon  a  trunnion,  multipty  tht 
resultant  of  the  forces  which  act  npon  it  by  the  sine  of  th^ 
angle  of  friction. 

100.  J'riction  of  a  Pivot.— K  VeaNf  wnaUr  shof 
^ats  iu  a  vertical  position,  with  \t&  eni,  ■wVS.cV  \%  »,  iia<sSad 


Inction.  on  a  horizontal  plat«;  find  the  resiatanoe  dne  to 
I  iriction  which  is  to  be  overcome,  when  tho  shaft  begins  to 
y  revolve  about  a  vertical  axis. 

Let  a  be  the  radius  of  the  circular  section  of  the  shaft; 
[  let  the  plane  of  (r,  0)  be  tlie  horizontal  one  of  contact 
T  between  the  cud  of  the  shaft  and  the  plate ;  and  let  the 
[  centre  of  the  circular  area  of  contact  be  the  pole.  Let 
:  the  weight  of  the  shaft,  then  the  vertical  pressure  on 


I  each  unit  of  surface  is 
Litrea-element,  we  have 


W 


and  therefore,  if  r  dr  dO  ia  tho 


the  pressnre  on  the  element  =  — -^rdrdd; 

.*.    the  friction  of  the  element  =  ft  — ^  r  dr  dO, 

The  friction  is  opposed  to  motion,  and  the  direction  of  its 
action  is  tangent  to  the  circle  described  by  the  element; 
the  moment  of  the  friction  about  the  vertical  axis  through 
the  centre 

_  nWi^drdd 

I  therefore  the  moment  of  friction  of  the  whole  circular  end 


™* 


(1) 


and  consequently  varies  as  the  radius.  Hence  arises  the 
I  advantage  of  reducing  to  the  smallest  possible  dimensions 
I  the  area  of  the  base  of  a  vertical  shaft  I'evolving  with  its 
[  end  resting  on  a  horizontal  bed. 

From  (1)  we  may  regard  the  whole  friction  dne  to  the 
s  acting  at  a  single  point,  and  a.t  &  i\ala,wiie  It^s^wv 
Ljmtion  e-]ual  to  two-Uiiria  ol  \Xi6  x^vaa  »A 
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forces  of  friction,  /tiJ,  iiod  f«j5',.  acting  respectively  An\ 
tlie  plane  «  and  up  the  plaue  /3.    la  this  case,  considerii 
the  equilibrium  of  P,  and  resolving  forces  along,  and  per-* 
pendicnlar  to,  the  plane  «,  we  have 


P  Bin  «  +  fiR^  =  Tcoae,] 
P  coa  o  =  ^1  +  y  sin  9,    j 


(4) 


and  for  the  equilibrium  of  Q, 


-S',  +  7"  sin 


\ 


Eliminating  R^,  .S,.  and  T  from  (4)  and  (5)  we  get  (1>, 
the  same  atatical  equation  as  before. 

The  method  of  considering  fatal  rmsiances  inatee 
their  tionual  uud  tungential  compouente  Is  usually  morft 
simple  than  the  separate  coneidomtion-of  the  latter  forces. 
(See  Minchin's  Statics,  p.  60.) 

CoE. — If  Q  la  given  and  P  be  so  small  that  it  is  about  to 
ascend,  its  value,  P,,  will  be  given  by  (1), 


„  sin  (0  —  <i)  cos  {B  —  <j>) 
^  sin  (rt  +  0)  cos  (9'  +  0)' 


and  if  P  is  so  large  that  it  is  about  to  dnig  Q  up,  its  valne, 
P„  will  be  given  by  (3) 


.  sin  (3  +  0)  COB  (g  +  ») 
•^  sin  {«  —  <p)  cos  (9'  —  0} 


0 


the  angles  &  and  6'  being  connected  by  (3). 
There  will  he  equilibrium  \l  QVacX^i.  nw  Vi'^  b.qy  fijri 
lirifo^c  magnitude  lies  kjtween  P^avii  P^ 
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\  98.    Friction  on  Two  Inclined    Planes. — A  beam 
'rests  oil  two  rough  iuclioed  plaiiee;  find  the  position  ol 
oquilibrium. 

Let  a  and  h  be  the  segments,  AG- 
and  BG,  of  the  beam ;  let  B  be  the 
inclination  of  the  beam  to  the  hori- 
zon, a  and  3  the  inclinations  of  the 
planes,  and  R  and  >?the  total  resist- 
ances. Snppose  that  A  is  on  the 
point  of  ascending ;  then  the  totiil 
resistances,  R  and  S,  must  etich 
mate  the  angle  of  friction  with  the  corresponding  normal 
and  act  to  the  right  of  the  normal. 

The  three  forces,  W,  R,  B,  mtist  meet  in  a  point  0  (Art. 
63) ;  and  the  angles  GOA  and  GOB  are  equal  to  «  +  0, 
and  (3—0,  respectively. 

Hence     («  -I-  S)  cot  BGO  =  a  cot  GOA  —  h  cot  GOB, 

or      («  +  S)  tan  e  =  rt  cot  («  +  0)  —  i  cot  (/?  —  ^).     (1) 

H  Cor. — If  the  planes  are  smooth,  0  =  0,  and  (1)  becomes 

(a  -I-  5)  tan  0  =  c  cot  «  —  6  cot  J3, 

(See  Ex.  t,  Art.  62.) 


99.  Friction  of  a  Trunnion.* — Trunnions  are  the 
cylindrical  projeclions  from  /lie  ends  of  a  shaft,  which  rest 
OH  the  conmve  surfaces  of  cylindrical  boxes.  A  ahuft  rests 
in  a  horizontal  position,  with  its  trunnions  ou  rough 
cylindrical  surfaces;  find  the  resistance  due  to  friction 
which  is  to  he  overcome  when  the  shaft  begins  to  turn 
about  a  faoriKontal  asis. 


Hence,  ^  will  be  a  maximum  when  the  force  of  friction, 
F,  bears  the  greatest  ratio  to  the  normal  pressure  £,.  But 
this  greatest  ratio  ia  attained  when  the  body  is  just  on  the 
point  of  slipping  along  the  surface,  and  is  what  we  called 
the  coefficient  of  friction  (Art.  92),  that  is 

F 

.'.    tan  0  =  fi. 

Therefore  tlie  greatest  angle  by  which  the  Total  Resistanet 
of  a  rough  curve  or  surface  can  deviate  from  the  normal  u 
the  angle  whose  tangent  is  the  coe^cient  of  friction  for  thi> 
bodies  in  contact ;  and  this  deviation  ia  attained  when  slip^ 
ping  is  about  to  commence. 

Cob.— By  (1)  of  Art.  94,  tan  «  =  /t  j 


hence,  the  direction  of  the  total  resistance,  R,  ia  inclined  at 
an  angle  a  to  the  normal ;  /.  e.,  the  greatest  angle  that  thi 
Total  Resistance  of  a  rough  curve  or  surface  can  make  vfitK 
the  normal  is  equal  to  the  angle  of  friction,  corresponding 
to  the  tico  bodies  in  contact, 

96.  Friction  on  an  Inclined  Plane. — A  body  rests  on  J 
a  rough  inclined  plane,  and  is  actt-d  on  by  a  given  force,  PM 
in  a  vertical  plane  which  is  perpendicular  to  the  inclinedifl 
plane ;  find  the  limits  of  the  force,  and  the  angle  at  whicj 
the  least  force  capable  of  drawing  the  particle  up  the  pla 
mudt  act. 

Let  i  ^  the  inclination  of  the  plane  to  the  horizon ;  ft  = 
the  angle  between  the  iiicliued  plane  and  the  line  of  a 
fl/y,'  fl  =  tbe  coefficient  ot  friction ;  and  let  ns  first  BUpii 
_pase  that  the  body  ia  on  the  -pomt  ol  mw\T\%  isnm.  ^ 
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plane,  so  that  friction  is  a  force  acting  up  the  plane,  then 
resolving  along,  and  perpendicular  to,  the  plane,  we  have 

F  +  Pco^e  =:  PTsin  t, 

B  +  P&me  =  TTcosi, 

F=ziiR'y 

cos  0  —  jti  sin  ^  ^  ^ 

And  if  P  is  increased  so  that  motion  up  the  plane  is  just 
beginning,  F  acts  in  an  opposite  direction,  and  therefore 
the  sign  of  ^i  must  be  changed  and  we  have 


•         • 


p  =  ]^sint  +  ^cosi 

cos  0  +  ]u  sin  ^  ^  ' 

Hence,  there  will  be  equilibrium  if  the  body  be  acted  on  by 
a  force,  the  magnitude  of  which  lies  between  the  values  of 
P  in  (1)  and  (2).  Substituting  tan  </>  for  [i  (Art.  95) ;  (2) 
becomes 

P=r?i^+4.  (3) 

cos  (0  —  ^)  ^ 

To  determine  S  in  (2)  so  that  P  shall  be  a  minimum  we 
must  put  the  first  derivative  of  P  with  respect  to  0  =  0, 
therefore 

dP       TI7  /  •     •  .  ^    sin  ^  —  /i  cos  ^         ^  ^ 

-—  =  fT  (sm  *  +  ft  cos  i)  -.-     ^,        ;    ^v,  =  0 ; 

.••    tan  ^  =  ^; 

that  is,  the  force  P  necessary  to  draw  tbe\KA^  u-^  >3ftfc^^2Cka 
will  he  the  least  possible  when  6  =  tVie  aa^<^  qHxicNa^xu 


Hence  we  infer  that  a  given  force  acts  to  the  greatest 
advantage  in  drugging  a  weight  up  a  hill,  if  the 
which  its  line  of  actiou  is  inciined  to  the  hill  is  eqaal  to 
the  angle  of  friction  of  the  hill.  Similarly,  a  force  acts  to 
the  greatest  advantage  in  dragging  a  weight  along  a  hori- 
zontal plane  if  its  line  of  action  is  inclined  .to  the  plane 
at  the  angle  of  friction  of  the  plane.  We  may  also  deter- 
mine from  this  tiie  angle  at  which  the  traces  of  a  drawing 
horse  should  be  inclined  to  the  piano  of  tractiou. 

Theae  results  are  those  which  ai-e  to  be  expected,  because 
some  part  of  the  force  ought  to  be  expended  in  lifting  the 
weight  from  the  plane,  so  that  fiiction  may  he  dirainiahed. 
(See  Price's  Anal.  Mech's,  Vol.  I,  p.  160.) 

97.   Friction  on   a   Double-Inclined  Plane. — Two 

bodies,  whose  weights  are  P  and  Q,  rest  ou  a  rough  double- 
inclined  plane,  and  are  connected  by  a  string  which  passoa 
over  a  smooth  peg  at  a  point,  A,  vertically  over  the  intereeo- 
tiou,  B,  of  the  two  planes.  Find  the  position  of  equili- 
brium. 

Let  a  and  0  be  the  inclinations  of 
the  two  planes  ;  let  I  =  the  length  of 
the  string,  and  A  =  AB;  and  let  S 
and  6'  be  the  angles  the  portions  of 
the  string  make  with  the  planes. 

Suppose  P  ia  on  the  point  of 
ascending,  and  Q  of  descending. 
Then,  since  the  motion  of  each  body  is  about  to  ensue,  the. 
total  resistances,  R  and  S,  must  each  make  the  angle  ofl 
friction  with  the  corresponding  normal  (Art  95,  Cor.) ;  and! 
since  the  weight,  P,  is  about  to  move  upwards  the  Mctioaj 
must  act  downwards,  and  therefore  H  must  lie  below  thi 
normal,  while,  since  Q  is  about  to  move  downwards,  thi 
trictioD  mast  act  upwards,  and  therefore  8  must  be  above 
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If  T  is  the  tension  of  the  string,  we  have  for  the  equi- 
librium of  P,  (Art.  32), 

y_  pSin(«  +  0)^ 

cos  (^  —  0)' 

I 

And  for  the  equilibrium  of  Q, 

T  =  0  ^^^  (^  ""  ^) . 
^cos  (B'  +  0)' 

Equating  the  values  of  T  we  get 

sin  («  +  0)  _  ^ sin  (3  ~  0)  ,.v 

^cos  ((9-0)  ~  ^cos  {B'  +  0)'  ^  ^ 

and  if  P  is  about  to  move  down  the  plane,  the  friction  acts 
in  an  opposite  direction,  and  therefore  the  sign  of  0  must 
be  changed  and  we  have 

« 

sin  {a  —  (p)  __      sin  (g  +  0)  /o\ 

cos  ((9  +  0)  ~  '^^  cos  {6'  -  0)'  ^''^ 

(1)  or  (2)  is  the  only  statical  equation  connecting  the 
given  quantities. 

We  obtain  a  geometric  equation  by  expressing  the  length 
of  the  string  in  terms  of  /^,  a,  j3,  0,  and  B\  which  is 

z  =  ;i  fc  +  "-^-l).  (3) 

\sm  0       sm  ^  /  ^  ' 

From  (1)  or  (2)  and  (3)  the  values  of  B  and  B'  can  be  found, 
and  this  determines  the  positions  of  P  and  Q. 

Otltenviae  thus: 

Instead  of  conaidcrmg  tlio  total  rea\staiice%,  Tl  Wifti  S,  ^^ 
may  consider  two  normal  resistances,  JB^widL  S^^^^  *^^^ 
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forces  of  friction,  /^jBi  and  /i/S'i,  acting  respectively  down 
the  plane  a  and  up  the  plane  jS.  In  this  case,  considering 
the  equilibrium  of  P,  and  resolving  forces  along,  and  per- 
pendicular to,  the  plane  «,  we  have 

P  sin  cc  +  iiRi  =  T cos  ^, )  ... 

P  cos  a  =  i?i  +  T  sin  0,    )  ^  ^ 

and  for  the  equilibrium  of  ft 

e  sin  i3  =iu«i  +  y  cos  ^',)  .. 

Qcosp=  S^  +  TsinO'.    j  ^^^ 

Eliminating  P^,  S^,  and  T  from  (4)  and  (5)  we  get  (1), 
the  same  statical  equation  as  before. 

The  method  of  considering  total  resistances  instead  of 
their  normal  and  tangential  components  is  usually  more 
simple  than  the  separate  consideration- of  the  latter  forces. 
^See  Minchin's  Statics,  p.  60.) 

CoR. — If  Q  is  given  and  P  be  so  small  that  it  is  about  to 
ascend,  its  value,  P^,  will  be  given  by  (1), 

_      sin  (0  ^  0)  cos  {0  -  0) 
^  ""  ^  sin  (a  +  0)  cos  (6'  +  </>)'  W 

and  if  P  is  so  large  that  it  is  about  to  drag  Q  up,  its  value, 
Pg,  will  be  given  by  (2) 

_      sin  (g  +  0)  cos  (g  +  0)  .^. 

«  ""  ^  sin  («  -  (t>)  cos  {0'  -  ft>)  ^^' 

the  angles  0  and  6'  being  connected  by  (3). 
There  will  be  equilibrium  \i  Q  \)e  aci\^^  o\v  \i^  any  force 
whose  magnitude  lies  between  P^  ai^di  P  ^^ 
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98.  Friction  on  Two  Inclined  Planes. — A  beam 
rests  on  two  rongli  iuciincd  plauoe;  find  the  position  o( 
equilibrium. 

Let  a  and  b  be  the  segments,  AG 
and  BG,  of  tbo  beam ;  let  d  be  tbe 
inclination  of  tbe  beam  to  the  hori- 
zon, a  and  P  the  inclinations  of  tbe 
planes,  and  E  and  .S'tbe  total  resist- 
ances. Suppose  tbat  A  is  on  the 
point  of  ascending ;  tbcu  the  total 
resistances,  R  and  S,  must  each 
make  the  angle  of  friction  with  the  corresponding  normal 
and  act  to  the  right  of  the  normal. 

Tbe  three  forces,  W,  R,  S,  must  meet  in  a  point  0  (Art 
■  63);  and  tbe  angles  GOA  and  GOB  are  equal  to  a  -\- <p, 
tod  li  —  ip,  respectively. 

'   Henoe    {a  +  I)  cot  BGO  =  a  cot  GOA  —  b  cot  GOB, 

{a  ■i-b)tm6  =  acot{u  +  <!')  —  b  cot  {0  -  <!>).     (1) 


Fig.4a 


Cor. — If  the  planes  are  smooth,  ^  =  0.  and  (1) 


(a  -I-  5)  tan  9  =:  a  cot  «  —  J  cot  p. 
e  Ex.  7,  Art  63.) 


99.    Friction   of   a    Trunnion.* — Trtmnmis  are  the 

Keglindrical  projeclion/s  front  llie  ctidg  of  a  shaft,  which  rest 

on  the  concave  surfaces  of  cylindrical  boxes.    A  shaft  rests 

in   a   horizontal   position,   with    its    trunnions    on   rough 

cylindrical  surfaces;   find  the  resistance  due   to  friction 

_*hich  )B  to  be  overcome  whim   the  shaft  begins  to  turn 

tout  a  horizontal  axis. 


*  DomeUiiieit  called  "  Jounu^" 


Let  6A(?  and  BAEII  be  two  right 
HcctJons  of  the  trunnion  and  ita  box ; 
the  two  circles  are  tangent  to  each 
other  internally.  If  no  rotation 
takes  place  the  trunnion  presaea 
upon  its  lowest  point,  H,  throngh 
which  the  direction  of  the  reaulting 
preaaiire,  R,  passes;  if  tiie  shaft 
begins  to  rotate  in  the  direction  AH,  the  trunnion  aecenda 
along  the  inclined  surface,  EAB,  in  consequence  of  the 
friction  on  its  bearing,  until  the  force,  S,  tending  to  move 
it  down  just  balances  the  friction,  F.  Eesolying  Ji  into  a 
normal  force  iVand  a  tangential  one,  S,  we  hare,  since  the 
tangential  component  of  Ji  in  urging  the  trunnion  down 
the  surl'uce  ^^  the  friction  which  opposes  it. 


-.F=iiN;    but    I^=8''+N*; 
R 


N^ 


Vi  +^* 


and  the  friction 


"  vTTy'  ~  Vl  H~  taiT" 
F:^  Rsm  d>. 


-.  (Art.  95),  ( 


Hence,  (o  find  the  friction  upon  a  trunnion,  multiply  th^ 
reauliant  of  the  forces  wMrJi  act  upon  it  by  the  sine  of  tin 
angle  of  friction. 

'       200.    friction  of  a  PWot — K  V\ca.\^   cltcular  sbsft  J 
^tPStsin  a  Fert/eal  position,  witb  its  eni,  ■9i\i\c^i.  \?. -a.  <ax(sO«a 


section,  on  a  horizontal  plate;  find  tbe  resifitance  due  to 
friction  which  is  to  be  overcome,  whan  the  shaft  begins  to 
revolve  about  a  vertical  asis. 

Let  a  be  the  radius  of  the  circular  secfcion  of  the  shaft; 
let  the  plane  of  (r,  B)  be  the  horizontal  one  of  contact 
between  Clio  end  of  the  shaft  and  the  plate ;  and  let  the 
centre  of  the  circular  area  of  contact  be  the  pole.  Let 
W  =  the  weight  of  the  shaft,  then  the  vertical  pressure  on 

each  nuit  of  surface  is  -  -^ ;  and  therefore,  \t  r  dr  d6  ie  the 

area-element,  we  have 


^B       .*.    the  friction  of  the  element  = /i — :^rdrdO. 

The  friction  is  opposed  to  motion,  and  the  direction  of  its 
action  is  tangent  to  the  circle  described  by  the  element; 
the  moment  of  the  friction  about  the  vertical  axis  through 

B|^  centre 

^K  _nWi^drde 

\ 

■itid 


perefore  the  moment  of  friction  of  the  whole  circular  end 
M  Wr'  dr  dO       2^  Wa 


-f'f 


Tra' 


(1) 


itnd  contiequentlj  varies  as  the  radius.  Hence  arises  the 
advantage  of  rodncing  to  the  smallest  possible  dimensions 
the  area  of  the  baac  of  a  vertical  shaft  revolving  with  its 

f'OHting  on  a  horizontal  bed. 
om  (1)  we  may  regard  the  whole  friction  due  to  the 
ure  us  actin;?  at  a  single  (luint.  a\w\  at  a  4\?.tD.-ftTO  W-m, 
eatreot  motion  et\\\a\  to  t,wo-l\\\t6»  ol  ^i«  tw^™*  '^^ 


r 


1G2  EXAMPLES. 

tlie  base  of  the  shaft    This  distance  is  called  the  mean 
lever  of  friction. 

Wlien  the  shaft  is  vertical,  and  rests  upon  i/s  circular  enS 
in  a  cylindrical  socket  the  cylindrical  projection  is  called  it 
Pivot. 


1.  A  maes  whose  weight  is  "JSO  lbs.  rests  on  a  horizontal 
plane,  and  is  pnlled  by  a  force,  F,  whose  direction,  mat 
an  angle  of  15"  with  the  horizon ;  dttermine  P  and  t 
tot-al  resiBtiioce,  R,  the  coefficient  of  friction  being  .62, 

Ann.  P.=  413.31bs.;  .fl  =  rae-Slbs. 

2.  Determine  P  in  the  last  example  if  its  direction  is 
horizontal.  A?is.  P  ^  465  Iba. 

3.  Find  the  force  along  the  plane  required  to  draw  a 
weight  of  25  tons  np  a  rough  inclined  plane,  the  coefficient- 
of  friction  being  ^,  and  the  inclination  of  the  plane  b 
Buch  that  t  tons  acting  along  the  plane  would  support  the 
weight  if  the  plane  were  smooth. 

Arts.  Any  force  greater  than  17  tons. 

4.  Find  the  force  in  the  preceding  example,  supposing 
it  to  act  at  the  mosc  advantageous  inclination  to  the  plan 

Ans.  15-^  tons. 

5.  A  ladder  inclined  at  an  angle  of  60°  to  the  horizon 
rests  between  a  rough  pavement  and  the  smooth  wall  of  ii:i 
house.  Show  that  if  the  ladder  begin  to  slide  when  a 
haa  ascended  so  that  his  centre  of  grayity  is  half  way  Mp, 
then  the  coefficient  of  friction  between  the  foot  of  t]i9 
ladder  and  the  pavement  is  \  V3. 


16.  A  body  whose  weight  is  30  lbs,  is  jnet  sustained  on 
rongh  inclined  plane  by  a  horizontal  force  of  2  lbs.,  and 
force  of  10  lbs,  along  the  plane-,  UiCi  coefficient  of  friction  i^ 
'/  Gnd  the  inclination  of  the  plane.     Aus.  '^.Vwe:;' 
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.  A  heavy  body  is  placed  on  a  rougli  plane  whose 
Ibdinutiou  to  the  borizou  is  bId^'  (^),  aod  is  connected  by 
a  string  passing  over  a  smooth  pulley  with  a  body  of  equal 
iveiglit,  which  hangs  freely.  Supposing  that  motion  is  oo 
the  point  of  ensuing  up  the  plane,  find  the  inclination  of 
the  string  to  the  plane,  the  coefficient  of  friction  being  J. 
Ans.  9  =  2  tan-i  (|). 

8.  A  heavy  body,  acted  upon  by  a  force  eqnal  in-  magni- 
tude te  its  weight,  ia  just  about  to  ascend  a  rough  inclined 
plane  under  the  influence  of  this  force ;  find  the  inclination, 
0,  of  the  force  to  the  inclined  plane. 

Ans.  ^  =  o  —  1,  or  30  +  t  —  ^,  where  i  ^  inclination 

of  the  plane,  and  i^  =  angle  of  friction.     [Q  is  hero  sup- 
posed to  be  measured  from  the  upper  aide  of  the  inclined 

ilane).    If  ^  >  20  -f  i,  6  is  negative  aud  the  apphed  force 
pi  act  towards  the  under  side. 
'  9.  In  the  first  solution  of  the  last  example,  what  is  the 
lEgnitude  of  the  pressure  on  the  plane  ? 
f  Ans.   Zero.     Eypluiu  this. 

10.  If  the  abaft,  (Art.  100),  is  a  square  prism  of  the 
weight  W,  and  rotates  about  an  asis  in  its  centre,  prove 
that  the  moment  of  the  friction  of  the  square  end  varies  as 
the  side  of  the  square. 

11.  If  the  shaft  is  composed  of  two  equal  circular 
cylinders  placed  side  by  side,  and  rotates  about  the  line  of 
contact  of  the  two  cylinders,  show  that  the  moment  of  the 
friction  of  tlie  surface  in  contact  with  the  horizontal  plane 
_  32iiaW 
~      9t 

18.  What  is  the  leaat  coefBcient  oS  tnc^wa  'Csva!!.  'w^*. 
atoro/*.iflMyi,badi^  being  instke^tlTom  ^Vx^wv^^o^tv 


Fi9-*1 


Let  hM  and  BAED  be  two  riglit 
sections  of  the  trunnion  and  its  hos : 
the  two  circles  are  tangent  to  each 
other  internally.  If  no  rotation 
takes  place  the  trunnion  presses 
upon  its  lowest  point,  H,  tlirough 
which  the  direction  of  the  resulting 
pressnre,  R,  passes;  if  the  shaft 
begins  to  rotate  in  the  direction  AH,  the  trannion  ascends 
along  the  inclined  surface,  EAB,  in  consequence  of  the 
friction  on  its  bearing,  until  the  force,  S,  tending  to  move 
it  down  juat  balances  the  friction,  F.  EesoWing  R  into  a 
normal  force  A* and  a  tangential  one,  S,  we  have,  since  the 
tangential  comjicment  of  R  in  urging  the  trunnion  down 
the  siiri'ace  =  the  friction  which  opposes  it 

8=F^t'^^\    but    IP  =  S^  +  m-f 


(Art.  95), 


OP 

/?  = 

li'm  +  N>; 

therefore 

N  = 

R 

Vi  +  c'' 

aod  the  friction 

?  = 

Vl  +  C' 

Vl  +  tan'  ^ 

or 

F 

=  R  sin  (l. 

Hence,  lo  find  the  friction  upon  a  trunnion,  multiply  /m 
resultant  of  the  forces  which  act  upon  it  by  tJie  sine  oftM 
angle  offn'cfioi/. 


tlOO.  Friction  of  a  Pivot.— \  Vca.N'j  wtchW  sbi 
Tests  iu  a  vertical  position,  wiLb  "its  eu4,  -«\i\Oq.  '»  b.  (sa 


ai 


rSTCTION  OF  A    Pj 

Bection,  on  a  horizontal  plate;  find  the  resistance  due  to 

friction  which  is  to  be  overcome,  when  the  shaft  begins  to 

revolve  about  a  vertical  axis. 

Let  a  be  the  radius  of  the  cu*enlar  section  of  the  shaft; 

let  the  plane  of  (r,  B)  be  the  horizontal  one  of  contact 

between  the  end  of  the  shaft  and  the  platfi ;  and  let  the 

centre  of  the  circular  area  of  contact  be  the  pole.    Let 

W  =  the  weight  of  the  shaft,  then  the  vertical  pressure  on 

W 
eaeh  unit  of  surface  ia  — = ;  and  therefore,  if  r  drdB  is  the 

area-element,  we  have 

the  pi-essiire  on  the  element  =  — -rclrdd; 


the  friction  of  the  element  = 


The  friction  is  opposed  to  motion,  and  the  direction  of  its 
action  is  taugent  to  the  circle  described  by  the  element ; 
the  moment  of  the  friction  about  the  vertical  asis  through 

Ii^e  centre 
I  „  ti.Wr*drde 

lh( 
ftni 


therefore  the  moment  of  friction  of  the  whole  circular  end 
It  B V  dr  dO  _  ZfiWa 


•Jo    ''a 


(1) 


and  consequently  varies  as  the  radius.  Hence  arises  the 
advantage  of  reducing  to  the  smallest  possible  dimensions 
the  area  of  the  base  of  a  vertical  shaft  revolving  with  its 
end  resting  on  a  horizontal  bed. 
From  (1)  we  may  regard  the  whole  friction  due  to  the 
as  acting  at  a  single  point,  and  at  a  4\Klttucft  Vt«m. 
ifm  equal  to  two-thirda  ol  t\«  T«6s»a  o\. 


ICO 


FRICTTOfr  OF  A   PIVOT, 


I 


Let  &A(7  and  BAED  be  two  riglit 
seetioiiB  of  the  tmnoion  and  its  box; 
the  two  eireles  are  taugeut  to  each 
other  internally.  If  no  rotation 
takes  plaee  the  trunnion  presses 
npon  its  lowest  point,  H,  through 
which  the  direction  of  the  resulting 
presenre,  R,  passes ;  if  the  shaft 
begins  to  rotate  in  the  direction  AH,  the  trannion  ascenda 
along  the  inclined  surface,  EAB,  iu  conseqnence  of  the 
friction  on  its  bearing,  until  the  force,  S,  tending  to  mora 
it  down  just  balances  the  friction,  J^.  ResoWing  R  into  ft 
normal  force  A' and  a  tangential  one,  S,  we  have,  since  the 
tangential  component  of  R  in  urging  the  trunnion  down, 
the  surface  =  the  friction  which  opposes  it, 

S=F=iiNi    but    R^  =  S^  +  N*; 

or  Ri  =  [flip  +  N'^ ; 


tberefore 

N  = 

VI +1^ 

and  the  friction 

F  = 

iJtan  0 

VI  +  tan"0 

or 

F 

=  R,mf. 

(Art.  95),- 


Hence,  to  find  the  friction  upon  a  trunnion,  multiply  th^ 
resultant  of  the  forces  n'fiiefi  net  upon  it  by  the  sine  offf' 
angle  of  fridioti. 

100.   Friction  of  a  PWot— N  \ifeaN-j   txtcxikr  afaal 
'■s  in  a  vertical  posiLiou,  wiV\A  'iVa  eTii\,  -wV^Ob.  Ss  a  is 


Now  P  C08  9  it  the  projection  of  the  force  on  the  direction 
Hof  the  diaplacement,  and  is  equal  to  OM,  OP  being  the 
ICoFce  and  PM  being  drawn  perpendicnlar  to  OA.  Hence 
■  we  may  also  define  the  virtnal  moment  of  a  force  as  ihfi 
Wprodnci  of  the  virtual  displacement  ofitspoiiit  ofappUca- 
■2to»  into  the  pry'eclion  of  the  force  on  the  direction  of  this 
h^isplacmnent  J    and  this  definition  for  some  pnrpoees  is 

ftiore  convenient  than  the  former. 


I 


Bkhabk.— A  force  1b  said  to  du  work  if  it  moves  the  body  to  which 
;  Is  applied ;  and  the  work  done  b;  It  Ls  measured  by  the  product  of 
the  force  into  the  space  through  which  it  movea  the  body.  Geuerallj, 
the  work  done  by  any  force  during  an  infinitely  small  displacement  of 
ita  point  of  application  is  the  product  of  the  rexolved  part  of  the  forco 
in  the  direction  of  the  displacement  into  the  diaplBcemetit ;  and  tliis 
ic  the  Bame  as  the  viriual  mmnent  of  the  force. 

102.  Principle  of  Vutual  Velocities. —  (1)  The 
virtual  moment  of  a  force  is  m/ual  to  the  sum  of  tlie  virtual 
moments  of  Ha  components. 

Let  OR  represent  a  force,  li,  act- 
ing at  0;  and  let  its  components  be 
P  and  Q,  represented  by  OP  and 
OQ.  Let  OA  be  the  virtual  dis- 
placement of  0,  and  let  ita  projec- 
tions on  R,  P,  and  Q,  he  r,  p.  and 
q,  respectively.    Then   the   virtual 

momenta  of  these  forces  are  R  ■  v,  P  ■  p,  Q  ■  q.  Draw  En, 
Pm,  and  Qo,  perpendicular  to  OA.  Then  On,  Om,  and  On 
(=  mn),  are  the  projections  of  R.  P,  and  Q,  on  tlie  direc- 
tion of  the  displacement;  and  hence  (Art,  101,  Cor.)  wo  have 

=  OA  ■  Ob  ; 


Fig.5l 


I 


p/roT. 

Let  hAd  and  BAED  be  two  riglit 
secMoiiH  of  tlje  tmnuion  and  its  box; 
the  two  circles  are  tangent  to  eaeli 
other  internally.  If  no  rotation 
takes  place  the  trunnion  presses 
upon  its  lowest  point,  H,  through 
which  the  direction  of  the  resulting 
pressure,  R,  passes;  if  the  shaft 
begins  to  rotate  in  the  direction  AH,  the  trunnion  ascends 
along  the  inclined  surface,  EAB,  in  consequence  of  the 
friction  on  its  bearing,  until  the  force,  S,  tending  to  move 
it  down  just  balances  the  friction,  F.  Resolving  R  into  a 
normal  force  A' and  a  tangential  one,  S,  we  have,  since  tho 
tangential  component  of  Jt  in  urging  the  trunnion  down 
the  Huri'ace  =  the  friction  which  o 


Fla.4B 


S=F~i^jy;    but     1^  =  8'+^', 
or  ^  =  f.»A'»  +  -iV»; 


therefore 

and  the  friction 


N^ 


Vl  -f /*'' 


or 


Vl  +  /I*       Vl  +  tan^ 
F=  R  sin  A. 


.  (Art.  9B)» 


Hence,  to  find  the  friction  upon  a  trnnnmi,  multiply  tht 
resultant  of  the  forcei  whirh  net  upon  it  by  the  sine  of  Ox 
angle  offrlclhn. 

100.  FTicUon  of  a  Pivot. — K  Xacun-?  mciiUt  shaf 
Vsts  in  a  vcWicai  iwsition,  w\l\i  \tB  cn4,"wV\tV\%^^ivK: 


FSicTTo.v  OF  A  piroS^ 

eectioD.  on  a  horizontal  plate;  find  the  resistance  due  to 

friction  which  is  to  be  overcome,  when  the  shaft  begina  to 

revolve  about  u  vertical  axis. 

Lot  a  be  the  radius  of  the  circular  section  of  the  shaft; 

let  the  plane  of  (r,  0)  he  the  horizontal  one  of  contact 

between  the  end  of  the  shaft  and  the  plate ;  and  let  the 

centre  of  the  circular  area  of  contact  be  the  pole.    Let 

W  ^  the  weight  of  the  shaft,  then  the  vertical  pressure  on 

W 
each  unit  of  surface  is  — , ;  and  therefore,  if  r  dr  clQ  ia  the 


^ffei 


a-element,  we  have 

the  pressure  on  the  element  =  - 


The  friction  is  opposed  to  motion,  and  the  direction  of  its 
action  is  tangent  to  the  circle  described  by  the  element; 
the  moment  of  the  friction  about  the  vertical  axis  through 
the  centre 

_liWt^drde 

thcrefoi-e  the  moment  of  friction  of  the  whole  circular  end 

■  -Jo    Jo    '~^' -~3~*  *^' 

•  and  consequently  varies  as  the  radins.  Hence  arises  th' 
advantage  of  reducing  to  the  smallest  possible  dimenBioi 
the  area  of  the  base  of  a  vertical  shaft  revolving  with  ft 
end  resting  on  a  horizontal  bed. 

From  (1)  we  may  regard  the  whole  friction  due  t~ 
pressure  aa  acting  at  a  single  point,  and  at  a  iVaXavM 

gof  motion  eqiml   to  two-tbitda  ol  ttie  w    ^^- 
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which  has  been  to  ronfini],  vrjth  Blighl  exceptions,  all  the  reanltBoi 
Coulomb,  and  to  dHtermine  with  coneiderable  prerision  the  nnrneriial 
TBtues  of  the  coefficients  of  friction,  for  all  tlie  BubstanceB  uaoallv 
employed  in  the  constrnction  of  madiinea.  (See  GalbwUth'a  Mc- 
chanica,  p.  68,  Twisden'a  PracticB]  MMhauicH,  p.  138,  and  Weisbacli's 
MecUauicfl,  Vol.  1,  p.  317.) 

93.  Magnitudes  of  Coefficients  of  Friction.— Pnir- 

ticaily  there  ia  wo  observed  coi'diL'k'iit  much  greiiter  than  1. 
Moat  of  the  ordinary  coefficients  are  less  than  \.  The  fol- 
lowing resnlt.s,  selected  from  u  table  of  coefficients,*  will 
afford  an  idea  of  the  amonnt  of  friction  aa  determined  by 
experiment ;  thea^  reanlte  apply  to  the  friction  of  motion. 

For  iron  on  stone      }i  varies  between  .3  and  ,7. 

For  timber  on  timber "      "  "        .2  and  .5. 

For  timber  on  metals  "      "  "        .2  and  .6, 

For  metak  on  metals  "      "  "      .15  and  .25. 

For  full  particulars  on  this  subject  the  student  is  referred 

to  Hankine's   Applied   Mechanics,  p.   209,   and  Moseley'a 

Engineering,  p.  124,  also  to  the  treatise  of  M.  Morin,  where 

he  will  find  the  subject  investigated  in  all  its  completeness. 

94.  Angle  of  FrictioD.^77'e  anijle  at  which  a  rough 
plant  or  surface  may  be  indined  so  Otai  a  body,  vshen  acted' 
upon  by  the /ores  of  gravity  only,inay  just  rest  upon  it  with' 
out  sliding,  is  called  th&  Angle  of  Friction.  \ 

Let  a  be  the  angle  of  inclination  of 
the  plane  AB  just  as  the  weight  is  on 
the  point  of  slipping  down;  W  the 
weight  of  the  body ;  R  the  normal  pres- 
sure on  the  plane;  P  the  force  of  fric- 
tion acting  along  the  plane  =  {iR  (Art, 
92).  Then,  resolving  the  forces  along  an 
the  plane  we  have  for  equilibrium 
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whicli  gives  the  itmiting  value  of  the  inclination  of  the 
plane  for  whicii  equilibrium  is  possible.  The  body  will  rest 
on  the  plane  when  the  angle  of  inclination  is  less  than  the 
angle  of  friction,  and  will  slide  if  the  angle  of  inclination 
exceeds  that  angle ;  and  this  will  be  the  case  however  great 
W  may  be ;  the  reason  being  that  in  whatever  manner 
we  increase  W,  in  the  same  proportion  we  increase  the 
friction  upon  the  plane,  which  serves  fco  prevent  H'frora 
sliding. 

From  (1)  we  eee  that  the  tjtngent  of  the  angle  of  friction 
is  equal  to  the  coefficient  of  friction. 


95.  Reaction  of  a  Rough  Curve 
or  Surface. — Let  AB  be  a  rough  c 
or  surface ;  P  the  position  of  a  particle 
on  it ;  and  suppose  the  forces  acting  on  Fig.AS 

P  to  be  confined  to  the  plane  of  the 
paper.    Let  ^,  :=  the  normal   resistance  of  the  surface, 
acting  in  the  normal,  FJV,  and  F  =  the  force  of  friction, 
acting  along  the  tangent,  FT. 

The  resultant  of  ^,  and  F,  called  the  Talal  Resistance* 
of  the  surface,  \&  represented  in  magnitude  and  direction  by 
the  line  PR  =  R,  which  is  the  diagonal  of  the  parallelo- 
gram determined  by  R^  and  F.  We  have  seen  that  the 
total  resistance  of  a  smooth  surface  is  normal  (Art.  41 ) ;  hut 
this  limitation  does  not  apply  to  a  rough  surface.  Let  0 
denote  the  angle  between  R  and  the  normal  R,^  ;  then  0  iu 
given  by  tlie  equation 


<LS  OF  I 
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vhich  hu  been  ta  ponflrm,  with  elighl  exReptiaiis,  all  the  reenlU  of  I 
Coulomb,  and  to  detero^iiie  with  ronsiderable  precision  the  numerical  1 
Talaes  of  the  coefBcients  of  friction,   for  b11  the  subBtanceB  uauallj 
employed   in  the  cotiEtruction  of  machineB.      (i^ee   Galbraith's  Me- 
chanics, p.  88,  Twisden'B  Practical  MechauiCB,  p.  138,  and  Weiebach's   j 
MecbaiiJCB.  Vol.  1,  p.  317.) 

93,  Magnitudes  of  Coefficients  of  Friction. — Pnic- 
tieally  there  is  uo  observed  coofficieut  much  greiiter  than  1,  i 
Moat  of  tho  ordinary  coefficients  are  leas  tlian  J-.  The  fol-  j 
lowing  results,  selected  from  a  table  of  coefficients,*  will  1 
aEEord  an  idea  of  the  amount  of  friction  as  determined  by '] 
experiment ;  these  results  apply  to  the  frictiou  of  motion, 

For  iron  on  stone      ;t  varies  between  .3  and  .7. 

For  timber  on  timber "      "  "        .3  and  .5. 

For  timber  on  metiila  "      "  "        .S  and  .6. 

For  metala  on  metals  "      "  "      .15  and  .25. 

For  full  particulars  on  this  subject  the  student  is  referred 

fo  Bankiue's   Applied   Mechanics,  p.  209,   and  Moaeley's 

Engineering,  p.  134,  also  to  the  treatise  of  M.  Morin,  where 

he  will  find  the  subject  investigated  in  all  its  completeness. 

94,  Angle  of  Friction. — 17ie  angle  at  which  a  rough 
plane  or  surface  may  he  inclined  so  thai  a  body,  whea  aele4 
upon  bJ/ the  force  of  gravity  only,may  just  rest  upon  it  loith* 
out  sliding,  is  called  the  Angle  of  Friction.^ 

Let  «  be  the  angle  of  inclination  of 

the  plane  AB  just  as  tho  weight  is  on 

tho  point  of    slipping    down ;    TI'   the 

weight  of  the  body  ;  R  the  normal  pres- 
H        sure  on  the  plane;  F  the  force  of  fric- 
^1       tion  acting  along  the  piii:ie  =  fiR  {Art. 
^1       92).     Then,  resolving  the  forces  along  and  pcrpendicalM-  to 
^H       the  plane  we  have  for  equilibrium 

K  ' » 


\ 


Fig.45 


TTTON  OF  A   EOUan  CURVE. 


tan  a  =  II,  (1) 

"which  gives  the  limiting  value  of  the  inclination  of  the 
plane  for  which  equilibrium  is  possible.  The  body  will  rest 
on  the  plaue  when  the  angle  of  inclination  ia  less  than  tlie 
angle  of  friction,  and  will  slide  if  the  angle  of  inclination 
oseeeds  that  angle ;  and  thia  will  be  the  case  however  great 
W  may  be ;  the  reason  being  that  in  wliatever  manner 
we  increase  IT,  in  tlic  sume  proportion  we  increaee  the 
friction  upon  the  plane,  which  serves  to  prevent  H'from 
sliding. 

From  (1)  we  eee  that  the  tangent  of  the  angle  of  friction 
is  equal  to  the  eoefficieut  of  friction, 

95.  Reaction  of  a  Rough  Curve  t      ^r 

or  Surface. — Let  AB  be  ii  rough  curve  'U/1" 

or  surface ;  P  the  position  of  a  particle     r- — '~p — — ^„ 
on  it ;  and  suppose  the  forces  acting  on  Fig.4e 

/*  to  be  confined  to  the  plane  of  the 
|>a[>cr.    Let  fi,  =  the  normal  resistance  of  the  surface, 
acting  in  the  normal,  FN,  and  F  ^  the  force  of  friction, 
acting  along  tlie  tangent,  PT. 

The  resulfjint  of  H^  and  F,  called  the  Total  Resigfance* 
of  the  surface,  is  represented  in  magnitude  aud  direction  by 
the  line  PR  =  R,  which  is  the  diagonal  of  the  parallelo- 
gram determined  by  fl,  aud  F.  We  have  seen  that  the 
total  resistance  of  a  smooth  surface  is  normal  (Art.  41) ;  but 
tliis  limitation  does  not  apply  to  a  roiu/h  surface.  Let  ^ 
denote  the  angle  between  R  and  the  normal  Ky ;  then  ^  ia 
given  by  the  equation 

F 

ia.ntp  - 


SXAXPLES. 

(3)  Suppose  the  force,  P,  just  sustains  tiie  particle ; 
normal  resistance  must  dow  be  replaced  by  the  tot^  resist' 
ance,  making  the  angle,  <p,  with  the  normal  at  the  right  a 
it.     Take  the  virtual  displacement,  OA',  at  right  angles  to 
the  total  resistance  (Art.  105,  Sch.),  and  let  it  b 
jin  infinitesimal  ds.    Then  (1)  of  Art  104,  gires 

_  W  •  Om  +  P  ■  0»'  =  0. 

But  Om  ^  ds-  sin  (0  —  ip), 

and  Oh'  =  ds  •  cos  (S  —  0), 

therefore     W  ■  am  {0  —  <p)  =  Y  ■  cos  {&  —  <p); 
or  P  =  W  .  tan  (ff  —  ^). 


Similarly,  if  the  force,  P,  will  jusi  drag  the  particle  up 
the  tube  we  obtain 

P  =  W  ■  tan  (e  +  f). 

i.  Solve  by  virtnal  velocities  Es.  6,  Art.  62. 

Let  the  diBplacement  be  made  by  diminishing  the  ar^< 
a,  wliicb  the  beam  makes  with  the  horizontal  plane,  by  da^ 
the  ends  of  the  beam  still  remaining  in  contact  with  ih( 
horizontal  and  vertical  planes.     Then  the  virtual  velodty  ol 


T  =:  (Z  -  2a  c 


(  =^  ~  2a  sia  a  dai 


W  =  rf«  sin  «  =  a  cos  «  da, 
and  those  of  the  reactions,  R  and  K',  vanish.     Then  tbj 


EXAMPLES, 
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—  T  2a  sin  a  rfa  +  W  a  COS  a  da  =  0 ; 
.•.    2T  sin  a  =  W  cos  a. 


itf      5.  Solve  Ex.  8,  Art.  62,  by  virtual  velocities. 

Let  the  displacement  be  made  by  increasing  the  angle 
S  by  dOy  the  point.  A,  remaining  in  contact  with  the  wall ; 
the  virtual  displacement  of  B  is  at  right  angles  to  the 
direction  ot  the  tension,  T,  and  hence  the  virtual  moment 
of  T  is  zero  ;  the  virtual  velocity  of  W  is 

d  (J  cos  0  —  a  cos  d)  =  a  Bind  do  —  b  sin  0  tZ0. 

Then  (1)  of  Art.  104,  gives 

W  (a  sin  d  dO  —  b  Bin  (p  dfp)  =  0; 

.•.    b  Bin  (j)  d<l>  r=  a  sin  0  dd. 

But  from  the  geometry  of  the  figure  we  have 

J  sin  0  =  2a  sin  d; 

•••    b  cos  0  (f0  =  2a  cos  0  dd; 
.'.    2  tan  0  =  tan  6; 

which,  combined  with  (5)  of  Ex.  8,  Art.  62,  gives  us  the 
values  of  sin  d  and  cob  0 ;  and  these  in  (6)  of  that  Ex. 
give  us  the  value  of  x. 

6.  Solve  Ex.  38,  Art.  65,  by  virtual  velocities. 

Since  the  bar  is  to  rest  in  all  positions  on  the  curve  and  the 
peg,  its  centre  of  gravity  will  neither  rise  nor  fall  when  the 
bar  receives  a  displacement,  hence  its  virtual  velocity  vriU  -=■  <\  \ 
.',    etc. 
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7.  In  Ex.  4,  Art.  42,  prove  that  (1)  is  the  equation  of 
virtual  moments. 

8.  Find  the  inclination  of  the  beam  to  the  vertical  in 
Ex.  31,  Art.  65,  by  virtual  velocities. 

9.  Deduce,  by  virtual  velocities,  (1)  the  formula  for  the 
triangle  of  forces  (see  1  of  Art.  32),  and  (2)  the  formula  for 
the  parallelogram  of  forces  (See  1  of  Art.  30). 


CHAPTER    VII. 


MACHINES. 

106.  Fiu:cii<aus  of  a  Machine. — A  machine,  SlalicaUy, 
ia  any  in'itrumerJ  by  means  of  which  ice  may  change  the 
direction,  inagnUHde,  xnd  point  of  application  of  a  given 
force  ;  a.ui  Kinelir^dly,  it  is  any  inslrumeTit  by  msans  of 
which  we  may  chan^v  the  direction  and  velocity  of  a  given 
motion. 

In  applying  the  principle  of  virtual  velocitius  to  &  system 
of  connected  bodies,  adTautuge  is  gained  by  choosing  the 
virtnal  displacements  in  certain  directions  (Art.  104,  Seh). 
When  we  nse  this  piinriple  in  the  discussion  of  machines 
the  dieplacemeuts  which  we  ehall  choose  will  be  those  which 
the  different  parts  of  a  raacbine  aclvally  undergo  when  it 
is  employed  in  doing  work,  and  instead  of  equations  of 
virtual  work  we  shall  have  equntiona  of  actual  work ;  and 
in  future  the  principle  of  virtual  velocities  will  often  be 
referred  to  aa  the  Principle  of  Work.  (See  Mincbin'a 
Statics,  p.  383.) 

Every  machine  is  designed  for  the  purpose  of  oveix'oming 
certain  forces  which  are  called  resistttn/.'esj  and  the  foi'cca 
wbich  are  applied  to  tlie  machines  to  produce  this  effect  arc 
called  moving  forces.  When  the  roachiao  is  in  motion, 
3very  moving  force  displaces  its  point  of  a]iplieation  in  its 
uwri  direction,  while  the  point  of  application  of  a  rcsistunTc 
J8  displaced  in  u  direction  opposite  to  that  of  the  resistance-. 
}Ience,  a  moving  force  ia  one  whose  elcmeutary  work*  is 
positive,  and  a  resistance  is  one  whose  elementary  work  is 
negative.    The  niuiinj,'  force  ic,  for  cimwttwwtt,  licKiai-  'Cltt';i 
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power ;  and  because  the  attraction  of  gravity  is  the  most 
Gommoii  form  of  the  force  or  resistance  to  be  overcome  it  li 
usnally  called  the  iveighl. 

The  weight  or  realHtaiice  to  be  ovBreorae  may  be  Ihe  earth's 
tioQ.  Bs  in  ruaing  a  weight;  the  molecular  attractions  between  thft 
particles  of  a  body  as  m  etamping  or  catting  a  metal,  or  dividing 
wood  ;  or  friction,  as  in  drawiug  a  heavy  body  along  a  rough  rotid. 
The  p:)wer  may  be  that  of  ijion,  oi  horses,  or  the  steam  engine,  eta,, 
and  may  be  joBt  aufflcieat  to  overcome  the  resistance,  or  it  may  be  is 
excess  of  what  is  neceBsary,  or  it  luay  be  tuo  email.  If  just  aufficfent, 
the  machine,  if  in  motion,  will  remain  uniformly  bi 
it  win  be  on  the  point  of  moving,  and  the  power,  weight,  and  frictioft 
will  be  in  equilibrium.  If  the  power  be  in  excess,  the  machine  wiQ 
he  Bet  in  motion  and  will  continue  in  Bcc<>lerati?d  i 
power  be  too  small,  it  \vill  not  be  able  Ui  move  the  machine  ;  and  if 
it  be  already  in  motion  it  will  gradoally  ci 

The  general  problem  with  regard  to  raachinoa  is  to  find 
the  relation  between  the  power  and  the  weight.  Somai 
times  it  is  most  convenient  that  this  relation  should  be  ooft 
of  equality,  i.  e.,  that  the  power  should  equal  the  weight. 
Generally,  however,  it  is  most  convenient  that  the  power 
ehould  be  very  different  from  the  weight.  Thus,  ■ 
has  to  lift  a  weight  of  one  ton  hanging  by  a  rope,  it  is  clea( 
that  he  cannot  do  it  unless  the  meehauical  contrivanofl 
provided  enable  him  to  lift  the  weight  by  exercising  a  puS 
of  very  much  less,  aay  one  cwt.  When  the  power  ie  tnndt 
smallLT  than  the  weight,  as  it  is  in  this  case,  which  is  i 
very  common  one,  the  machine  is  said  to  work  at  a  mechan 
teal  advantage.  When,  as  in  some  other  cases,  it  is  desirabll 
that  the  power  should  be  greater  than  the  weight,  there  i 
said  to  be  a  mechanical  disadvantage  of  the  maehine. 

107.  Mechatiical  Advantage.— (1)  Let  P  and  W  b 
the  power  and  weight,  and  p  and  w  their  virtual  velocitl^ 
respectively;  and  lt>t  friction  be  omitted.     Then  f 
equation  of  virtnal  work  (Art.  104),  we  have 
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which  shows  that  the  smaller  P  is  in  comparisou  with  W, 
the  smaller  w  will  be  in  compansou  with  p.  But  the 
smaller  P  is  in  (iomparison  with  W,  the  greater  is  the 
meclianical  advantage.  Hence,  the  greater  the  mechanical 
advantage  is  tlie  less  will  he  the  virtual  voiooity  of  the 
weight  in  comparison  with  that  of  the  power.  Now,  if 
motion  actually  takes  place  the  virtual  velocities  become 
wc/wfl?  velocities ;  and  lience  we  have  the  principle  what  is 
gained  in  power  is  lost  in  imlocity. 

(3)  There  are  no  cases  in  which  the  weight  and  power 
are  the  only  forces  to  be  considered.  In  every  movement 
of  a  machine  there  will  always  be  a  certain  amount  of  fric- 
tion ; ,  and  this  can  never  be  omitted  from  the  equation  of 
virtual  work.  Thei-e  are  cases,  however,  aa  that  of  a  balance 
on  a  knife-edge,  where  the  friction  is  very  small;  and  for 
these  the  principle,  what  is  gained  in  power  is  lost  in 
velocity,  is  very  approximately  true,  Wliere  tJie  friction  is 
considerable  this  is  no  longer  the  case. 

Let  F  and  /  be  the  resistance  of  friction  and  its  virtud 
velocity,  then  the  equation  for  any  machine  will  take  the 
form 

Pp  —  Ww  ~  i-y  =  0, 

which  shows  us  that  althongh  P  can  be  made  as  small  aa  we 
wish  by  taking  p  large  euongh,  yet  the  mechanical 
advantage  of  diminishing  P  is  restricted  by  the  fact  that  / 
increases  withp;  and  therefore  aa  P  diminishes  there  is  a 
corresiHJudmg  increase  of  the  work  to  be  done  against  fric- 
tion. Hcnoc  if  friction  be  neglected,  there  is  no  practical 
limit  tj  the  ratio  of  P  to  If;  but  if  the  friction  he  con- 
sidered, tlie  advantage  of  diminishing  P  has  a  limit,  since 
if  Pp  ri^muins  the  siirae,  Ww  must  decrease  as  7^ increases; 
1.  e.,  the  work  done  against  trictiou  increases  with  the 
complexity  of  the  machine  ;  and  thns  puts  a  practical  Umvt 
to  the  tnechMnical  odvautage  whicli  It  i&  ^sii^o^u  ^  iJqvs^kv 
^r  the  osc  of  macbin 


SIMPLE  MACHISES. 

108.  Simple  Machines. — Tlie  simple  machines,  some- 
times called  the  Mechanical  Powers,  sire  generally  t 
ated  s&  six  io  number  ;  the  Lever,  the  Wheel  and  Axle,  thg 
Inclined  Plane,  the  Pulley,  the  Wedge,  und  the  Serevt. 
The  Lever,  the  Inclined  Plane,  and  the  Pulley,  may  bt 
considered  iis  distinct  in  principle,  while  the  others  i 
combiuationB  of  them. 

The  efficiency"  of  a  machiuc  is  the  ratio  of  the  usefit 
work  it  yields  to  the  whole  amount  of  work  performed  bj 
it.  The  useful  work  is  that  which  is  performed  in  ovei 
coming  useful  resistances,  while  lost  work  is  that  which  \ 
spent  in  overcomiug  wasteful  resistances.  Useful  resia^ 
ances  are  those  which  the  machine  is  specially  designed  t 
overcome,  while  the  overcoming  of  wasteful  resistanceg  i 
foreign  to  its  purpose.  Friction  and  rigidity  of  corda  i 
wasteful  resistances  while  tiie  weight  of  the  body  to  1;^ 
h'fted  is  the  useful  resistance. 

Let  W  he  the  work  done  by  the  moving  forces,  Wu  tin 
useful  and  Wi  the  lost  work  when  the  machine  ig  movinj 
uniformly.    Then 

W  =  Wu  +  Wi, 
and  if  M  denote  the  efficiency  of  the  machine,  we  have 


W 

In  a  perfect  machine,  where  there  is  no  lost  work,  tli 
efficiency  is  unity;  but  in  every  machine  some  of  the  wor 
is  lost  in  overcoming  wasteful  resistances,  so  that  ' 
efficiency  is  always  less  than  unity;  and  the  object  of  a 
improvements  in  a  machine  is  to  bring  its  efficiency  a^  ne^ 
unity  as  possible. 

The  most  noticeable  of  the  wasteful  I'csistimcea  a 
ti'on  and  rigidity  of  cords',  a\\4  ot  ftveac  wo  shiiU  con^di 


cnUe^  nwdutut. 
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(inly  tlie  firet.  The  stndunt  who  wants  inform  sit  ion  on  t.lie 
exp£irimentii!  liiwa  of  tlie  rigidity  of  cords  is  reftrrt-d  to 
Weisbach'a  Mechanics,  Vol.  I,  p.  363. 

109.  The  Lever. — A  lever  is  a  rigid  bar,  straight  or 
ciirred,  moFahle  about  a  fixed  axis,  which  is  called  the 
fulcrum.  The  parts  of  the  leyer  into  wJiich  the  fulcrum 
divides  it  are  called  the  anna  of  the  lever.  When  the  arms 
are  in  a  straight  line  it  is  called  a  slraighi  lever ;  in  all 
other  cases  it  is  a  bent  lerer. 

Levers  are  divided,  for  convenience,  into  three  kinds, 
according  to  the  position  of  the  fulcrum.  In  tlie  first  kind 
the  fulcrum  is  between  the  power  and  the  weight ;  in  the 
second  kind  the  weight  acta  between  the  fidcrum  and  the 
power ;  in  the  thii'd  kind  the  power  acts  between  the  ful- 
crum and  the  weight.  In  the  last  kind  the  power  is  always 
greater  than  the  weight. 

A  pair  of  scissors  furnishes  an  example  of  a  pair  of  levers 
of  the  first  kind;  a  pair  of  nut-crackers  of  the  second  kind; 
and  a  pair  of  shears  of  the  third  kind. 

110.  Conditions  of  Equilibrium 
of  the  Lever.— (1)  Wilhoui  Friction, 
Ijct  AB  he  the  lever  and  0  its  fulcrum ; 
and  let  the  two  forces,  P  and  W,  act  in 
the  plane  of  the  paper  at  the  points,  A 
and  It.  in  the  directions,  AP  and  BW, 
From  G  draw  CD  and  OE  perpendicular  to  the  directions 
of  P  and  W.  I^et  a  and  ^  denote  the  angles  which  the 
directions  of  the  forces  make  with  the  lever.  Then,  taking 
moments  around  0,  we  have 


k 


P.CD  =  ir-CE, 


P^  _  perpcntiicalar  on  dircctiotv  ol  W 
H^  "  pei-jjendicular  on  direction  ol  P 


Id 
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That  is,  iliG  condition  of  equilibrium  requires  that  the 
poiver  and  loeight  should  be  to  each  other  inversely  as  the 
length  of  their  respective  arms  (Art.  46). 

To  find  the  pressure  on  the  fulcrum,  and  its  direction ; 
let  the  directions  of  the  pressures,  P  and  W,  intersect  in 
F;  join  C  and  F;  then,  since  the  lever  is  in  equilibrinm 
by  the  action  of  the  forces,  P  and  W,  and  the  reaction  of 
the  fulcrum,  the  resultant  of  P  and  W  must  be  equal  and 
opposite  to  that  reaction,  and  hence  must  pass  through  C 
and  be  equal  to  the  pressure  on  the  fulcrum.  Denote  this 
resultant  by  R,  the  angle  which  it  makes  with  the  lever  by 
B ;  and  the  angle  AFB  by  w ;  then  we  have  by  (1)  of  Art.  30 

^  =  P2  4-  W^  +  2PTrcos  AFB  ; 

or  i^  =  p2  4.  TF2  +  2PT^^cos  w,  (2) 

which  gives  the  pressure,  R,  on  the  fulcrum. 

To  find  its  direction  resolve  P,  W,  and  R  parallel  and 
perpendicular  to  the  lever,  and  we  have 

for  parallel  forces,  P  cos  «  —  W  cos  i3— J?  cos  ^  =  0; 

for  perpendicular  forces,  P  sin  «  4-  TF  sin  /J — R  sin  ^  ^  0; 

by  transposition  and  division  we  get 

.       ^        Psin  «  +  W  s\n  p  ... 

tan  e  =  ~ -,  (3) 

P  cos  ic  —  W  cos  P  ^  ' 

which  gives  the  direction  of  the  pressure. 

Cor. — When  the  lever  is  bent  or  curved  the  condition  of 
equilibrium  is  the  same. 

ASohition  hy  the  principle  of  virtual  velocities. 

Suppose  the  lever  to  be  tuxiveA.  loww^  ^  '\w  ^^  ^mrs^^xqu 
of  J'  through  the  angle  dd,  iuto  t\\e  \)o^\^a^^v  ob^VJ^  -^  'm^ 
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b'be  the  perpendiculars  CD  and  CE  respectively,  tlieo  the 
iirtual  velocity  of  P  will  be  (Art.  101), 


Similarly,  ttie  virtual  velocity  of  W  is  —  qdd. 
Hence,  by  tbe  equation  of  virtual  work  we  have 

II  P-p-de  ~  W-q-dB  =  0; 

r  .-.    Pp  =  W'q. 

which  is  the  same  as  (1). 


«0 


(2)  With  Friction. — In  the  above  we  have  supposed  fric- 
tion to  be  neglected ;  and  if  the  lever  turns  round  a  sharp 
edge,  like  the  scale  beam  of  a  balance,  the  friction  will  be 
exceedingly  Email.  Levers,  however,  usually  consist  of  flat 
bars,  turning  about  roundt'd  pine  or  studs  which  form  the 
fulerunis,  and  between  the  lever  and  the  pin  there  will  of 
course  be  friction.  To  find  the  friction  let  r  be  the  radius 
of  the  pin  round  which  the  lever  turns ;  then  the  friction 
on  the  pin,  acting  taugentially  to  the  surface  of  the  pin 
and  opposing  motion,  ^  fl  sin  0  (Art.  99) ;  and  the  virtual 
velocity  of  the  point  of  application  of  the  friction  ^  rd6 ; 
and  hence  tho  virtual  work  of  the  friction  =  li  sin  ^-  rd6. 
Ileuce  the  equation  of  virtual  work  is 


P-pdB-  W-q 


-  Rsm^ 


)  =  0. 


Substituting  the  value  of  R  from  (2),  and  omitting  dB,  we 
have 

Pp  —  Wq  =  r  Hin  ^  \/i^'+lt^'+^'(*W"cn&^ \    l^A 

mdtiag  this  quadratic  f.tr  P  wc  have 


I 
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P  =  |i^W  +  ''°°' "'■"'■> 

i  ,r,.  ,i„  ^  ^y+ia£»iiL±/^l!i5l*iH^,  (6) 
-^  "^  p'—  r^  BIO* ^  "■  ' 

I  -which  gives  the  relation  between  the  power  and  the  weight 
■  when  Mtition  is  coiisiderert,  the  upper  or  lower  eign  of 
1  r  sin  0  being  taken  according  as  P  or  W  is  about  to  pre- 
1  ponderate. 

[       Cor. — ^If  the  friction  is  so  small  that  it  may  be  omitted, 
r  sin  0  ^  0,  and  (6)  becomes 

I  HI.  The  Common  Balance. — In  machines  generally 
'  the  object  is  to  produce  motion,  not  rest;  in  other  words 
to  do  work.  The  statical  investigation  shows  only  the  limit 
,  of  force  to  be  applied  to  put  the  machine  on  the  point  of 
motion,  or  to  give  it  uniform  motion.  For  any  work  to  be 
done,  the  force  applied  mnat  exceed  this  limit,  and  the 
greater  the  excess,  the  greater  the  amount  of  work  done. 
There  is,  however,  one  class  of  applications  of  the  lever 
where  the  object  is  not  to  do  work,  but  to  produce  equi- 
librium, and  which  are  tlierefore  sjiecially  adapted  for  treat- 
ment by  statics.  This  is  the  class  of  measuring  machtneB, 
where  the  object  is  not  to  overcome  a  particular  resistance, 
but  to  measure  its  amount.  The  testing  machine  is  a  good 
example,  measuring  the  pull  which  a  bar  of  any  material 
will  sustain  before  breaking.  The  common  balance  md 
steelyard  for  weighing,  are  familiar  examples. 
The  common  balance  is  an  instrument  for  weighing;  it 
a  lever  of  the  first  kind,  with  two  equal  arms,  with,  a 
$oa}e'paa  suspended  from  each  extremity,  the  fulcnun 
"  'ing  verdcaUy  above  the  cewtio  ol  ^p-Vit-j  dl  ycv^s  \mtm 
^heti  the  latter  is  horizoutaA,  ai:\A  fticTciotc  \tAc^>ai 
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the  ceiifre  of  gravity  of  the  system  formed  by  the  beam,  the 
seale-pans,  and  the  weights  of  the  scaJe-p:iuB.  The  Bub- 
stance  to  bo  weighed  is  placed  iu  one  Bcale-pao,  and  weights 
of  known  magnitude  are  plaeed  in  the  other  till  the  beam 
remains  in  equilibrium  in  a  perfectly  horizontal  position, 
in  whit'h  case  the  weiglit  of  the  siibBtance  is  indicated  by 
the  weights  which  bulance  it.  If  these  weights  diSerby 
ever  so  little  the  horizontality  of  the  beam  will  be  disturbed, 
and  aft«r  oscillating  for  a  short  time,  in  consequence  of 
the  fulcrnm  being  plaeed  above  the  centre  of  gravity  of  the 
system,  it  will  rest  in  a  position  inclined  to  the  horizon  at 
an  angle,  the  extent  of  which  is  a  measure  of  tbe  sensibility 
of  the  balance, 

Tbe  precediEg-  expInoRtiou  represents  the  balance  In  Us  simpleat 
form;  iu  practice  there  are  many  modi &cs.t tons  and  contrivBuceH 
introduced.  Much  skill  hoe  been  pspended  upon  the  conatruction  of 
balancefl,  and  gTcat  delicacy  hsa  been  obtuined,  Tbas,  the  beam 
fihc)HM  bo  Hoapended  by  ineuna  of  a  Xnife-edge,  i.  e.,  a  projecling 
metallic  edge  trdoaverse  to  its  len^h,  which  rcata  upon  a  plate  of 
agate  or  other  hard  sabstance.  The  chatna  tvhich  support  the  scale- 
pane  should  be  suspended  from  the  extremitiea  of  tbe  licam  In  the 
B&me  manner.  Tlie  point  of  sapport  of  the  beam  (fulcrum)  should  be 
Bt  e(|mi[  diatanceH  from  the  points  of  auspension  of  the  scaloa;  and 
when  the  balance  Is  not  loaded  the  Iwam  should  be  horizontaL  We 
can  asoonain  i(  these  conditions  are  sfttiaGed  by  obsarving  whether 
there  is  still  equilibrium  when  the  suljstonce  ia  transferred  to  the 
acale  which  the  weight  oripnolly  occupied  and  the  weight  to  that 

Plich  the  subatance  odginally  occupieil. 
The 
unsi 

(2)  Tlie  balance  should  possess  great  sensibility ;  i.  e.,  if 
two  weights  whieh  are  very  nearly  equal  be  v^acei  \.a  tVa 
scaln-pui^  the  beam  should  T&i'y  seimblji  liouv\\»VQ'n.-tn'a.'ui& 


I  The  chief  requisites  of  a  good  balance  are  : 

'  (1)  When  equal  weights  are  placed  in  the  ecale-pana  tbe 
n  should  be  perfectly  horizontal. 


I 
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{■i)  AVlieu    tlie   lialance   is   disturbed   if   eliuiiM   readilj, 
ruturti  to  its  stute  el  vest,  or  it  alionli!  Lave  stubtlily. 

112.  To  Determine  the 
Chief  RequiBites  of  a  G-ood 
Balance. — Let  i"  hih!  ir  lio 

tile  weighUi  in  the  scalu-pauB  ; 
0  tlie  fulcrum  ;  A  its  distance 
from  the  straight  line,  AB, 
which  joins  the  points  of  at- 
tachment of  the  scale-pans  to 

the  beam ;  G  the  centre  of  gravity  of  the  beam ;  and  1 
AB  he  at  right  angles  to  OC,  the  line  joining  the  fulcrnia 
to  the  centre  of  gravity  of  the  beam.  Let  AC  =  CB  = 
OG  =  k;  w  =  the  weight  of  the  beam  ;  and  fl  =  thi 
angle  which  the  beam  makes  with  the  horizon  when  thert 
is  eqailibrium. 
Now  the  perpendicular  from  0 

on  the  direction  oS  P  ^  a  cos  6  ^h  sin  9 
"     "  "  W  =  rtcosS  -I-  A  Bin  fl; 

'■     "  "  ii<  =^  k  &\\i6; 

therefore  taking  momenta  round  0  w( 

P  {a  cos  S— A  sin  6)— Il-'C^  coa  0-f  A  ^ 


tan  6  = 


[F  +  H-)  /,  -I-  wk 


This  eqnation  determines  the  position  of  equilibrium. 

IJirnt  requisite — the  horizon tality  of  the  beam  when  J*  a 
W  are  equal — is  satisfied  by  malting  the  arms  equal. 
The  necond  requisite  [(2)  of  Art.  Ill],  requires  thut, : 
a  given  value  of  P  —  W,  the  inclination  of  tlie  beam  to  ti 
horizon  mnst  be  as  great  as  possible,  and  therefore  the  a 
ability  is  greater  the  greater  Vai:\  6  \fi  ^ot  ».  ^'^p 
"—  W;  and  for  a  given  \a\ue  o^  ta.uB  VVftwsasM! 
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greater  tiic  smaller  thii  value  of  7'  —  W  is;  hence  the  sen- 
Hkbility  may  be  nieiisured  by  j,  ~  ~u"  ^^'^'^^  requires  that 

be  aa  small  aa  possible.  Therefore  «  must  be  large,  and  w, 
h,  and  k  must  be  email ;  i.  e.,  the  arms  must  be  lung,  the 
beam  light,  and  the  distances  of  the  fulcrum  from  the 
beam  and  from  the  centre  of  gravity  of  the  beam  must  be 
small. 

The  third  requisite,  its  stability,  is  greater  the  greater 
the  moment  of  the  forces  which  tend  to  restore  the  beam  to 
its  former  position  of  rest  when  it  is  disturbed.  If  f^  W 
this  momeut  is 

iiP  +  W)  h  +  if¥\  sin  e, 

which  should  be  made  as  large  as  possible  to  secure  the 
third  requisite. 

This  condition  is,  to  some  extent,  at  variance  with  the 
second  requisite.  They  may  botli  be  satisfied,  however,  by 
making  (P  +  II')  A  +  wk  laxge  and  a  large  also  ;  i.  e.,  by 
increasing  the  distances  of  the  fulcrum  from  the  beam  and 
from  the  centre  of  gravity  of  the  beam,  and  by  lengthening 
the  anns.  (See  Todbunter's  Statics,  p.  180,  also  Pratt^s 
Mechanics,  p.  78.) 

The  comparative  importance  of  these  qualities  of  sctwi- 
bililt/  and  utabiti/tf  in  a  balance  will  depend  upon  the  use 
fin-  which  it  is  intended ;  for  weighing  heavy  weights, 
Klabilily  is  of  more  importance ;  for  nao  in  u  chemical 
laboratory  the  balance  must  possess  great  sensxhUUy ;  and 
instruments  have  been  constrncted  which  indicate  a  varia- 
tion of  weight  lei^B  than  a  millinnth  part  of  the  whole.  In 
u  liahtnco  of  great  delicacy  the  fulcrum  is  made  as  thin  as 
poBsiWo  ;  it  is  generally  a  kiuft-edgu  of  hairdciiftA  *\«A  ii\ 
i^le,  restirigon  a  polished  agute  p\ate, 'fl\n!iia\a*».VV^*^''*^ 
■»#  «(TOfl^  rertical  pillar  of  brasB. 


I8fl 
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113.  The  Steelyard. — This  is  a  kind  of  balauce  in 
which  the  arms  are  unequal  in  length,  the  longer  one  being 
graduated,  aloag  which  a  poise  may  be  moved  in  order  to 
balance  different  weights  wliich  are  placed  in  a  scale-pan  on 
the  Bhort-arm.  While  the  moment  of  the  substance 
weighed  is  changed  by  increasing  or  diminishing  ita  quan- 
tity, its  arm  remaining  consbint,  that  of  the  poise  is 
changed  by  altering  its  arm,  the  weight  of  the  poise 
remaining  the  Rume. 

114.  To  Graduate   the  Common  Steelyard.— (1) 

When  the.  point  of  suspension  is  coincident  wttJi  the  centre 
of  gravity. 

Let  AF  be  the  beam  of  the  steel- 
yard suspended  about  an  axis  pass- 
ing througli  its  centre  of  gravity, 
C  ;  on  the  arm,  OF,  place  a  mov- 
able weight,  P :  then  if  a  weight, 
W,  equal  to  P,  is  suspended  from 
A,  tlie  beam  will  balance  when  P 
s  long  arm  is  at  a  distance 
from  C  equal  to  AC.     If  W  equals  twice  the  weight  of  P, 
the  beam  will  balance  when  the  distance  of  P  from  C  ia 
twice  AC;  and  so  on  in  any  proportion.    Hence  if  W  ia 
successively  1  lb.,  3  lbs.,  3  lbs.,  etc.,  the  distances  of  the 
.  notches,  1,  3,  3,  i,  etc.,  where  P  ia  placed,  are  as  1,  2,  3, 
etc.,  i.  p.,  the  arm  CP  ia  divided  into  egval  divisions,  begin- 
ning at  the  fulcrum,  C,  as  the  zero  point. 

(2)  Wl/en  the  point  of  suspension  is  not  coincident  with 
the  centre  of  gravity. 

Let  C  be  the  fulcrum,  If  the  snbatance  to  be  neighed, 

hanging  at  the  extremity,  A,  and  P  the  movable  weigbl 

Suppose  that  when  Wis  removed,  the  weight,  P,  placed  s 

i  B  will  balance  the  long  arm,  CT ,  atii Yee^i  \V«  ft^nalYftpd  I 

B  iiorizonta]  itosition ;  thun  tV\e  mome-ft'i.  o^  "Oc*  SMfSsxroai 
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itself,  about  0,  is  on  the  side,  OF,  and  is  etjaul  to  P-CB. 
HencP,  if  ir  hangs  from  A,  and  P  from  any  poiat  E,  then 
for  equilibrium  we  must  have 

P.CE  +  P-BC  =  If- AG; 


If  we  make  W  succeBsively  equal  to  P,  %P,  3P,  etc.,  then 
the  vwlues  of  BE  will  be  AC,  3AC,  3AC,  etc.,  and  these 
distsDcea  must  he  measured  off,  commeucing  at  B  for  tha 
zero  point,  and  the  points  so  determined  marked  1,  3,  3,  4, 
etc.  Such  a  steelyard  cannot  weigh  below  a  certain  limit, 
corresponding  to  the  first  notch,  1. 

To  fiud  the  length  of  the  divisions  on  the  beam,  divide 
BE,  the  diatauee  of  the  poise  from  the  zero  point,  by  the 
weight,  W,  which  P  balances  when  at  the  point  E.  The 
steelyard  often  has  />eo  fuleruma,  one  for  small  and  the 
other  for  large  weights. 

^^m  EXAMPLES. 


1,  What  force  must  be  applied  at  one  end  of  a  lever 
1^  ins.  long  to  raise  a  weight  of  30  lbs.  hanging  i  ins.  from 
the  fulcrum  which  is  at  the  other  end,  and  what  is  the 
lure  on  tlio  fulcrum  ?  Ans.  10  lbs. :  30  lbs. 


^^ressi 


A  lever  weighs  3  lbs.,  and  its  weight  acta  at  its  middle 
)inint:  the  ratio  of  tts  arms  is  1  :  3.  If  a  weight  of  48  lbs. 
bir  hung  from  the  end  of  the  shorter  arm,  what  weight 
uitub  be  suspended  from  the  otber  end  Uj  Yrtei'ift\vtwio'^\««''*- 
Atvs.  Mb'&R- 


WHEEL  A-ND  4XLE. 

3.  The  iirms  of  u,  bent  Icycr  siri!  3  tt.  and  5  ff.  and  iDclined 
to  each  other  at  au  angle  0  =  150°,  To  the  aliort  arm  a 
weight  of  7  lbs.  is  applied  and  to  the  long  arm  a  weight  of 
6  Iba,  is  applied.  Required  the  inclination  of  each  arm  to 
the  horizon  when  there  is  Gquilibrinm. 

Ans.  The  short  arm  is  inclined  at  an  angle  of  18°  32' 
above  tlte  horizon,  and  the  long  arm  is  inclined  at  an  angle- 
of  48°  23'  belmB  the  horizon. 


/® 


ng.5B 


115.  The  Wheel  and  Axle.— This 
machine  consista  of  a  wheul,  a,  rigidly 
connected  with  a  horizontal  cylinder, 
i,  movable  roand  two  trunnions  (Art 
99),  one  of  which  is  shown  at  c.  The 
power,  P,  is  applied  at  the  circumfer- 
ence of  the  wheel,  sometimes  by  a  cord 
coiled  round  the  wheel,  sometimes  by 
handspikes  as  in  the  capstan,  or  by 
handles  as  in  the  windlass  ;  the  weight,  W,  hangs  at  thn 
end  of  a  cord  fastened  in  the  axle  and  coiled  round  it 

IIG.  Conditions  of  Equilibrium  of  the  Wheel  and' 

Axle.^(l)  Let  a  and  b  be  the  radii  of  the  wheel  and  axlo 
respectively  ;  /'  and  H'  the  power  and  weight,  supposed  ti 
act  by  strings  at  the  circumference  of  the  wheel  and  axU 
perpendicular  to  Ihe  radii  «  and  b.  Tiien  either  by  tbi 
principle  of  virtual  velocities  or  by  the  principle  of  moment! 


Pfl  = 


Wb, 


'  radius  of  wheel 


It  is  evident  that,  by  increasing  the  radius  of  the 
or  by  diminishing  t\\e  vadma  ol  V\ve  wV,  ■otv^ 
Y  mecbaniciil  advantage  maj  V  gavaai.    \'t  V\>\  ■i\wi>Mb' 


i 

thevhA 
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t.hat  this  niibcbiiic  is  only  :■.  modification  of  the  luvL-r;  tlio 
peculiar  advantage  of  the  wliet'l  and  axle  being  that  an  end- 
leas  aeries  of  levers  are  brought  into  play.  In  this  respect, 
then,  it  surpasses  the  common  lever  iu  mechanical  advan- 
tage. 

In  the  ftbove  we  have  siippoBed  friction  to  be  neglected, 
or,  what  amounts  to  tlie  same  thing,  have  assumed  that  the 
trunnion  is  indefinitely  small.  In  practice,  of  course,  the 
trunnion  has  a  certain  radius,  r,  and  a  certain  coefBcient  of 
friction.  Calling  R  the  resultant  of  P  and  If',  and  taking 
into  account  the  friction  on  the  trunnion  we  have  for  the 
relation  between  P  and  W 

Pa  =  Wb  +  r  sin  0  '•Jl^^'SS'^^lPW  cos  w,      (3) 

tj  being  the  angle  between  the  directions  of  P  and  If 
exactly  as  iu  Art.  110. 


HBU' 


(■^)  Differential  WTieel  and 
Axle.^By  diminishing  h,  the  radius 
of  the  axle,  the  strength  of  the 
machine  is  diminished;  to  avoid  this 
disadvantage  a  differential  loheM  and 
axle  is  sometimes  employed.  In  this 
instrument  the  axle  consists  of  two 
cylinders  of  radii  b  and  b' ;  the  rope 
is  wound  ronnd  the  former  in  one 
direction,  and  af(«r  passing  under  a 
movable  pulley  to  wliicli  the  weight 
is  attached,  is  wound  round  the  latter  in  the  opposite  direc- 
tion, m  that  as  the  power,  P,  which  js  applied  iis  before, 
timgentiallj  to  the  wheel  of  radius,  a.  moves  in  its  own 
direction,  the  rope  nt  h  winds  up  while  the  roi>e  at  b' 
unwinds. 

For  the  o(|uili!miirn  of  the  forces  (,wVvetV\6T  al  le*.  ot  N-a. 

iform  motion),  the  tfusiuns  of  Uie  yoyiu  iQ.  InuKc^.'^"'' 
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lire  each  equal  to  ^W.    Hence,  taking  momenLs  round  thi 
centre  of  the  trunnion,  c,  ive  have 


Pa  +  i  Wb'  —  i  Wb  =  ■ 
.-.    Pa=  lW{d-b'), 


(3) 


henee  by  malting  the  differonec,  b  —  b',  email,  the  powef 
can  be  made  aa  small  as  we  please  to  lift  a  given  weight. 
Let  the  wheel  turn  through  the  angle  66;  the  point 
application  of  /'  will  describe  a  space  —  a69,  and  tha 
weight  will  be  lifted  through  a  space  =  |^  (S  —  b') 
which  latter  will  he  very  small  if  b  —  b'  is  very  sraalL 
Therefore,  since  the  amount  of  work  to  be  done  to  raise  tha 
weight  to  any  given  height,  is  constant,  economy  of  power 
is  accomplished  by  a  loss  in  the  time  of  performing  thi 
work. 


117.  Toothed  Wheels.— SboMed  or  cogged  wheels  t 
wheels  provided  on  the  circumferenceB  with  projectioni 
called  teeth  or  cogs  which  interlock,  as  shown  in  the  figurq 
and  which  are  therefore  capable  of  t.ransniitting  foi-ce,  8 
that  if  one  of  the  wheels  he  turned  roiind  hy  any  meanSi 

I   the  other  will  be  turned  round  also.  I 

When  the  teeth  are  on  the  sides  of  the  wheel  instead  of 
the  circumference,  they  are  called  aroten  wheels.  When 
the  axes  of  two  wheels  are 
ne; 
pa 
wli 
fri 
cal 
th( 
tr/ii 
teet. 


either  peqiendicular  nor 
parallel  to  each  other,  the 
wheels  take  the  form  of 
frustums  of  cones,  and  are 
called  beveled  wheels.  When 
there  is  a  pair  of  toothed 
wheels  on  each  axle  witii  the 
teeth  of  the  large  one  on  one 
c/e  Biting  between  the  teeth. 
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of  the  siiiiill  oiic  on  llie  next  iixlf,  tlio  Iiirger  wheel  of  each 
pitir  is  called  the  wheel,  hikI  the  sniiillcf  is  caJled  the  pUtion. 
By  means  of  a  oombiiiatiou  of  tootbeil  wheels  of  this  kind 
called  a  train  of  wheels,  motion  may  be  transferred  from 
one  point  to  another  and  work  done,  each  wheel  driving 
the  next  one  in  the  series.  The  discussion  of  this  kind  of 
niaciiinery  possesses  great  geometric  elegance  ;  hut  it  would 
be  out  of  place  in  this  work.  We  shall  give  only  a  slight 
sketch  of  the  simplest  case,  that  in  which  the  axes  of  the 
wheels  are  all  parallel.  For  tlie  investigation  of  the  proper 
forms  of  t€etb  in  order  that  the  wheels  when  made  shall 
run  trnly  one  upon  another  the  stiiilent  is  rcfetred  to  other 
works,* 

118.  To  Find  the  Relation  of  the  Fewer  and 
Weight  in  Toothed  Wheels.— Let  A  and  B  he  the  fixed 
centres  of  the  tuotlifd  wheels  on  the  circumferences  of 
which  the  teeth  are  arranged  ;  QCQ  a  normal  to  the  sur- 
faces of  two  teeth  at  their  jxiint  of  contact,  C.  Suppose  an 
axle  is  fixed  on  the  wheel,  B,  and  the  weight,  IT,  suspended 
from  it  at  E  by  a  cord  ;  also,  suppose  the  power,  P,  acts  at 
D  with  an  arm  DA;  draw  Art  and  Bi  perpendicular  to 
QCQ.  Let  Q  be  the  mutual  pressure  of  one  tooth  upon 
another  at  C;  this  pressure  will  be  in  the  direction  of  the 
normal  QCQ.  Now  since  the  wheel,  A,  is  in  equilibrium 
about  the  fixed  axis.  A,  under  the  action  of  the  forces, 
P  and  Q,  we  have 

P-LD  =  Q.\a;  (1) 

and  since  the  wheel,  B,  is  in  equilibrium  about  the  fixed 
axiB,  B,  nnder  the  action  of  the  forces,  Q  and  W,  we  have 

ir-BE  =  Q-^b. 

•  Bo»  Goodo™'i)  EUmmU  i^  Micluviifm  :  RanWre'ii  Apiilifd  M> 
ky't  XHglKfertng  1  WfUfa'a  PfiiiriitU'  Of  tiKhanUm, ;  CoWsnotf 
at^ier^Mr  Alty<flntluCa!iJi,  pm.  Tnint.,  \o\.  ll,P- W. 
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Dividing  (1)  by  (3)  we  have 

i^AD  _  A« 
IT-  BE  ~  Bfi' 

moment  of  i* Aa 

moment  oi  W  ~  Bb 

If  the  direction  of  the  normal,  QCQ.  at  the  point  of  con- 
tact, C,  changes  us  the  action  passes  from  one  tooth  to  tha 
succeeding,  the  relation  of  P  to  W  becomes  variable.  But, 
if  the  teeth  are  of  such  form  that  the  normal  at  their  point, 
of  contiiet  shall  always  be  tangent  to  both  wheels,  the  lineS' 
Aa  and  Bfi  will  become  radii,  and  their  ratio  conBtanLi 
And  since  the  nnmber  of  teeth  in  the  two  wheels  is  propor- 
tional to  their  radii,  we  have 


moment  of  P 
moment  uf  If  ~ 


number  of  teeth  on  the  wheel  P 
number  of  teeth  on  the  wheel  W    ^  ' 


119.  Helation  of  Power  to  Weight  in  a  Train  of  n 
WTieela — Let  Rf,  R^,  R^,  etc.,  be  tlie  radii  of  the  suc- 
cessive wheels  in  such  a  ti-ain  ;  r,,  r^,  r^,  etc.,  the  radii  of 
the coiTesponding  pinions;  and  let  P,  P^,  P„  P^,  .  .  .  Wi 
be  the  power's  applied  to  the  circumferences  of  the  eucccsaivfr 
wheels  aud  pinions.  Then  the  first  whool  is  in  equilibrium 
about  its  axis  under  the  action  of  the  forces  P  and  i*,, 
since  the  power  a])plied  to  the  circumference  of  the  second 
wheel  is  equal  to  the  reaction  on  the  first  piniou,  therefore 


BXAJtPLSB. 


Multiply  tug  flicf^e  cnuaiions  together  aud  omitting  L-ummon 
■ftctoFii,  we  have 


I   X    J-s   X    J-j 


W  ~  R,  X  H.  X  ^3  X  . 


(1) 


It  win  be  observed,  in  toothed  gearing,  that  the  smaller 
the  radius  of  the  pinion  as  compared  with  the  wheel,  the 
greater  will  be  the  mechanical  advantage.  There  is,  how- 
ever, a  practical  limit  to  the  size  that  can  be  given  to  the 
pinion,  because  the  teeth  must  be  large  enough  for  strength, 
and  must  not  be  too  few  in  number.  Six  is  generally  the 
least  number  admissible  for  the  teeth  of  a  pinion.  Equa- 
tion (I)  shows  that  by  a  train  consisting  of  a  very  few  pairs 
of  wheels  and  pinions  there  is  an  enormous  mechanical 
advantage.  Thus,  if  there  are  three  pairs,  and  the  ratio  of 
each  wheel  to  the  pinion  ia  10  to  1,  then  F  is  only  one 
thousandth  part  of  H';  but  on  the  other  hand,  W  will  only 
make  one  turn  where  P  makes  one  tiiousnnd.  Such  trains 
of  wheels  are  very  usefiil  in  machineiy  such  as  hand  cranes, 
where  it  is  not  essential  to  obtain  a  quick  motion,  and 
where  the  power  available  ia  very  small  iu  eonipai-ison  to 
the  weight.     (See  Browne's  Mechanics,  p.  109.) 

^ta  hxampl.es. 

|Fl.  What  is  the  diameter  of  a  wheel  if  a  power  of  3  lbs. 
le  just  able  to  move  a  weight  of  12  Iba.  that  hangs  from  the 
axle,  the  rmlins  of  the  axle  being  2  ins.?        Ans.  IB  ins. 

3.  If  u  weight  of  20  lbs.  be  supported  on  a  wheel  and 
axle  hy  a  force  of  4  lbs.,  and  the  radius  of  the  axle  is 
I  in.,  find  the  radius  of  the  wheel.  A7ts.  ^^  ins. 

3.  A  capstan  is  worked  by  a  man  pushing  at  the  end  of 
lie  exerts  a  forc^  of  50  lbs.,  and   walks  10  ft. 
bod  for  every  3  ft.    of  rope  puWed  m.    "^WV  \*  ^vs 
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4.  An  axle  whose  diameter  is  10  ins.,  has  on  it  two 
wheels  the  diameters  of  which  are  2  ft.  and  2|^  ft  respec- 
tively. Find  the  weight  that  would  be  supported  on  the 
axle  by  weights  of  25  lbs.  and  24  lbs.  on  the  smaller  and 
larger  wheels  respectively.  Ans.  132  lbs. 

120.  The  Inclined  Plane. — This  has  already  been 
partly  considered  (Art.  96,  etc.).  Let  the  power,  P,  whose 
direction  makes  an  angle,  6,  with  a  rough  inclined  plane, 
be  employed  to  drag  a  weight,  W,  up  the  plane.  Then  if 
0  is  the  angle  of  friction  and  i  the  inclination  of  the  plane, 
we  have  from  (3)  of  Art.  96, 

COS  (0  —  ^)  ^   ' 

If  P  acts  along  the  plane,  0  =  0,  and  (1)  becomes 

P  =  w'^-^-t^-  (2) 

cos  (t>  ^  ' 

If  P  acts  horizontally,  6  =  —  i,  and  (1)  becomes 

P  =  W  tan  {i  +  </>).  (3) 

CoR. — If  we  suppose  the  friction  =  0,  (1),  (2),  and  (3) 
become  respectively 


•         • 


P=W^~,  (4) 

cos  0  ^  ' 


P=  r  sin  i,  (5) 

P  =  IT  tan  L  (6) 


Sen. — It  follows  from  (,4^,  (^^V  ^li^  V,^^  "^^^  "^^^  ^scMSSifisi 
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ftie  inclination*  of  tlie  plane  to  the  horizon,  the  greater  will 
'te  the  mechanical  advantage.  If  we  take  in  friction  there 
in  iin  exception  to  this  rule  when  i  >  a  —  'P-  The 
gi*adients  on  railways  are  the  most  common  examples  of 
the  use  of  the  inclined  plane ;  these  lire  always  made  as  low 
as  is  convenient  in  order  to  enable  the  engine  to  lift  the 
heaviest  possible  train. 

121.  The  Pulley. — The  pvUey  consists  of  a  grooved 
wheel,  capable  o£  revolving  freely  about  an  axis,  fixed  into 
a  framework,  called  the  block.  A  cord  passes  over  a  por- 
tion of  the  circumfere<ice  of  the  wlieel  in  the  groove. 
When  the  axis  of  the  pulley  is  fixed,  the  pulley  is  called  a 
jixrd  pulley,  and  its  only  effect  ia  to  change  the  direction 
of  the  force  exerted  by  the  cord ;  but  where  the  pulley  can 
ascend  and  descend  it  is  called  a  movable  pulley,  and  a 
mechanical  advantage  may  be  gained.  Combioations  of 
pulleys  may  be  made  in  endless  variety;  we  shall  consider 
only  the  simple  movable  pulley  and  three  of  the  more 
ordinary  combinations.  No  account  will  be  here  taken  of 
the  weight  of  the  pulleys  or  of  the  cord,  or  of  friction  and 
stiffness  of  cords.  The  weight  of  a  set  of  pulleys  is  gener- 
ally small  m  comparison  with  the  loads  which  they  lift : 
and  the  friction  is  small.  The  use  of  the  pulley  is  to 
diminish  the  effects  of  friction  which  it  does  by  transferring 
^  the  fi'iction  between  the  cord  and  circumference  of  the 
1  to  the  axis  and  its  BupjiortB,  which  may  be  highly 
iolished  or  lubricat^l.  The  mechanical  principle  involved 
\  ftll  calculations  with  respect  to  the  pulley  is  tlie  constancy 
1  tlie  force  of  tension  in  all  parts  of  the  same  string 
\xi.  40).  


i  =      -  #.    apnti-  while  llie 

- 1,  moaluiDicsl  uIvbdIabd  \» 
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122.  The  Simple  Movable  Pulley.— Let   0 

centre  of  the  pulley  which  is  supported  by  a  cord  j 
tiuiler  it  with  one  end  attached  to  a  beam  at  A  aad  thfl 
other  end  stretched  by  the  force  P. 

Mow  aiBce  the  tension  of  the  string, 
AUDP,  13  the  same  throughout,  atid  the 
weight,  W,  is  supported  by  the  two 
sti'iiigs  at  B  and  D,  in  each  of  which 
tlie  tension  is  P,  we  have 


2^  = 


W~ 


The  same  result  follows  by  the  prin- 
ciple of  virtual  velocities.  Suppose  tlio  fib.bi 
pulley  and  the  weight,  W,  to  rise  any 
distance.  Then  it  is  clear  that  both  halves  of  the  Etrin| 
must  be  shortened  by  the  siime  distance,  and  hence  T^ 
must  rise  double  the  distance;  and  therefore  the  equation 
of  virtual  work  gives 

,P=W;    .:    1  =  1. 

The  mechiinioal  atlvautago  with  u  single  movable  puUeJ 


123.  First  System  of  Pulleys,  in  which 
the  same  cord  passes  round  all  the  Pul- 
leys.— In  this  system  there  are  two  blocks,  A 
iind  B,  the  upper  of  which  is  fixed  and  the 
lower  movable,  und  each  contdning  a  number 
of  pulleys,  each  pulley  being  movable  round 
llie  axis  of  the  block  in  which  it  is.     A  single 
cord  ia  attached  lo  the  lower  block  and  p:is3es 
.  altemateiy  round  tlie  pullcvB  in  thu  up[)er  and 
Jower  biocks,  the  portiona  of  flw  wivi\)et\jteeii 
tttccesaive  puJIeya  bviug  v^'^^j.W'iX.   1\ic-^Am 
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of  cord  proceeding  from  one  pulley  to  tlie  nest  is  called  a 
ply;  the  portion  at  which  the  power,  P,  in  applied  is 
called  the  tackle-fall. 

Since  the  cord  passes  round  all  the  pulleys  its  tension  is 
the  same  throughout  and  equal  to  P.  Then  if  w  be  the 
number  of  pliea  at  the  lower  block,  nP  will  lie  the  resultant 
upward  tension  of  the  cordg  at  the  lower  block,  which 
must  equal  W ; 

.-.      7lP  =   W, 


This  result  follows  also  by  the  principle  of  virtual  veloci- 
ties. Let^  denote  the  length  of  the  tackle-fall  and  x  the 
common  length  of  the  pliea  ;  then  since  the  length  of  the 
cord  is  constant,  we  have 

p  +  nx  7=  constant ; 


i 


But  the  equation  of  virtual  work  is 

Pdp  +  Wdx  =  0; 


-•■    P  =  —,    or    4=-- 

n  W       n 

This  system  is  most  commonly  used  on  acconnt  of  its 
superior  portability  and  is  the  only  one  of  practical  impor- 
tance. The  several  pulleys  are  usually  mounted  on  a  com- 
mon axis,  at!  in  the  figure,  the  cord  being  inclined  slightly 
tiside  to  pUBB  from  one  pair  of  pulleys  to  the  next. 

This  forms  what  is  culled  a  set  of  Blocks  and  Fallx.     It 
is  very  commonly  used  on  fihi|>bourd  jind  wherever  weights 
have  to  Ihj  lifted  at  irregular  times  and  places,    'llie  weiy;hc 
of  the  lower  eel  of  pulleys  ia  thiB  eaao  memV^  loT"m*\M\.  =A 
tie  grogs  weight  W.  1****^*^^* 
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The  friction  on  the  apindle  of  any  particular  pnUey  ii 
proportional  to  the  total  pressure  on  the  pulley,  whieh  i 
cleai'ly  '2P.  Hence,  if  f*  is  the  coefficient  of  friction,  tlioS 
resistance  of  Iriction  on  any  pnlloy  =;  2P/» ;  and  the! 
amount  of  its  displacement,  when  W  is  raised,  will  be  Xo\ 
the  dieplaccment  of  W  in  the  ratio  of  the  radius  of  the  I 
0  that  of  the  pulley. 


124.  Second  System  of  PuUeys, 
in  which  each  Pulley  bangs  from  a 
fixed  block  by  a  separate  String. — 

Let  A  he  tlie  lixed  pulley,  «  the  numher 
of  movahle  pulleys ;  each  cord  has  one 
eud  attached  to  a  fixed  point  in  the  beam, 
and  all  except  the  lust  have  the  other  end 
attached  to  a  movable  pulley,  the  por- 
tions not  in  contact  with  any  pulley  being  all  iiarallel. 
Then  the  tension  of  the  cord  pajjsiiig  under  the  first 


Fig.  04 


W  , 


(lowest)  pnlley  =  -^  (Art.  123) ;  the  tension  of  the  coi 

W 

passing  under  the  second  pulley  ^=  -^^,  and 


>rd| 


tension  of  the  cord  passing  under  the  wth  pulley 
which  must  eqnal  the  power,  P ; 


and  the 


0) 


\ 


The  same  result  follows  by  the  principle  of  work.  Stiii- 
poee  the  first  pnlley  and  the  weight  W  tfl  rise  any  diatanop, 
x;  then  it  is  clear  that  both  portions  of  the  cord  passing 
round  this  pulley  will  be  shortened  by  the  same  distance, 
and  hence  the  second  pulley  must  rise  double  this  distance 
or  3t,  and  the  third  pulley  must  rise  donblc  the  distance  i>( 
the  secuad  or  2%  and  so  on;  ai\it\\ft  ntU  pulley  must  rise 
^"-kc  and  i*iimat  descend  ■i.'^x;  vVwit^t  vVs; s(ot>s.  >A.^ 


wm^m 
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is  F2'*x,  and  ihu  work  tu  be  douu  on  W  is  W-^ 
'  the  equation  of  work  givca 


p.  3»:e  =  Wx, 


W~ 


125.  Third  System  of  Pulleys,  in  which  each  cord 
is  attached  to  the  weight. — lu  thia  systum  one  end  of 
each  coi-d  is  attached  to  the  bar  from  which  the  weight 
hangs,  and  the  other  supporta  a  pulley,  the  conla  being  all 
parallel,  and  the  number  of  movable  pulleys  one  less  than 
the  number  of  cords. 

Let  n  be  the  number  of  cords;  then  the 
tension  of  the  cord  to  whieh  P  is  attached  ia 
P ;  the  tension  of  the  second  cord  ia  2P  (Art. 
122);  that  of  the  next  2'P,  and  so  on;  aod 
the  tension  of  the  wth  cord  is  Sn-'P.  Then 
the  sum  of  all  the  tensions  of  the  cords 
attached  to  the  weight  muat  equal  IF. 
Hence 


p  +  ^p  +  SU^  +  . 


.  2»-ip  =  (S- 


In  thia  system  the  weights  of  the  movable  pulleys  asaist  P ; 
in  the  two  former  systems  they  at't  against  it. 


1.  What  force  is  necessary  to  raise  a  weight  of  480  lbs. 
by  mi  amingement  of  six  pulleye  in  which  the  same  string 
paiiBtia  round  each  pulley?  Ahk.  80  lbs. 

3,  Find  the  power  which  will  support  a  weight  of 
tiUO  lbs.  with   three   movable  puUeja,  axYMX^e^  «a  \ft,  "'JcNa 


SOS  TBE   WBDQE, 

3.  If  tlicTO  be  equilibrium  between  P  and  W  with  three 
jiulleya  in  the  third  syatein,  what  additiouul  weight  can  be 
raised  if  2  lbs.  be  added  to  />?  Ans.  li  Iba. 

126.  The  Wedge. — The  wedge  is  a  triangular  priam, 
nsually  iaosceleB,  and  is  used  lor  aeparatiug  bodies  or  parta 
of  the  same  body  by  introducing  ita  edge  between  them  aud 
then  thrusting  the  wedge  forward.  This  is  effected  by  the 
blow  of  a  hammer  or  other  such  means,  which  prodi 
violent  presaure,  for  a  short  time,  in  a  direction  perpen- 
dicular to  the  back  of  the  wedge,  and  the  resistauce  to  bo' 
overcome  conaiats  of  friction  and  a  reaction  due  to  the 
molecular  attractions  of  the  particles  of  the  body  wfaicli 
are  being  separated.  This  reaction  will  be  in  a  direction 
perpendicular  to  the  inclined  surface  of  the  wedge. 

127.  The    Mechanical  Ad- 
vantage of  the  Wedge.— I^t 

ACB  represent  a  section  of  the 
wedge  perpendicular  to  its  in- 
clined faces,  the  wedge  having 
been  driven  into  the  material  a 
distance  eqnal  to  DC  by  a  force, 
P,  acting  in  the  direction  DC, 
Draw  DE,  DF,  perpendicular  to 
AC,  BC,  and  let  R  denote  the 

reactions  along  ED  and  FD  ;  then  fiR  will  be  the  friotioi 
acting  at  E  and  F  in  the  directions  EA  and  FB,    Let  t 
angle  of  the  wedge  or  ACB  =  2a. 

Resolve  the  forces  which  act  on  the  wedge  in  direotun 
perpendicular  and  parallel  to  the  back  of  the  wedge,  Ut4 
wo  have  for  i>erpendieular  forces 

P  =  3fl  aiu  «  +  2/ifl  cos  «,  (] 

77//'s  equation  may  also  he  obtained  froia  llic  priuci'jle  a 
\K-0ri-  its  foUows:     If  the  welgeVAs  Vew  i.w«s.  «iia ' 


Fig-M 
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material  a  distance  equal  to  DC  by  a  force,  P,  actiug  in 
the  direction  DC,  then  the  work  done  by  P  is  /*  x  DO 
(Art.  101,  Kern.);  and  since  the  points  B  aud  F  were 
originally  togetlier,  the  worit  done  against  the  resistance 
fl  is  fl  X  DE  +  ffi  X  DF  =  2-K  X  DB ;  and  the  work 
done  against  friction  is  'Si^.R  x  EC.  Hence  the  equation 
of  woik  is 

i-  X  DO  =  37?  X  DE  +  2^j;  X  EC,  (3) 

which  reduces  to  (1)  by  substituting  sin  «  and  cos  a  for 
DE       ^  EC 


Cor. — If  friction  be  neglected,  (2)  becomes 

»P  _  2DE  _  AB 
I  .ffi  ~  DO    ^  AC 

!_■•,•  P  _  back  of  the  wedge 

R  ~  length  of  one  of  the  equal  sides 

It  follows  that  the  narrower  the  back  of  the  wedge,  the 
greater  will  be  the  mechanical  advantage.  Knives,  chisels, 
and  many  other  implements  ai'e  esam])les  of  the  wedgo. 

In  the  action  of  the  wedge  a  great  part  of  the  power  is 
employed  in  cleaving  the  material  into  which  it  is  driven. 
Tlio  force  required  to  effect  this  is  so  great  that  instead  of 
applying  a  continnoua  pushing  force  jwrpendicular  to  the 
back  of  the  wetlge,  it  ia  driven  hy  a  series  of  blows.  Be- 
Lwoen  the  blows  there  ia  a  powerful  reaction,  R,  acting  to 
pii8h  the  wedge  back  again  out  of  the  cleft,  and  this  is 
roaistfid  by  the  trietion  which  now  acts  in  the  directions 
EC  and  FO,  llence  when  the  wedge  is  on  the  point  of 
Btartiiig  back,  between  Ihe  blows,  the  equation  of  equi- 
jjibrium  will  be  from  (1) 

tR  teiu  n  —  'ifiR  cos  «  =  0  \ 

ft  =  tair^  (i. 


I 
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And  tha  wedge  will  fly  baok  or  uot  according  as  «  >  or 
<  tan^'  y..  (See  Browne*!?  Meclianiea,  p.  117.  Also  Magnns's 
Mechanics,  p.  157,) 

128.  Tlie  Screw. — The  screw  couaists  of  a  right  cir- 
cular cylinder,  ou  tlie  convex  surface   of  which  there 
traced  a  nniform  projecting  thread,  ahcd  ....  inclined  at. 
a  constant  angle  to  straight  linea  parallel  to  the  axis  (if  the' 
cylinder.     The  path  of  the  thread 
may  he  traced  by  the  edge  AC  of 
an  inclined  plane,  ABC,  wrapped 
round   the  cylinder;  the  base  of 
the  plane  corresponding  with  the 
circumference  of  the  cylinder,  and 
the  height  of  the   plane  with  the 
distance  between  the  threads  which 
is  called  the  pitch   of  the  screw. 
The  threads  may  be  rectangular  or 
triangnlar  in  section.    The  cylinder 
fits  into  a  block,  ou  the  inner  sur- 
face of  which  is  cut  a  groove  Avhich 

of  the  thread.  The  block  in  which  the  groove  is  cut  is  often 
called  the  nut.  The  power  is  generally  iipplied  at  the  end  of 
a  lever  fixed  to  the  centre  of  the  cylinder,  or  fixed  to  the  nut, 
It  is  evident  that  a  screw  never  requires  any  pi-easure  in  the 
direction  of  its  axis,  but  must  be  made  to  revolve  only ; 
and  this  can  he  done  by  a  force  acting  at  right  angles  to 
the  extremities  of  its  diameter,  or  its  diameter  produced. 

129,  The  Relation  between  the  Power  and  Uie 
Weight  in  the  Screw,  Sii|i|iiisc  the  power.  P.  to  at't  in 
;i  |ilaiie  pi'qiuiidiL'iihn'  li>  Un:  axis  (if  ihi'  cylinder  and  at  thu 
end  of  an  ami,  DE  =  a,  and  suppose  tJie  screw  to  have 

jimtle  one  revolution,  the  power,  P,  will  have  moved 
through  the  cireumfui'encc  ol  "^to*^  a,  \?.  W^  wiAioa,  and 
■he  work  done  by  P  wUV  Ve  Px^-na.    T>^^xvft^^!aft  vssm 


Fig.  87 

s  the  exact  counterpart 
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timfi  the  screw  will  have  iiiovod  in  the  direction  of  its  asia 
through  the  distance,  AB  =i  2nr  tan  a,  r  being  the  radiua 
of  the  cylinder,  nnd  «  the  aogle  which  tlie  thread  of  the 
screw  makes  with  its  base.  Then  as  this  ia  the  direction  in 
which  the  resistance  is  encountered,  the  work  done  against 
the  resistance,  W,  is  W'inr  tan  «.  Hence  if  no  work  is  lost 
tlie  equatiou  of  work  wilt  bo 


/■  X  2-0-  - 


W  > 


(1) 


That  is  the  power  is  to  the  weight  as  the  pilch  of  the  screw 
is  to  the  circumference  descriheil  by  the  power. 

If  there  is  friction  between  the  thread  and  the  groove,  let 
R  be  the  normal  pressure  at  any  point,  p,  of  the  thread, 
and  )iR  the  friction  at  this  point,  then  the  work  done 
against  the  friction  in  one  revolution  is  jt^R  3Trr  sec  «,  Sfl 
denoting  the  sum  of  the  normal  reactions  at  all  points  of 
the  thread.     Hence  the  equation  of  work  is 


P2ffa  =  W%nr  tan  a.  -\-  it%m 


But,  for  the  eqiiilibrium  of  the  f 
to  the  axis,  wo  have    - 


If  =  S  {«  c 
refore  -^  =  — 

9iich  in  (3)  gives 


aiiJ. 


(2) 


,  resolving  parallel 


Pa  =  Wr  tan  «  + 


Pa  =  Wr  tan  («  +  0), 
b6!ng  the  angle  of  friction. 


JfTTAL   SCREW. 

129a.  Prony's  Differential  Screw.^If  Jt  deuote  tii« 
pitoli  of  It  i^LTew  (1)  becomes 

2P7Ta  =  Wk, 

which  expresses  the  relation  between  /*  and  W,  when  fric- 
tion is  neglected.  Therefore  the  mechanical  advantage  is 
gained  hy  malting  the  pitch  very  araall.  In  some  cases, 
however,  it  ia  desirable  that  the  screw  shonld  work  at  fair 
speed,  as  in  oi'diiiury  bolts  and  nuts,  and  then  the  pitch 
mnat  not  be  too  small.  In  eases  where  the  screw  is  naei 
specially  to  obtain  pressure,  aa  in  screw-presses  for  cotton, 
etc.,  we  do  not  care  for  speed,  bat  only  for  pressure.  Bat 
in  practice  it  ia  impoasible  to  get  the  pitch  very  small  from 
Ihe  fact  tlittt  if  the  angle  of  inclination  is  very  flat,  th* 
tiireads  run  so  near  each  other  aa  to  be  too  weak,  in  which 
case  the  screw  is  apt  to  "  strip  its  thread,"  that  is,  to  tear 
bodily  ont  of  the  hole,  leaving  the  thread  behind. 

Where  very  great  pressure  is  required  a.  diflerential  nut- 
iiole  is  resorted  to.     Let  the  screw   work  in  two  blocks, 

B,  the  first  of 
which  is  fixed  and  the 
second  movable  along  a 
fixed  grooA'c,  n  ;  and  let 
!  the  pitch  of  the 
thread  which  works  in 

the  block.  A,  and  /*'  the  pitch  of  the  thread  which  worki 
in  the  block  B.  Then  one  revolution  of  the  screw  impresn 
two  opposite  motions  on  the  block,  B,  one  equal  to  A  in  tb 
direction  in  which  the  screw  advances,  and  tlio  other  eqoi 
to  h'  in  the  opposite  direction.  If  then  the  block,  B,  i 
connected  with  the  resistance  W,  we  have  by  the  principi 
of  work 

\Dd  the  i-equiaite  power  w\A\  ^lo  A:vm\ii\a\\ei,\i'3  «™«a\ 


ng.es 
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L,ji  —  /('.  By  me.tiia  of  tliU  bcivw  ;l  toiuparatively  small 
pressure  may  be  miide  tu  yield  a  pressure  enormouelj 
I  greater  in  magnitode. 


,  A  lever  10  ins.  long,  the  weight' of  which  is  4  lbs.,  and 
|w:ts  at  its  middle  point,  balances  abont  a  certain  point 
Ltrlieti  a  weight  of  6  Iba,  is  hung  from  one  end;  find  the 
■point.  J  MS,  3  iQB.  from  the  end  where  the  weight  is, 

2.  A  lever  weighing  8  lbs.  balances  at  a  point  3  ins.  from 
one  end  and  9  ins.  from  the  other.  Will  it  continue  to  bal- 
ance about  that  point  if  equal  weights  be  suspended  from 
fte  extremities  ? 

»3.  A  beam  whose  length  is  13  ft.  balances  at  a  point  3  ft. 
£rom  one  end  ;  but  if  a  weight  of  100  lbs.  be  hung  from  the 
other  end  it  balances  at  a  point  2  ft.  from  that  end ;  find  the 
flffeight  of  the  beam.  A7is.  35  lbs. 

4.  A  lever  1  feet  long  is  supported  in  a  horizontal  posi- 
tion by  props  placed  at  its  extremities  :  find  where  a  weight 
of  28  lbs.  must  be  placed  so  that  the  pressure  on  one  of  the 
props  may  be  8  lbs.  Ans.  Two  feet  from  the  end. 

5.  Two  weights  of  12  lbs.  and  8  lbs.  respectively  at  the 
ends  of  a  horizontal  lever  10  feet  long  balance:  find  how 
ftir  the  fulcrum  ought  to  be  moved  for  the  weights  to  bal- 
ance when  each  is  increased  by  2  lbs.     Ans.  Two  iutbes. 

6.  A  lever  is  in  equilibrinm  nnder  the  action  of  the  forces 
P  and  Q,  and  is  also  in  equilibrium  when  P  is  trebled  and 
Q  is  increased  by  6  lbs.:  find  the  magnitude  of  Q. 

Ann.  3  lbs. 

7.  In  a  lever  of  the  first  kind,  let  the  power  be  217  Iba , 
the  weight  735  Iba,  and  the  ang\e  beWee-n.  fti^tft  Vi.^^'  - 
lad  the  premuv  OTi  the  fnlcnim,  Ann.  S'la.'V \\^'&- 
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8.  If  the  power  aud  weiglit  in  a  straight  lever  of  the  I 
first  kind  be  17  lbs.  and  3S  lbs.,  and  make  with  each  other  I 
an  angle  of  79° ;  find  the  preseure  on  the  fulcrum.  I 

Atis.  39  lbs.      I 

9.  The  length  of  the  beam  of  a  false  balance  is  3   ft,  I 
9  ina.     A  body   placed  in  one  scale  balances  a  weight  of  I 
9  lbs.  in  the  otlier  ;  hut  when  placed  in  the  other  scale  it  1 
balances  4  lbs.;  required  the  tnie  weight,  W,  of  the  body 
and  the  lengths,  a  and  5,  of  the  arms. 

Ans.    W  ~fi  Iba.;  a  =  1  ft.  G  ina.;  i  =  2  ft.  3  i. 

10.  If  a  balance  he  false,  having  its  arms  in  the  ratio  of 
15  to  16,  find  how  much  per  lb.  a  customer  reallj  pays 
for  tea  which  is  sold  to  him  from  the  longer  arm  at  3a.  9d. 
per  lb.  Ans.  4s.  per  lb. 

11.  A  Hfcraight  uniform  lever  whose  weight  is  50  lbs.  and 
length  6  feet,  rests  in  equilibrium  on  a  fulorum  when  a 
weight  of  10  lbs.  is  suspended  from  one  extremity:  find  the 
position  of  the  fulcrum  and  the  pressure  on  it. 

Ans.  ^\  ft  from  the  end  at  which  10  lbs.  is  suspended 
60  lbs. 

18.  On  one  arm  of  a  false  balance  a  body  weighs  11  lbs, 
on  the  other  17  lbs,  3  oz,;  what  is  the  true  weight? 

Atis.  13  lbs.  13  08. 

13.  A  bent  lever  is  composed  of  two  straight  nnifbrm 
rods  of  the  same  length)  inclined  to  each  other  at  120°,  and 
the  fulcrum  is  at  the  point  of  intersection :  if  the  weight  a 
one  rod  he  double  that  of  the  other,  show  that  the  lever  wil 
remain  at  rest  with  the  lighter  arm  horizontal. 

14.  A  uniform  lever,  I  feet  long,  has  a  weight  of  W  Iba,. 
snspeaQ&i  from  ita  extremity;  find  the  position  of  the  M 

I  cj-uai   whm   the   long  end  ol  t\ie  \e\ei  \iij\ancea  SJoa " 
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end  with  the  weight  attached  to  it,  supposing  each  unit  of 
length  of  the  lever  to  be  w  lbs. 

-^"^-  ■:rrrr- ?— i  'S  the  short  avm. 

a  (  H  +  Iw) 

15.  A  lever,  I  ft.  long,  is  balanced  when  it  is  placed  upon 
a  prop  J  of  its  length  from  the  thick  end  ;  when  a,  weight 
of  W  lbs.  is  BUBpeDded  from  the  small  end  the  prop  must 
be  shifted  5  ft,  towai'da  it  in  order  to  ranintain  equilibrium; 
required  the  weight  of  the  lever.  Ann.  JIT. 

16.  A  lever,  I  ft.  long;  is  balanced  on  a  prop  by  a  weight 
of  W  lbs.;  first,  when  the  weight  is  suspended  from  the 
thick  end  the  prop  is  a  ft.  from  it;  secondly,  when  the 
weight  is  suspended  fram  the  small  end  the  prop  is  b  ft. 
from  it ;  required  the  weight  of  the  lever. 

Alls.  7 — V 7^  lbs, 

l-(a+b) 

17.  The  forces,  P  and  W,  act  at  the  arms,  a  and  b, 
respectively,  of  a  straight  lever.  When  P  and  H'  make 
angles  of  30°  and  90°  with  the  lever,  show  that  when  equi- 
librium takes  place  P  = ■ 

18.  Supposing  the  beam  of  a  false  balance  to  be  uniform, 
a  and  b  the  lengths  of  the  arms,  P  and  Q  the  apparent 
weights,  and  If  the  true  weight;  when  the  weight  of  the 

,beam  is  taken  into  account  show  that 

«  ^  P-  w 
b        W  ~  Q' 

1ft.  If  rt  be  the  length  of  the  short  arm  in  Ex.  14,  what 
must  be  the  length  of  the  whole  lever  when  equilibrium 


I 


takes  plaw)  ? 

^).  A  ma 
a  weigl 


Ans. 


ha  W  ' 


.   A  man  whose  weight  is  UO  \Vi?,  \ft  ^mV ^V\n  »b.V 
a  weight  that  hangti  over  an  ax\e  ol  ti  ms,  ■sw&w>>'^'i 
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hanging  to  the  rope  that  passes  over  the  corresponding 
wheel,  the  diameter  of  which  is  4  ft.;  find  the  weight  sup- 
ported. Alls.  560  lbs. 

31.  If  the  difference  between  the  diameter  of  a  wheel  and 
the  diameter  of  the  asle  be  six  times  the  radius  of  the  axle, 
find  the  greatest  weight  that  can  be  suBtained  by  s.  force  of 
60  lbs.  Alls.  240  lbs. 

•ii.  If  the  radius  of  the  wheel  is  three  times  that  of  the 
asle,  and  the  string  round  the  wheel  can  support  a  weight 
of  40  lbs.  only,  find  the  greatest  weight  that  can  be  lifted, 
Ans.  130  lbs. 

23.  What  force  will  be  required  to  work  the  handle  of  a 
windlass,  the  resistance  to  be  overcome  being  1156  lbs.,  the 
radius  of  the  axle  being  six  ins.,  and  of  the  handle  2  ft 
Sins.?  Ans.  216-75  Iba. 

34.  Sixteen  sailors,  exerting  each  a  force  of  39  Ibe.,  push 
a  capstan  with  a  length  of  lever  equal  to  8  ft,  the  i-adJus  ot 
the  capstan  being  1  ft.  2  ins.  Find  the  resistance  which 
this  force  is  capable  of  sustaining. 

Ans.  1  tonScwt.  1  qr.  174  Iba. 

35.  Supposing  them  to  have  wound  the  rope  round  the 
capstan,  so  that  it  doubles  back  on  itself,  the  radios  of  the 
axle  is  thus  increased  by  the  thickness  of  the  rope.  If  this 
be  2  ins.  how  much  will  the  power  of  the  instrument  bo 

Ans.  By  jj,  or  12 J  |>or  cent 

36.  The  radius  of  the  axle  of  a  capstan  is  3  feet,  and  six 
men  push  each  with  a  force  of  one  cwt.  on  spokes  6  feet 
long ;  find  the  tension  they  will  be  able  to  produce  in  the 
rope  which  leaves  the  axle.  Ans.  15  cwt. 

27.  The  difference  of  the  diameters  of  a  wheel  and  axle 
t  6  inches ;  and  tlie  weight  is  eqnal  to  six  times  the 
wwer;  Bad  the  radii  ol  the  "«hee\  and  the  axle. 

Ana,  \%ma..',  ^\bv 
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.  If  the  radius  of  a  wheel  is  4  ft.,  and  of  the  iisle 
?,,  flnfJ  the  power  thut  will  balance  a  weight  of 
500  lbs.,  tbe  thickness  of  the  rope  coiled  round  tlie  axle 
being  one  inch,  the  power  acting  without  a  rope. 

kAns.  88.54  Iba. 
29.  Two  giyeti  weights,  P  and  Q,  hang  lertically  from 
Wii  points  in  the  rim  of  a  wheel  turning  on  an  axis; 
find  the  position  of  the  weights  when  equilibrium  takes 
place,  supposing  the  angle  between  the  radii  drawn  to 
tbe  points  of  suapeuBion  (o  be  90°,  and  that  fl  is  the 
angle  which  the  radins,  drawn  to  /"a  point  of  bus- 
pension,  makes  with  the  vertical.  ,        .      „        Q 

'  Ans.  tan  a  =  -J,- 

30.  What  weight  can  lie  supported  on  a  plane  by  a  hori- 
zontal force  of  10  lbs.,  if  the  ratio  of  the  height  to  the  base 
is  J?  Ans.   IS-Jlbs. 

31.  The  inclination  of  a  plane  is  30°,  and  a  weight  of 
10  Iba.  ia  supported  on  it  by  a  string,  bearing  a  weight  at 
its  extremity,  which  passes  over  a  smooth  pnlley  at  ita 
summit ;  flndtbo  tension  in  the  atnng.  Ans.  5  Iba. 

33.  The  angle  of  a  plane  ia  45° ;  what  weight  can  be 
supported  on  it  by  a  horizontal  force  of  3  lbs.,  and  a  force 
of  4  lbs.  parallel  to  the  plane,  both  acting  together. 

Ans.  3  +  4  V3  lbs. 

A  body  is  supported  on  a  piano  by  a  force  parallel 
it  and  equal  to  \  of  the  weight  of  the  body  ;  find  the 
;io  of  the  height  to  the  base  of  the  plane. 

An«.  1  :  3  Ve. 

84.  One  of  the  hingost  inclined  planes  in  the  world  is 
the  road  from  Lima  to  Callao,  in  S.  America ;  it  ia  (!  milea 
lung,  and  the  fall  is  511  ft.     Oalcvilate  ttve  \-\i(X\w«.*cvtt\^. 
^^n[  Ans.  56'  %T ,  ot  \  'j'ax^^'vo.^-j 
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35.  IF  tlio  fi>rco  required  to  draw  a  wagon  on  a  horizontal 
road  iHH  ^th  part  ol  tlie  weight  of  tlie  wagon,  what  will  be 
the  force  required  to  draw  it  up  a  hiil,  the  slope  of  which 
is  1  in  43.  Ans.  -rr^th  part  of  the  weight. 

36.  If  the  forca  required  to  draw  a  train  of  cars  on  a 
level  railroad  be  j^th  part  of  the  load,  find  the  force 
required  to  draw  it  up  a  grade  of  1  in  56. 

37.  What  force  is  required  (neglecting  friction)  to  roll  a 
cask  weigliiug  'J()4  Ihs.  into  a  cart  3  Ft,  high,  by  meaua  of  a 
plank  14  ft.  long  resting  against  the  cart. 

Ans.  The  force  must  exceed  206^  Iba. 

38.  A  body  is  at  rest  on  a  smooth  inclined  plane  when 
the  power,  weight  and  normal  pressure  are  18,  26,  and 
12  lbs.  respectively;  find  the  inclination,  n,  of  the  plane  to 
the  horizon,  and  the  angle,  6,  which  the  direction  of  the 
power  makes  with  the  plane. 

Ans.  a  =  37°  81'  26";  B  =  38°  46'  54' 

39.  If  the  power  which  will  support  a  weight  when  act- 
ing along  the  plane  be  half  that  which  will  do  so  acting 
horizontally,  find  the  inclination  of  the  plane.  Ans.  60°, 

40.  A  power  Paeting  along  a  plane  can  support  W,  and 
acting  horizontally  can  support  x ;  show  that 

i»  =  n*  —  ^. 

41.  A  weight  IF  would  be  supported  by  a  power  P  act- 
ing horizontally,  or  by  a  power  Q  acting   parallel  to  the 

plane;  show  that 


Qi~  p2^ 


IP 


43.  The  base  of  an  inclined  plane  is  8  ft.,  the  heighl 

6   ft,   and    IT  =  10  tons ;    required   P  and  the  Bomud 

^foessare,  Jf,  on  the  i)lane.  { 

Am.   P  =  ft  ton?,',  N  =%^Rma. 


MXAMPZXS.  213 

i  supported  on  an  inulined  pljtue  by  a 
"force  whose  direction  is  inclined  to  tlie  plane  at  an  angle 
of  30°  ;  when  the  inclination  of  the  plaue  to  the  horizon  is 
30°,  show  that  IT  =  P  V^.  • 

44.  A  man  weighing  150  lbs.  raises  a  weight  of  4  cwt.  by 
a  system  of  four  movable  pulleys  arranged  according  to  the 
second  system;  what  is  his  pressure  on  the  ground? 

Ans.  123  lbs. 

45.  What  power  will  be  required  in  the  second  system 
■with  four  movable  pulleys  to  sustain  a  weight  of  17  tona 
12  cwt.  -'In.'.  1  ton  2  cwt. 

46.  Two  weights  hang  over  a  pulley  fixed  to  the  summit 
of  a  smooth  inclined  plane,  on  whicli  owe  weight  is  sup- 
ported, and  for  every  3  ins.  that  one  descends  the  other 
rises  2  ins,;  find  the  ratio  of  the  weights,  and  the  length 
of  the  plane,  the  height  being  18  ins.    Ans.  2  :  3  ;  27  ins. 

47.  If  IT  =  336  lbs.  and  P  ^  42  lbs.  in  u  combination 
of  pulleys  arranged  according  to  the  first  system,  how  many 
movable  pulleys  are  there  ?  Ans.  4. 

48.  In  a  system  of  pulleys  of  the  third  kind  in  which 
there  are  4  cords  attached  to  the  weight,  determine  the 
weight,  W,  supported,  and  the  strain  on  the  fixed  puDey, 
the  power  being  100  lbs.,  and  the  weight,  w,  of  each 
pulley  5  Iba, 

»Ans.  W  =  \hP  +  lUo  =  1555  lbs.;  Strain  =  16/* -f  15m 
1675  Iba. 
49.  In  a  system  of  pulleys  of  the  third  kind,  there  are 
S  movable  pulleys,  each  weighing  2^  lbs.     What  power  is 
required  to  support  a  weight  of  6  cwt.?    Ans.  94.67  lbs. 

50.  Find  the  power  that  will  support  a  weight  of  100  lbs. 
by  means  uf  a  system  uf  4  pnlleya,  the  strings  being  all 
ttttacbed  tfl  the  weight,  and  ciujh  puWej  we\^\"a?,\'*i. 

Alia.  -aV^W^e.. 
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51.  The  circunifcroncu  of  the  circle  correspondiug  to  the 
point  of  application  of  P  ia  6  feet ;  find  how  many  tuma 
the  screw  must  make  on  a  cylinder  3  feet  long,  in  order 
that  If  may  be  equal  tu  lUP.  Ans.  4S. 

53.  Ti]e  distance  between  two  consecutive  threads  of  a 
screw  18  a  quarter  of  an  iiicli,  and  the  iength  of  the  power 
arm  ia  5  feet;  find  what  weight  will  be  sustained  by  a 
power  of  1  lb.  Ans.  4807T  lbs. 

63.  How  many  turns  must  be  given  to  a  screw  formed 
upon  a  cylinder  whose  length  is  10  ins.,  and  circumference 
■5  ins.,  that  a  power  of  3  oza.  may  overcome  a  pressure  of 
100  oza.  ?  Atis.  100. 

54.  A  screw  is  made  to  revolve  by  a  force  of  2  lbs. 
applied  at  the  end  of  a  lever  3.5  ft.  long;  if  the  distance 
letween  the  threads  he  J  in.,  what  pressure  can  be  pro- 
duced? Ans.  9  cwts.  1  qr.  20  Iba. 

55.  The  length  of  the  power-arm  is  15  inches;  find  the 
distance  between  two  coneecutive  threads  of  the  screw, 
that  the  mechanical  advantage  may  be  30.      Ans.  tt  ins. 

56.  A  weight  of  IF  pounds  is  suspended  from  the  block 
of  a  single  movable  pulley,  and  the  end  of  the  conl  in 
which  the  power  acts,  is  fastened  at  the  distance  of  S  ft. 
from  the  fulcrum  of  a  horizontal  lever,  a  ft.  long,  of  the 
second  kind  ;  iind  the  force,  F,  which  must  be  applied  per- 
pendicularly at  the  extremity  of  the  lever  to  sustain  H*'. 

Ans.  P  =  — -■ 

67.  In  a  steelyard,  the  weight  of  the  beam  is  10  lbs.,  and 

tlie  distance  of  its  centre  of  gravity  from  the  fiilcmm  it 

3  ins.,  find  where  a  weight  of  4  Vba.  meat  \^e  v^a<M!d  to  fcal- 

once  it,  i^^^^^lH  Ai\,a.  K\.^\Giah 
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58.  A  body  whose  weight  is  \/2  lbs.,  is  placed  on  a  rough 
plane  inclined  to  the  horizon  at  an  angle  of  45°.    The  co- 

eflBcient  of  friction  beinff — =,  find  in  what  direction  a  force 

V3 

of  (VB  —  1)  lbs.  must  act  on  the  body  in  order  just  to 
support  it.  Ans,  At  an  angle  of  30°  to  the  plane. 

59.  A  rough  plane  is  inclined  to  the  horizon  at  an  angle 
of  60°  ;  find  the  magnitude  and  the  direction  of  the  least 
force  which  will  prevent  a  body  weighing  100  lbs.  from  slid- 
ing down  the  plane,  the  coefficient  of  friction  being  -— • 

V  3 

Ans.  50  lbs.  inclined  at  30°  to  the  plane. 
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130.  Equilibrium  of  the  Funicular  Poison. — If  a 

cord  whose  weight  is  neglected,  is  suspended  from  two  fixed 
points,  A  and  B,  and  if  a  series  of  weights,  P,,  Pg,  P„^ 
etc.,  be  suspended  from  the  given  points  Q,.  Q^,  Q^,  etc., 
the  cord  will,  when  in  eqnilibrium,  fonn  a  polvgon  in  a 
vertical  plane,  which  is  called  the  Funicular 

Let  the  tensions  along 
the  successive  portions 
ofthGcord.^COiCg, 
QgQs^  etc.,  be  respec- 
tively Ti,  T^,  T„  etc., 
and  let  fl,,  6^,  0j,  etc, 
be  the  inclinations  of 
these  portions  to  the 
horizon.  Then  Q,  is 
in  equilibrium  under  the  action  of  three  forces  viz.,  P,, 
acting  vertically,  T^,  the  tension  of  the  cord  AQ^,  end  T^m 
ibe  tension  of  Q^  Q^.     Eesolving  these  forces  we  have, 

for  horizontal  forces,         I*,  cos  d^  —  T^  cos  0^  =  0,     (Ijl 

for  vertical  forces,  Pj  +  7",  sin  B^  —  T,  sin  6,  =  0, 

In  the  same  way  for  the  point  Qg  we  have, 

for  horizontal  forces,         7*,  cos  flj  —  T^  cos  ff,  =  0,     (3fl 

for  vertical  forces,  P,  +  T,  sin  flj  —  7",  sin  9,  =  0, 
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Hence  from  (1)  and  (3)  we  have 

jTi  cos  0^  =  T^  cos  0^  =  T^  cos  ^3  =  etc. , 

that  is,  the  horizonial  components  of  the  tensions  in  the  dif- 
ferent portions  of  the  cord  are  constant.  Let  this  constant 
be  denoted  by  T'^  then  we  have 

T  T  T 

^^  "■  cos  (9,  '     ^«  -  cos  02  '        '  ~  cos  03'  ^'' 
which  in  (2)  and  (4)  give 

Pi  +  Ttan  6^  —  Ttan  6^  =  0,  (5) 

Pg  +  rtan  03  —  Ttan  6^  =  0,  (6) 

and  from  (5)  and  (6)  we  have 

p 

tan  6^  =  tan  6^  +  -^, 


and  tan  S^  =  tan  0^  +  -^ 


(7) 


M — 

Similarly         tan  6^  =  tan  6^  +  -^, 

p 
and  tan  B^  =  tan  B^  +  -—, 

If  we  suppose  the  weights  P^,  P^,  etc.,  each  equal  to  IF, 
(7)  becomes 

tan  6^  —  tan  0g  =  tan  0^  —  tan  ^3  =  tan  0^  —  tan  B^ 

W 

(8) 


.... 


T 


Hence,  the  tangents  of  the  succeaiw  incUnatlona  Jww  a 
Mn'M  in  Arithmetic  Froffression.    In  iVve  ftg.'otfc  ft  ^  •=■  ^> 
10 


1  ai8    cojTBTarrcTio.v  of  the  fuxicular  POLraoN. 


tan  0g  = 


f' 


-^;^tc. 


a,  3, 


A 


•iiS. 


131.  To  Construct  the  Funicular  Polygon  vrhen 
the  Horizontal  Projections  of  the  successive  Por- 
tions of  the  Cord  are  all  equal— Lii  Q^Q^.,  Q,,<ii,qiq%, 
q^q^,  etc.,  be  ull  of  constant  Icngtb  ^  a.  and  let  Q^q. 
Then  since  by  (9)  of  Art. 
130,  the  tangents  of  6^ 
Bg,  di,  etc.,  are  as  1 
4,  etc.,  we  bave 
Q^m  =  S^aya  =  2t 
Q^n  =  303?3  —  3c;  etc.  ^TB'" 

Hence,  taking  the  niiilille  point,  0,  of  the  horizontal 
portion,  Q^Q,,  as  origin,  and  the  horizontal  and  verticjil 
lines  through  it  aa  axes  of  x  and  y,  the  co-ordinates  of  Q^ 
are  (|b,  c)  ;  those  of  Q^  are  {jff,  3c) ;  those  of  Q^  are  (Jrt, 
Gc),  and  those  of  the  ?ith  vertex  from  Q^  are  evidently 

Eliminating  w  from  tlieae  equations  we  geb 

:■-  =  ^  +  J'  (1 

c  4  ^ 

which,  being  independent  of  n,  is  satisfied  hy  all  the  vei 

ticea  indifferently,  and  is  therefore  the  equation  of  a  curr 

passing    tliTOLtgh    all    the    vertices  of    tlie   polygon,   xn 

denotes  a  parabola  whose  asis  is  the  vertical  line,  OY,  an 

whoso  vertex  ia  vertically  below  0  at  a  distance  ^  s- 

The  shorter  the  distances  Gi*?3'  QtQs'  ^^■'  ^^*  "^oi 

nearly  does  the  funicular  jwljjgoH  coirniiift  til^ii 

>h'e  carre. 


OQSD  aVTPORTmO  LOAR. 
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'  132.  Cord  Snpportiiig  a  Load  Uniformly  Dis- 
tributed over  the  Horizontal — If  the  number  of  vertices 
of  the  polygon  be  very  great,  and  the  suspended  weights  all 
equal  so  that  the  load  13  distributed  uniformly  along  tho 
straight  line,  b'E,  the  pai-abola  which  passes  through  all  the 
Tertiees,  virtually  coincides  with  the  cord  or  chain  forming 
the  polygon,  and  gives  the  figure  of  the  Stispensw))  Bridge. 
In  this  bridge  the  weights  suspended  from  the  successive 
portions  of  the  chain  arc  the  weights  of  equal  portions  of 
the  flooring.  The  weight  of  the  cham  itself  and  the 
weights  of  the  sustaining  bars  are  neglected  in  compari^in 
with  the  weight  of  flooring  and  tiie  load  which  it  carries. 


\ 


Let  the  span,   AB,  =  2a,   and    the  height,   OD,  —  h. 
the  equation  of  the  pitraljula  referred  to  tJie  vertical 
and  horizontal  axes  of  x  and  y,  respectively,  through  0,  is 


y*  "  ivix. 


(1) 


^Bl  being  the  parameter. 

H^  Because  the  load  between  0  and  A  is  uniformly  dis- 
tributed over  tho  horizontal,  OE,  iU  resultant  bisecte  OE 
lit  C;  therefore  the  tangents  at  A  and  0  intersect  at  C 
(Art.  62). 
,From  (1)  T 


CORD  SVPPOBTIlfO  LOAD. 

which  iB  the  tangent  of  the  inclination  of  the  curve  at  anv 
point  {x,  y)  to  the  axis  of  ^f.  Hence  the  tangent  at  the 
point  of  support,  A,  makes  with  the  horizon  an  angle,  «, 


ivident  from  the  tri- 


whuse  tangent  is      , 
angle  ACE. 

Let  IF  be  the  weight  on  the  cord  ;  then  }[fia  the  veight 
on  OA,  and  therefore  is  the  vertical  tension,  V,  at  A.  Then 
I  the  three  forces  ut  A  are  the  vertical  tension  V  =  \W,  tbe 
total  tension  at  the  end  of  the  cord,  acting  along  the 
tangent  AC,  and  tJie  horizontal  tension,  T,  which  is  everj- 
where  the  same  (Art.  130).  Hence,  by  the  triangle  of 
forces  (Art,  31)  these  forces  will  he  represented  by  the 
three  lines,  AE,  AC,  CE.  to  which  their  directions  are 
respectively  parallel ;  therefore  we  have  for  the  horizontal 


and  the  total  tension  at  A  i: 


V  r'  +  ?^  = 


P 


EX  A  MPI.E. 

The  entire  load  on  the  cord  in  (Fig.  71)  is  320000  lbs.; 
the  span  is  150  ft.  and  the  height  is  15  II,;  find  tbe  tension 
at  the  points  of  snpport  and  at  the  lowest  point  and  also  the 
inclinntion  of  the  curve  to  the  horizon  at  the  points  of 
flupport. 

U 


tan  a 


--  ■*; 


=  31=  48' 


The  rertical  tension  at  each  point  of  support  is 
^^B  V  =  ^  weight  =  HJliWi\\».%, 


sms  coxmojy  catenabt. 
B  horizontal  tension  is 

T—W^i^  =  400000  lbs.: 
4ft  ' 

and  the  total  tension  at  one  end  is 

'/F2~+^  ~  430813  lbs. 

133.    The   Common  Catenary.  ^Its    Equation. — A 

catenary  is  the  curve  assumed  by  a  perfectly  flexible  cord 
when  its  ends  are  fasteued  at  two  points,  A  and  B,  nearer 
together  than  the  length  of  the  cord.  When  the  cord  is  of 
constant  thickness  and  density,  i.  e.,  when  equal  portions  of 
it  are  equally  heavy,   the  curve    is   called    the   Common 

Caknary,  which  is  the  only  one  we  shall  consider. 

Let  A  and  B  be  the  fixed 
points  to  which  the  ends  of 
the  cord  ai-e  attached ;  the 
cord  will  rest  in  a  vertical 
plane  passing  through  A  and 
B,  which  may  be  taken  to  be 
the  plane  of  the  paper  I^et 
C  be  the  lowest  point  of  the 
catenary;  take  this  as  tlie 
origin  of  co-ordinatea,  and 
let  the  horizontal  line 
through  0  be  taken  for  the 
axis  of  X,  and  the  vertical 
line  through  C  for  the  axis  of  y.  Let  (x,  y)  be  any  point, 
P,  in  the  curve ;  donole  (he  length  of  tJie  arc,  CP,  by  .■* ; 
let  c*  be  the  length  of  the  coixl  whose  weight  is  equal  to 
the  teueion  at  0:   and    T  the  length  of  the  cord  whose 

reight  is  eipiul  to  the  tension  at  F. 


Rg-n 


|MVjM^l£«  uMt  Bf  iHwtt  of  UN  DOid  ^ 


B>««  XASD  u  t^  WfihiA 


I 
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Tiieu  tbe  arc,  CP.  after  it  has  assumed  it.8  perniaiieat 
form  of  equilibrium,  may  be  eiMiBidered  ae  a  rigid  body 
kopt  at  rest  by  three  forces,  viz.:  (1)  T,  the  tension,  acting 
at  /"along  tbe  tangent,  (2)  c,  tlie  horizontal  tension  at  th» 
lowest  point  0,  and  (3)  the  weight  of  the  cord,  CP,  acting 
vertically  downward,  and  denoted  by  s.  Draw  PT'  the 
tangent  at  P,  meeting  tiie  asia  of  y  at  7".  Then  by  the 
triiiugle  of  forces  (Art.  31),  these  forces  may  be  represented! 
by  the  tbi-ee  lines  PT',  NF,  T'N,  to  which  their  directions 
are  respectively  parallel.     Therefore 

T'N  _  weight  of  GP 
NP   ~~   tension  &t  0  * 


dy  _a_^ 
dx       0 


(«> 


Differentiating,  substituting  the  value  of  ds,  and  redaeing^ 
we  have 


Integrating,  and  remembei'iiig  that  when  1^0,-^  = 
we  obtain 

ivliere  e  ia  the  Najieriau  base.     Solving  tliis  equation  . 
,  we  obtain 


TBB  GOKMON.  CATENARY.  223 

and  by  integration,  observing  that  y  =  0  when  a;  =  0, 
we  have 


c  ( -^        -5\ 


(2) 


which  is  the  equation  required.  We  may  simplify  this 
equation  by  moving  the  origin  to  the  point,  0,  at  a  dis- 
tance equal  to  c  below  C,  by  putting  ^  —  c  for  y,  so  that 
(2)  becomes, 


(3) 


which  is  the  equation  of  the  catenary^  in  the  usual  form. 
The  horizontal  line  through  0  is  called  the  directrix'^  of 
the  catenary,  and  0  is  called  the  origin. 

Cob.  1. — To  find  the  length  of  the  arc,  OP,  we  have 


Y  1  +  iVe«  —  e"^)  dx,  from  (1), 


=  \/l 


(4) 


(5) 


the  constant  being  =  0,  since  when  a;  =  0,  «  =  0. 
This  equation  may  also  be  found  immediately  by  equa* 

ting  the  values  of  -^  in  (a)  and  (1). 

♦  «w  JPWoH'a  AwU.  M«ch8.,  Vol.  I,  p.  ^<i. 
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Cob.  2. — Since  c  =  OC  is  the  length  of  the  coi-d  wbogfl 
weight  is  equal  to  the  tension  of  the  curve  at  the  iowert 
point,  C,  it  follows  that,  if  the  half,  BO,  of  the  curve  werS 
removed,  and  a  cord  of  length  c,  and  of  the  same  thickness 
and  density  aa  the  cord  of  the  curve,  were  joined  to  tlia 
arc  OP,  and  suspended  over  asniootii  peg  at  V,  the  curvi 
would  he  in  equilibrium. 

Cob.  3.— We  have  from  the  triangle,  PNF, 

tension  at  P  _  PT 
tension  aX  G  ~  PN' 

at  —  =  -r  =^-  from  (3)  and  (i), 

e       ax       c  ^  '         ^  " 


that  18,  Ihu  tension  at  any  point  of  the  eatsnary  is  equi^ 
the  weight  of  a  portion  of  the  cord  whose  length  is  equal 
the  ordinate  at  that  point. 

Therefore  if  a  cord  of  constant  thickness  and  densil 
aangs  freely  over  any  two  smooth  pegs,  tbe  vertical  pod 
tions  which  hang  over  the  pegs,  must  each  terminate 
the  directrix  of  the  catenary. 

Cob.  4. — From  (3)  and  (5)  we  have 

f  =  s^  +  L% 

and  from  (6)  we  have 

dy 

At  the  point,  P,  draw  the  ordinate,  PM,  and  from 
the  foot  of  the  ordinate,  draw  the  perpendicular  JfJ^ 


PT  =  3/  C08  MPT== 


i  =  tbe  arc,  OP, 
PT^  +  TM",  we  have  from  (6)  and  (8) 


TM  = 


{'■>) 


Therefore  the  point,  T,  iB  on  the  involute  of  the  catenary 
wliich  originates  from  the  curve  at  C,  TM  is  a  tangent  to 
this  involute,  and  TP,  the  tangent  to  the  catenary,  ia 
normal  to  the  involute,  (See  Calcnlus,  Art.  124).  As  TM 
is  the  tangent  to  this  last  curve,  and  is  equal  to  the  con- 
Ktant  quantity,  c,  the  inyolute  is  the  equi tangential  cnrve, 
or  tractrix  (See  Calcnlus,  p.  357). 

By  means  of  (8)  and  (9)  we  may  construct  the  origin  and 
fUrecirix  of  the  catenary  as  follows  :  On  the  tangent  at  any 
point,  P,  measure  off  a  length,  PT,  equal  to  the  arc,  CP ; 
at  T  erect  a  perpendicular,  TM,  to  the  tangent  meeting  the 
ordinate  of  P  at  M;  then  the  horizontal  line  through  M  is 
the  directrix,  and  Us  intersection  with  the  axis  of  the  curve 
is  the  origin. 

HCOR. 

Karofo 

^H,^o  citt«aary  poBsesseB  many  interesting  geometric  and 

^VRechanioal   properties,   but  a   di^ciisston   of  them   would 

carry  tra  beyond  the  limits  of  (liis  treatise.     The  student 

who  wishes  ta  jiursuo  tlio  subjet^t  fuvtVxt'T,  w  te\s^\e5i,  v 

ij)l  ]»  aa^  ^lllMt)i\n:«SV*.'0«*■ 


l  Cor.  5, — Combining  (3)  and  (5)  we  obtain 


{y  +  cY  =  s=  +  (?, 


refore 


(10) 


3PBBBWAL  SHELL. 

133a.  Attractioii  of  a  Spherical  Shell — By  the  law 

of  univeraal  gmvitatioti  every  particle  of  matter  atti-acta 
every  other  particle  with  a  force  that  varies  directly  as  the 
masE  of  the  attracting  particle,  and  inversely  as  the  square' 
of  the  distance  between  the  particles. 

To  find  the  resultant  attraction  of  a  spherical  shell  (^ 
■uniform  density  and  small  uniform  thtckness,  on  a  par- 
ticle, 

(1)  Suppose  the  particle,  P, 
on  which  the  ralne  of  the 
attraction  is  required,  to  be 
outside  the  shell. 

Let  p  and  h  be  the  density 
and  thickness  of  the  shell,  0 
its    centre,    and    M  any  particle   of  it,     Let   OM  = 
PM  =  r,  OP  =  c,  the  angle  MOP  =  9, « the  angle  which 
the  plaue  MOP  makes  with  a  fixed  plane  through  OP. 

Then  the  mass  of  the  element  at  M  (Art.  88 
pka^sin  OdOdip.  The  attraction  of  the  whole  shell  acts 
along  OP ;  the  attraction  of  the  elementary  mass  at  M  on 
P  in  the  direction  PM 


_pAffl'S 


idded 


therefore  the  attraction  of  Mon  P,  resolved  along  OP, 

ph  a'  sin  6  d9  dip  c  —  a  cob  S 

-  ,T  ^ 

We  shall  eliminate  B  from  this  equation  by  means  of 

=  a^  +  (?  —  2ac  cos  0 ; 

rdr  =  ac  bvg  9  dO; 


~  ac  ' 

_  r*  +  <?  —  (^ 


Bubstituting  those  valuea  iu  (1),  the  attraction  of  Jtf  on  P 
along  PO 


"3c»  ' 


1  dr  dtp. 


(2) 


To  obtain  the  rasnltant  attraction  of  the  whole  shell,  we 
take  the  ^-integral  between  the  limits  0  and  Stt,  and  the 
r-integral  between  c  -~  a  and  c  +  a. 
Hence  the  resnltant  attraction  of  the  shell  on  P  along  PO 


CT^ 


i  +  ; 


)  dr  dip. 


__  iTTpka''  __  mass  {)f  the  ehell 


'\dr, 


(3) 


Since  e  is  the  distance  of  the  point  P  from  the  centre  this 
shows  that  the  attnictioD  of  the  shell  on  the  |mrtic1e  at  P 
is  the  same  as  if  the  mass  of  the  shell  were  condensed  into 
its  centre. 

It  followB  from  this  that  a  sphere  which  ia  either  homo- 
geneous or  consists  of  concentric  spherical  shells  of  uniform 
density,  attracts  the  particle  at  P  in  the  same  manner  as  if 
the  whole  mass  were  collected  iit  its  centre. 

(8)  I*t  the  particle,  P.  he  inBJde  the  sphere.     Then  we 

|]  exactly  as  before,  and  obtain  e<\ua\,\ott  ^,^^,  "«\\\*?ft\* 

j^jji^-  tfie  ptLTticle  be  ouUidc  ov  \na\&%  ^^S^^ 
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but  the  r-limits  in  this  case  are  a  ^  ^  ^d  a  +  c.    Hence 
from  (2)  we  have,  by  perfonning  the  ^-integration^ 

attraction  of  shell  =  -^  /       (1 ^ — j  rfr, 

therefore  a  particle  within  the  shell  is  equally  attracted  in 
every  direction,  i,  e.,  is  not  attracted  at  alL 

Cor. — If  a  particle  be  inside  a  homogenous  sphere  at  the 
distance  r  from  its  centre,  all  that  portion  of  the  sphere 
which  is  at  a  greater  distance  from  the  centre  than  the 
particle  produces  no  effect  on  the  particle,  while  the  re- 
mainder of  the  sphere  attracts  the  particle  in  the  same 
manner  as  if  the  mass  of  the  remainder  were  all  collected 
at  the  centre  of  the  sphere.  Thus  the  attraction  of  the 
sphere  on  the  particle 

47rpr3  47rpr 

r^  3 

Hence,  within  a  homogeneous  sphere  the  attraction  varies 
as  the  distance  from  the  ceiitre. 

The  propositions  respecting  tlie  attraction  of  a  uniform 
spherical  shell  on  an  external  or  internal  particle  were 
given  by  Newton  (Principia,  Lib.  I,  Prop.  70,  71).  (Sec 
Todhunter's  Statics,  p.  275,  also  Pratt^s  Mechs.,  p.  137, 
Price's  Anal.  Mechs.,  Vol.  I,  p.  266,  Minchin's  Statics, 
p.  403). 

EXAMPLES. 

1.  The  span  AB  =800  feet,  and  CO  =  1600  feet,  find 
the  length  of  the  curve,  CA,  ftv^  \v^\^^,  CH^  to.\  vJj^ 
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inclination,  6,  of  the  curve  to  the  horizon  at  either  point  of 
suspension. 

(1)  Here  -  =  h  and  e  =  2-  71828, 

c 

therefore  e^  =  (2.71828)*  =  1-2840, 

X 

and  i^  =  {2-  71828)"*  =  0-  778a 

Substituting  these  values  in  (5)  we  get 

8=800  X  0.5052  =  404-16. 
Hence  CA  =  404.16  feet. 

(2)  CH=y^c  =  l{ei  +  e'i)^e 

=  800  X  2.0628  —  1600    . 
=  50. 24  feet 

(3)  tan  a  =  ^  =  i  (^i  -  e^),  from  (1), 

=  0.2526, 
therefore  6  =  14°  11'. 

Otherwise  tan  ^  =  -,  from  (a\  =    .,    *       =  0«  2526,  as 

c  ^  '  1600  ' 

before. 

2.  The  entire  load  on  the  cord  in  Fig.  71  is  160000  lbs., 
the  span  is  192  ft.,  and  the  height  is  15  ft;  find  the  tension 
at  the  points  of  support,  and  also  the  tension  at  thft  \ci^^'$^^ 
point.  Ans.  Tension  at  one  eiiA.  =  *it^^W^'^'e»* 

Horizontal  tension  =  'Jlb^^^  '^ 
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3.  A  chain,  ACB,  10  feet  long,  and  weighing  30  lbs.,  is 
suspended  so  that  the  height,  CH^  =  4  feet ;  find  the 
horizontal  tension,  and  the  inclination,  B,  of  the  chain  to 
the  horizon  at  the  points  of  support. 

A71S,  Horizontal  tension  =  3|  lbs.,  0  =  77°  19'. 

4.  A  chain  110  ft.  long  is  suspended  from  two  points  in 
the  same  horizontal  plane,  108  ft.  apart;  show  that  tlie 
tension  at  the  lowest  point  is  1.477  times  the  weight  of  the 
chain  nearly. 


PART    II. 


KINEMATICS   (MOTION). 


CHAPTER    I. 

RECTILINEAR    MOTION. 

134.  Definitions.  — Velocity.  — Kinematics  is  that 
branch  of  Dynaoiica  which  trenta  of  motion  without  refer- 
ence to  the  bodies  moved  or  the  forces  producing  the  mo- 
tion (Art.  1).  Although  we  do  not  know  motion  aa  free 
from  force  or  from  tiie  mailer  that  is  moved,  yet  there  are 
cases  in  which  it  ia  advaiitageouB  to  separate  the  ideas  of 
force,  matter,  and  motion,  and  to  study  motion  in  the 
abstract,  i.  e.,  without  any  reference  to  wiat  is  moving,  or 
the  cause  of  motion.  To  the  study  of  pure  motion,  then, 
we  devote  this  and  the  following  chapter. 

The  Telocity  of  a  particle  has  been  defined  to  be  its  rate 
of  motion  (Art.  C).  The  formula;  for  nniform  and  variable 
velocities  are  those  which  were  deduced  in  Art.  7.  From 
(1)  and  (2)  of  that  Art.  we  have 


(1) 


in  whJeb  v  is  the  ■velocity,  s  the  s 


BXAXPLBB. 


bxampl.es. 


1.  A  body  moves  at  the  rate  of  754  yards  per  hoar.    Findl 
the  velocity  in  feet  per  second. 
Since  the  yelocity  is  uniform  we  use  (1),  hence 


'  (iO  X  f 


B  ft.  per  sec,  Ans. 


2.  Find  the  position  of  a.  particle  at  a  given  time,  /,.] 
when  the  velocity  varioa  aa  the  distance  from  a  given  point! 
on  the  rectibnear  path. 

Here  the  velocity  being  variable  we  have  from  (S) 


where  k  is  a  constant; 
therefore      —  =  i;dl; 


log 


:&t  +  e, 


(1) 


where  c  is  an  arbitrary  constant. 

Now  if  we  suppose  that  s,  is  the  distance  of  the  particle 
from  the  given  ixiint  when  ^  =  0  we  have  c  =  log  «,, 
which  in  (1)  gives 


log^  =  i/; 


=  «««*'• 


niles  per 


3.  A  railway  train  travels  at  the  rate  of  40 
hour  ;  find  its  velocity  in  feet  per  second. 

Ans.  58.66  ft.  per  second. 

4.  A  train  takes  7  h.  31  m.  to  travel  200  miles  ;  find  its 
velocity.  Atis,  39.02  ft.  per  sec. 

5.  If  a  =  iP.  find  the  velocity  at  the  end  of  five  eecoiu 

Ans.  300  ft.  per  a& 

6.  Find  the  position  ol  tV  -^atWcV  'to.  Y.f..  a,  vhea 
'  Telocity  varies  as  the  time.  Aua.  s  =  r^  -y  >^, 


1 
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7.  Find  the  distance  the  particle  will  move  in  one 
minute,  when  the  velocity  is  10  ft.  at  the  end  of  one 
second  and  varies  as  the  time.  Arts.  18000  ft. 

135.  Acceleration. — Acceleration  has  heen  defined  to 
be  the  rate  of  change  of  velocity  (Art.  8).  It  is  a  velocity 
increment.  The  formulae  for  acceleration  are  from  (1),  (2), 
and  (3)  of  (Art.  9), 

(1)   being  for  uniform,  and    (2)    and    (3)    for  variable, 
acceleration. 

If  the  velocity  decreases,  f  is  negative,  and  (2)  and  (3) 
become 

^—  __/•     ^^  _       f. 
dt  ""       ^'    df^  "      ^' 

and  the  velocity  and  time  are  inverse  functions  of  each 
other. 

136.  The  Relation  between  the  Space  and  Time 
^^hen  the  Acceleration  =  0. 

Here  we  have 

so  that  if  Vf^  is  the  constant  velocity  we  havi 

da 

d/  -  *•  ' 


I 

I 

I 

I 
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in  which  jj,  is  tlie  space  vhiuh  the  body  has  passed  over 
when  /  =  0.  If  /  ia  compatod  from  the  time  the  body 
etartafrom  rest,  then  a  ^=  v^t.  The  student  will  ubserra. 
that  tliis  is  a  ease  of  uniform  velocity. 

137.  The  Relation  { 1 1  between  the  Space  and 
Time,  and  (2)  between  the  Space  and  Velosity, 
when  the  Acceleration  is  Constant 


{!)  Let  A  be  the  initial  position  of     o        1  p       * 

the  particle   supposed   to    he   moving  Fia.73 

toward  the  right,  P  ita  position  at  any  time,  t,  from  A,  v 
its  velocity  at  that  time,  and  /the  constant  acceleration  o£ 
its  velocity.  Take  any  fixed  point,  0,  in  the  line  of  motion 
as  origin,  and  let  OA  =  s,  ;  OP  =  s.  Then  the  equation 
of  motion  is 

Suppose  the  velocity  of  the  particle,  at  the  point  A  to  b» 
tf„  then  when  t  =  ^,  v  =:  v^f  hence  c  =  r,,  and 

.-.    5  =  ^fp  +  r,(  +  c\ 

But  when  /  =  0,  s  =  s^r,  hence  c'  =  s,,  and 

8  =  i/^^  +  vj  +  s„  (3) 

Hence  if  a  particle  moves  from  rest  from  the  origin  O,  with 
a  constant  acceleration,  wo  have 
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.  =  \fi\  {4) 

iiid  thus  tlie  apace  described  varies  as  the  square  of  the 
time. 

(3)  From  (T)  we  have 

■■•  f  =  V^  +  o. 

But  Tvhen  a  =  s,,  w  =  %\ ;  lience  C  =  Vo*  —  3/s„,  and 
therefore 

y"  =  3A  +  r,'  -  2A„.  (5) 

Equations  (2)  and  (3)  give  the  velocity  and  position  of  the 

purticle  in  terms  of  t ;  and  (5)  gives  the  velocity  in  terms 
of  s. 

138.  When  the  Acceleration  Varies  directly  rb 
the  Time  from  a  State  of  Rest,  Snd  the  Velocity 
and  Space  at  the  end  of  the  Time  t. 


=  ^P  +  w,. 


■  ■     dt' 

where  «,  is  the  initial  velocity  ; 

.-.     S  =  ^«i«  +  )'„(, 

the  initial  space  lieing  0  pince  t  is  estimated  from  rest, 

139.  When  the  Acceleration  Varies  directly  as 
the  Distance  fxova.  a  given  Point  in  the  line  of  Mo- 
tion, and  is  negative,   find  the  'B.eUAioxk  \i«.vn««t>. 
wtha  Space  and  Time. 
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Here  3:5  =  —  Jcsi 

d^  ' 

by  calling  5^  the  value  of  s  when  the  particle  is  at  rest. 

.'. =  k^dty 

the  negative  sign  being  taken  since  the  particle  is  moving 
towards  the  origin ; 

s 

'0 
H  8  z=z  8^  when  ^  =  0 ; 


.  • .    COS"*  —  =  kUy 


•  • 


8  =z  8^  COS  h^t. 


EXAMPLES. 


1.  A  body  commences  to  move  with  a  velocity  of  30  ft 
per  sec,  and  its  velocity  is  increased  in  each  second  by 
10  ft.     Find  the  space  described  in  5  seconds. 

Here  /'  =  10,  v^  =  30,  s^  =  0,  and  t  =  6,  therefore 
from  (3)  we  have 

5  =  i  .  10  .  25  +  30  .  5  =  275,  Ans. 

2.  A  body  starting  with  a  velocity  of  10  ft.  per  sec.,  and 
moving  with  a  constant  acceleration,  describes  90  ft.  in 

"  4  sees. ;  find  the  acceleration.  Ans,  6^  ft.  per  sec 

3.  Find  the  velocity  of  a  body  which  starting  from  rert 
.  with  an  acceleration  oi  10  ii.  v^t  \&^e.,  \i^  ^^^^t\hed  a  spaof 
of  20  ft  Au%.  ^^ 


TALLtyO   BODtSS. 

'  4.  Through -what  space  must  a  body  pass  under  an  accel- 
eration of  5  ft.  per  Bee,  BO  that  its  velocity  may  iucreaee 
from  10  ft.  to  80  ft.  per  sec.  ?  Ans.  30  ft. 

5.  In  what  time  will  a  body  moving*  with  an  accelera- 
tion of  25  ft.  per  sec.,  acquire  a  velocity  of  1000  ft.  per 
second  ?  Ans.  40  sees. 

C,  A  body  staxting  from  rest  haa  been  moving  for  5  min- 
utes, and  has  acquired  a  velocity  of  30  miles  an  hour; 
what  is  the  acceleration  in  feet  per  second  ? 

A)is.  W  ft.  per  sec. 

7.  If  a  body  moves  from  rest  with  an  acceleration  of  |  ft. 
per  sec,  how  long  must  it  move  to  acquire  a  velocity  of 
40  miles  an  hour?  Ans.  88  sees. 

140.  Equations  of  Motion  for  Falling  Bodies. — 

The  most  important  case  of  the  motion  of  a  particle  with  a 
constant  accelera.tiou  in  its  line  of  motion  is  that  of  a  body 
moving  under  tJie  action  of  gravity,  which  for  small  dis- 
tances above  the  earth's  surface  may  be  considered  constant, 
When  a  body  is  allowed  to  fall  freely,  it  is  found  to  acquire 
a  velocity  of  about  3Z.%  feet  per  second  during  every  second 
of  its  motion,  so  that  it  moves  with  an  acceleration  of  32.2 
feet  per  second  (Art.  21).  This  acceleration  is  less  at  the 
summit  of  a  high  mountain  than  near  tJie  surface  of  the 
earth  ;  and  less  at  the  equator  than  in  the  neighborhood  of 
the  poles ;  i.  e.,  the  velocity  which  a  body  acquires  in  falling 
freely  for  one  second  varies  with  the  latitude  of  the  place, 
uud  with  its  altitude  above  the  sea  level ;  but  is  independ- 
ent of  the  81X6  of  the  body  and  of  its  mass.  Practically, 
however,  bodies  do  not  fall  freely,  as  the  resistance  of  the 
air  opposes  their  motion,  and  therefoi-e  in  practical  cases  at 
high  speed  {e.  g.,  in  artillery)  the  resiatimce  of  the  air  most 
he  taken  into  account.    But  at  prestnt  ■««  ^^  -cie^iti*. 

\''  IB  fcb  cue  the  bodj  jh  BuppoiMhl  to  eUrl  trom  tuiil  uniesi  o\iiM«\«B  W*'*^ 
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this  resistance,  and  consider  the  bodies  as  moving  in  yacuo 
under  the  action  of  gravity,  i.  e.,  with  a  constant  accelera- 
tion of  about  32.2  feet  per  second. 

As  neither  the  substance  of  the  body  nor  the  cause  of 
the  motion  needs  to  be  taken  into  consideration,  all  prob- 
lems relating  to  falling  bodies  may  be  regarded  as  cases  of 
accelerated  motion,  and  treated  from  purely  geometric 
considerations.  Therefore  if  we  denote  the  acceleration  by 
g,  as  in  Art.  23,  and  consider  the  particle  in  Art.  137  to  be 
moving  vertically  downwards,  then  (2),  (3),  (5)  of  Ajrt  137 
become,  by  substituting  g  for/, 

V  =gt  +  v^y 

«  =  i^^2  +  V  +  «o>    )  (A) 

i^  =  2gs  +  v^^  -  2^5o, 

8  being  measured  as  before  from  a  fixed  point,  0,  in  the 
line  of  motion. 

Suppose  the  particle  to  be  projected  downward  from  0, 
then  A  commences  with  0  and  s^  =  0.  Hence  (A)  be- 
comes 

v=gt  +  ^0,  (1) 

s=igfi  +  v,t,  (2) 

v^  =  2gs  +  v,^,  (3) 

As  a  particular  case  suppose  the  particle  to  be  dropped 
from  rest  at  0  (Fig.  73).  Then  A  coincides  with  O,  and 
Sq  =  0,  v^  =  0.     Hence  equations  (A)  become 

V  =  gt,  (4) 

8  =  \gP,  (6) 
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'  141.  When  the  Particle  is  Projected  Vertically 
D'p^ards. — Here  if  we  measure  s  upwards  from  the  poiut 
of  projection,  0,  the  acceleration  tends  to  diininiBh  the 
space  and  therefore  the  acceleration  is  negative,  and  the 
equation  of  motion  is  (Art.  135) 


i 


In  other  respects  the   solution   is  the  same.      Taking 
lerefore  s,  ^  0  in  (A)  and  changing  the  sign  of  g,*  we 
obtain 

'  =  ^■,-1',  (1) 


'J  - 


(2) 
(3) 


^CoB.  1. — The  time  during  which  a  particle  rises  wheti 
"ojecied  vertically  upwards. 
When  the  particle  reaches  its  highest  point,  its  velocity 
s  zero.  If  therefore  we  put  *•  ^  0  in  (1).  the  correspond- 
ing value  of  t  will  be  the  time  of  the  particle  ascending  to  a 
state  of  rest. 


tCoR.    % 
^  point. 


/  ■=' 


-The  time  of  flight  before  returning  to  the  slart- 


_  From  (2)  we  have  the  distance  of  the  particle  from  the 
Btarting  point  after  t  seconds,  when  jirojected  vertically 
upwards  with  tlie  velocity  v^.  Now  wlien  tlie  particle  has 
risen  to  its  maximum  height  and  retnrned  to  the  point  of 
projection,  s  =  0.  If,  therefore,  we  put  a  =  0  in  (3),  and 
Bolve  for  (,  we  shall  get  the  time  of  flight.     Therefore, 
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'J  -  i!/i'  = 


which  givea 


particle     I 

^turned,   j 


The  first  value  of  t  shows  the  time  before  the  particle 
starts,  the  latter  shows  the   time  when  it  has  returned. 

Hence,  the  whole  time  of  flight  is  — -,  which  is  just  double 

.  1) ;  that  is,  i/ie  time  of  rising  equals 


the  time  of  rising  (Coi 
the  time  of  falling. 

The  final  velocity,  by  (1)  of  Art.  140,  =  <jt  =  g  y.''- 

(Cor.  1)  ^  v^;  hence  a  body  returns  to  any  point  iu  its 
path  with  the  same  velocity  at  which  it  left  it.  In  other 
words,  a  body  passes  each  point  in  its  path  with  the  same 
Telocity,  whether  rising  or  falling,  since  the  Telocity  at  any 
point  may  be  considered  as  a  velocity  of  projection. 

Cor.  3, — Tlie  greatest  height  to  which  the  particle  loiU 


At  the  summit  «  =  0,  and  the  corresponding  value  of  a 
will  be  the  greatest  height  to  which  the  particle  will  rise 
when  w  =  0,  (3) 


^-•Hgs; 


Cor.  4. — Since  j','  =  2gs,  where  s  is  the  height* 

which  a  body  fulls  to  gain  the  velocity  «„,  it  follows  that  t 

\body  will  rise  through  the  same  spacft  m  \waw^  a.  ^elocll^ 

Wf  "s  it  would  fall  through  to  gam  Vt. 
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EXAM  PLES. 

1.  A  body  projected  vertically  downwards  with  a  velocity 
of  20  ft.  a  sec.  from  the  top  of  a  tower,  reaches  the  ground 
in  2.5  sees.;  tind  the  height  of  the  tower. 

Here  t  =  2^,  and  r^  =  20 ;  assume  g  =  32.  Then 
from  (2)  of  Art.  140  we  have 

s  =  13^^  ^  20  X  I  =  150  ft. 

2.  A  body  is  projected  vertically  upwards  with  a  velocity 
of  200  ft.  per  second ;  find  the  velocity  with  which  it  will 
pass  a  point  100  ft.  above  the  point  of  projection. 

Here  v^  =  200,  s  =  100 ;  therefore  from  (3)  we  have 
v^  =  40000  —  6400  =  33600 ; 
.-.    v  =  4:0V2i. 

3.  A  man  is  ascending  in  a  balloon  with  a  uniform 
velocity  of  20  ft.  per  sec,  when  he  drops  a  stone  which 
reaches  the  ground  in  4  sees.;  find  the  height  of  the 
balloon. 

Here  v^  =  20,  and  ^  =  4 ;  therefore  from  (2)  we  have, 

after  changing  the  sign  of  the  second  member  to  make  the 

result  positive, 

,v  =  —  (80  —  256)  =  176, 

which  was  the  height  of  the  balloon. 

4.  A  body  is  projected  upwards  with  a  velocity  of  80  ft. ; 
after  what  time  will  it  return  to  the  hand  ? 

Afis.  5  seconds. 

5.  With  what  velocity  must  a  body  be  projected  ver- 
tically upwards  that  it  may  rise  40  ft.  ? 

Am.  16  V'l^  i't,,  \j^x  s»ic,- 
11 
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6.  A  body  projected  vertically  upwards  passes  a  certain 
point  with  a  velocity  of  80  ft.  per  sec. ;  how  much  higher 
will  it  ascend  ?  .-Ins.  100  tt 

7.  Two  bulls  are  dropped  from  t!io  top  of  a  tower,  one  of 
them  3  sees,  before  the  other  ;  how  far  will  they  be  apart 
5  sees,  after  the  first  was  let  fall  ?  Ans.  336  ft. 

8.  If  a  body  after  having  fallen  for  3  sees,  breaks  a  pB 
of  glass  and  tiiereby  loses  one-third  of  its  velocity,  find  the 
entire  space  through  which  it  wil!  have  fallen  iu  4  sees. 

Am.  334  ft. 

142.  CompoBition  ofVelocities. — (1)  From  the  J^tr- 

allehgram  of  Velocities,  (Art.  29,  Fig.  2),  we  see  that  if  AB 
represents  in  magnitude  and  direction  the  space  which 
would  be  described  in  one  second  by  a  particle  moving  with 
a  given  velocity,  and  AC  represents  in  magnitude  and 
direction  the  space  which  would  be  described  in  one  second 
by  another  partiole  moving  with  its  velocity,  then  AD,  th» 
diagonal  of  the  parallelogram,  repreitenls  tJie  resultant 
velocity  in  magnitude  and  direction. 

(2)  Hence  the  resultant  of  any  two  velocities,  as  AB,  BD,. 
(Fig.  2),  is  a  VBlocity  represented  by  the  third  side,  DA,  o/ 
the  triangle  ABD;  and  if  a  point  have  simullaneoutly^ 
velocities  represented  by  AB,  EC,  CA,  the  sides  of  a  trian- 
gle, taken  in  the  same  order,  it  is  at  rest. 

The  lines  which  are  taken  to  represent  any  given  f&feei 
may  clearly  be  taken  to  represent  the  velocities  which 
measure  these  forces  (Art  19),  therefore  from  the  Polygm 
and  Parallehpiped  of  Forces  the  Polygon  and  ParaUA 
opipedof  Velocities  follow. 

(3)  Hence,  if  any  number  of  velorities  be  represented  i 
magnitude  and  direction  by  the  sides  of  a  closed  polygon, 

ia&en  aU  in  the  same  order,  t/te  reauWani  is  zero. 
(4)  Also,  if  three  velocii\t%  be  rejreseuled  m  -ma^wW 


aVdAj^ 


-s/W 


'hisf- 
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fcid  direction  by  the  three  edges  of  a  parallelepiped,  the  re- 
sultant velocity  ifill  be  represented  by  the  diagonal. 

(5)  When  there  are  two  velocities  or  three  velocities  in 
two  or  in  three  rectangular  directions,  the  resultant  Is  the 
aqnare    root    of   the    sum    of   their    squares.       Thus,  if 

-T.t  -f7j  -^>  -7-,)  ai'e  the  velocities  of  the  moving  point  und 
at    dt     at     dt 

its  components  pai-allel  to  the  axes,  we  have  from  (2)  of 

An.  30, 

^bmd  from  (1)  of  Art.  34, 

143.  Resolation  of  VelocitieB. — As  the  diagonal  of 

the  parallelogram  (Fig.  3),  wliooC  aides  represent  the  com- 
ponent velocities  ivaa  found  to  represent  the  resultant 
velocity,  so  any  velocity,  represented  by  a  given  straight 
line,  may  be  resolved  into  component  velocities  repfesented 
by  the  sides  of  the  parallelogram  of  which  the  giien  ime 
is  the  diagonal 

It  will  he  easily  seen  that  (3)  of  Art.  134  ia  equally 
applicable  whether  the  point  be  considered  as  moving  in  a 
straight  line  or  in  a  curved  line ;  hut  since  in  the  latter 
ca«e  the  direction  of  motion  continually  changes,  the  mere 
amount  of  the  velocity  is  not  sufficient  to  describe  the 
motion  completely,  so  it  will  be  nectissary  to  know  at  every 
instant  the  direction,  as  well  as  the  mapnitnde,  of  the  point's 
velocity.  In  auch  cases  as  this  the  method  commonly  em- 
ployed, whether  we  deal  with  velocities  or  accelerations, 
consista  mainly  in  studying,  not  the  velocity  or  acceleration, 
directly,  hut  its  components  p!iralle\  to  an\  W\tw  sjsswww.^ 
^a^ngalar  axcB.     If  the  particle  \>c  at  tVic  y'-'^i^^  V^'  M'  "^^ 
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at  the  time  t,  and  if  we  denote  its  velocities   parallel 
respectively  to  the  three  axes  hy  ?^,  v,  w,  we  have 

(fo  _  ^y  __         dz  _^ 

di^'^''    di  ^'^''  Jt^'^'^ 

Denoting  by  v  the  velocity  of  the  moving  particle  along 
the  curve  at  the  time  t,  we  have  as  above 


and  if  a,  (i,  y  be  the  angles  which  the  direction  of  motion 
along  the  curve  makes  with  the  axes,  we  have,  as  in  (2)  of 

(Art.  34), 

dx       ds 

-jj  =  —  cos  a  =  v  cos  a  =  Vx : 

dt        dt  ' 

dv       ds        ^  ^ 

^  =  j^COSli  =  V008(i  =  V,', 

dz       ds 

-t:   =  -t;  cos  y  =  V  COS  V  =  Vz, 

dt       dt  ' 

flft*      rial      f7» 

Hence  each  of  the  components  -jr,  --,  ^  is  to  be 

found  from  the  whole  velocity  by  resolving  the  velocityy 
i.  e.,  by  multiplying  the  velocity  by  cosine  of  the  angle 
between  the  direction  of  motion  and  that  of  the  compo- 
nent. 

EXAM  PLES. 

1.  A  body  moves  under  the  influence  of  two  velocities, 

at  right  angles  to  each  other,  equal  respectively  to  17.14  ft. 

and  13.11  ft.  per  second.     Find  the   magnitude   of  the 

resuUiint  motion,  and  the  angles  into  which  it  divides  the 

right  angle. 

Am.  21.579  it.  pet  feee,\  ^T  ^^'  ^^^^^^  ^^  . 
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.  A  ship  sails  due  north  at  the  rate  of  4  knots  par 
Donr,  and  a  ball  is  rolled  towards  the  east,  across  her  deck, 
at  right  angles  to  lier  motion  at  tlio  rate  of  10  ft.  per 
second.  Find  the  magnitude  and  direction  of  the  real 
motion  of  the  ball. 

Alts.  13.07  ft.  per  sec.;  and  N.  S6°  E. 

3.  A  boat  moves  N.  30°  E.,  at  the  rate  of  6  miles  per 
hour.     Find  its  rate  of  motion  northerly  and  easterly. 

Ans.  5.3  miles  per  hoar  north,  and  3  miles  per  hour 
east. 

144.  Motion  on  an  Inclined  Plane.— By  an  exten- 
sion of  the  equations  of  Art.  140,  we  may  treat  the  case  of 
a  particle  sliding  from  rest  down  a  smooth  inclined  plane. 
As  this  is  a  very  simple  case  in  which  an  acceleration  is 
resolved,  it  is  convenient  to  treat  of  it  in  this  part  of  our 
work ;  yet  as  it  properly  belongs  to  the  theory  of  con- 
strained motion,  we  are  unable  to  give  a  complete  solutiou 
of  it,  until  the  principles  of  such  motion  have  been  ex- 
plained in  a  future  chapter. 

Let  P  be  the  position  of  the  particle  at 
any  time,  (,  on  the  inclined  plane  OA,  OP 
=  s,  its  distance  from  a  fixed  point,  0,  in 
the  line  of  motion,  and  let  «  be  the  inclina- 
tion of  OA  to  the  horizontal  line  AB.  Let 
P6  represent  {/,  tlie  vertical  acceleration  with 
whit'h  the  body  would  move  if  free  to  fall, 
into  two  components,  Pra  =  ff  sin  «  along,  and  Pc  =  g 
cos  a  perpendicular  to  OA.  The  component  ff  cos  a  pro- 
dnees  prei-sure  on  tlie  piano,  hut  does  not  affect  the  niotion. 
Tlie  only  itceeleration  down  the  plane  is  that  component  of 
the  whole  acceleration  wliieli  is  imrallel  to  the  plane,  viz., 
!.     The  e'luation  of  motion,  therefore,  is 


Resolvi 
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the  solution  of  which,  as  ^  sin  a  is  constant,  is  included  in 
that  of  Art.  140 ;  and  all  the  results  for  particles  moving 
vertically  as  given  in  Arts.  140  and  141  will  be  made  to 
apply  to  (1)  by  writing  g  sin  a  for  g.  Thus,  if  the  particle 
be  projected  down  or  up  the  plane,  we  get  from  (1),  (2),  (3) 
of  Arts.  140  and  141,  by  this  means 

V  =  vi  ±g  sin  a*t,  (2) 

8=iv^t  ±^  sin  «.  fi,  (3) 

t;8  =  i;^2  _j.  2g  sin  «•«,  (4) 

in  which  the  +  or  —  sign  is  to  be  taken  according  as  the 
body  is  projected  down  or  up  the  plane. 

If  the  particle  starts  from  rest  from  0,  we  get  from  (4), 
(5),  (6)  of  Art.  140 

V  =  ^  sin  a*tf  (5) 

5  =  ^  sin  «•  fi,  (6) 

i;2  =s  2^  sin  a*s.  (7) 

CoR.  1. — The  velocity  acquired  hy  a  particle  in  falling 
doiun  a  given  inclined  plane. 

Draw  PC  parallel  to  AB  (Fig.  74),  then  if  v  be  the 
velocity  at  P,  we  have  from  (7) 

7^  =z  2g  sin  a*8 
=  2^.00. 

Hence,  from  (6)  of  Art.  140  the  velocity  is  the  same  at  P 

as  if  the  particle  had  fallen  through  the  vertical  space  OC ; 

that  is,   the   velocity   acquired  in  falling  down  a  smooth 

/'//c/med  plane  is  the  same  as  w^ixddi  h^  accoutred  in  fallifig 

freely  through  the  j)er2>endicular  heiglit  of  IKe  'i^Vau^, 


t  OOB,  3. —  B7ie»  the  particle  i 
a  given  velocity,  to  find  how  hi§ 
of  ascent. 

From  {4)  we  huve 


projected  up  th 
i  it  will  ascend,  i 


plane  with 


When  V  ■=  0  the  particle  will  stop ;  lieoce,  the  distance  it 
will  aeceDd  will  be  given  by  the  equation 


To  find  the  time  we  have  from  (2) 


and  the  particle  stops  when  u  =  0,  in  which  case  we  have 


From  (6)  we  derive  the  following  curious  aud  useful 
result. 


145-    The  Times  of  Descent  dovm 

all  Chords  drawn  from  the  Highest 

:  Point  of  a  Vertical  Circle  aie  equal — 

Let  AB  be  the  vertical  diameter  of  the 
circle,  AO  any  cord  through  A.  «  its 
inclination  to  the  horizon  ;  join  BC  ;  tlieu 
if  /  be  the  time  of  descent  dowu  AO  wo 
have  from  (0)  of  Art.  144 


AO  =:  yp  a 


AB  =  yp. 


V^ 


which  is  constant,  and  Rbows  that  the  time  of  falling  6o9i 
any  chord  is  the  same  as  the  time  of  falling   down  1 
diameter. 

Cob. — Similarly  it   ipay  be   shown  that   the   times  of^ 
descent  down  all  chorda  drawn   to   B,  the  lowest  point, 
are  equal ;    that   is,  the   time  down  OB  is  "qnal   to  fhnt 
down  AB. 


146.  The  Straight  Line  of  Qnickest  Descent  &:om 
(1)  a  Given  Point  to  a  Given  Straight  Line  (2)  from 
a  Given  Point  to  a  Given  Curve, 

(1)  Let  A  be  the  given  point  and  BC 
the  given  Hoe.  Tlirough  A  draw  the 
horizontal  line  AC,  meeting  CB  in  C; 
bisect  the  angle  ACB  by  00  which  inter- 
sects in  0  the  vertical  line  drawn  through 
A ;  from  0  draw  OP  perpendicular  to  BO; 
join  AP;  AP  is  the  required  lineof  quick- 
est descent. 

For  OP  is  evidently  eqnal  to  OA,  and  therefore  the 
circle  described  with  0  as  centre  and  with  OP  (^  OA)  for 
radius,  will  touch  the  line  BO  at  P,  and  aiuce  the  time  of 
falling  down  all  chords  of  this  circle  from  A  is  the  same, 
AP  must  be  the  line  of  quickest  descent. 

(3)  To  find  the  straight  line  of  quickest  de.scent  to  a 
given  airve.  all  that  is  required  is  to  draw  a  circle  having 
the  given  point  as  the  upper  extremity  of  its  vertical 
diameter,  and  tangent  to  the  curve.  Hence  if  DE  {Fig. 
76)  be  the  curve,  A  the  pomi,  (\va-w  fA  \i;tV.\ftfl.\  •  and,  witli 
,  centra  in  All,  descrftie  a  audi  v^**"^?.  'Om'sv^^ 


Hi 
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touching  DE  ut  P,  tlien  AP  ia  the  required  line.  For,  if  we 
take  any  other  point,  Q,  in  DE,  and  draw  AQ  cutting  the 
circle  in  q,  then  the  time  down  AP  =  time  down  Aj< 
time  down  AQ,  Hence  AP  is  the  line  of  quickest  descent. 
The  problem  of  Sodiog  tLe  line  of  quickest  descent  from  a  point  to 
a  line  or  curve  m  thus  found  to  resolve  iteelf  into  tlie  purely  geometric 
problem  of  drawing  a  circle,  the  highest  point  of  which  aliall  be  the 
given  point  and  ivhich  ehall  touch  the  given  line  or  curve. 

EXAMPLES. • 

1.  If  the  earth  travels  in  its  orbit  600  million  miles  in 
365^  days,  with  uniform  motion,  what  is  its  velocity  in 
milea  per  second  ?  Ans.  !!)■  01  miles. 

2.  A  train  of  cars  moving  with  a  velocity  of  SO  miles  an 
hour,  had  been  gone  3  hours  when  a  locomotive  was 
dispiitched  in  pursuit,  with  a  velocity  of  25  miles  an  hour; 
in  what  time  did  the  latter  overtake  the  former  ? 

Ans.  12  hours. 

3.  A  body  moving  from  rest  \vith  a  uniform  acceleration 
describes  90  ft.  in  the  5th  secood  of  its  motion  ;  find  the 
acceleration,/,  and  velocity,  v,  after  10  seconds. 

Ans.  f=  %0;  V  =  200. 

4.  Find  the  velocity  of  a  particle  which,  moving  with  an 
acceleration  of  20  ft.  per  sec.  has  traversed  1000  ft. 

A  lis.  200  ft.  per  sec. 

5.  A  body  ia  observed  to  move  over  45  ft.  and  55  ft.  in 
two  successive  seconds ;  find  the  space  it  would  describe  in 
the  20th  second.  Ans.   195  ft, 

C.  Tlie  velocity  of  a  body  increuaea  every  hour  at  the  rat  j 
uf  300  yarda  per  hour.  What  ia  the  acceleration,  /,  in  feet 
jn.T  second,  and  what  is  the  apace,  »,  descnU'd  from  n'st  in 
■;()  M.-oomi8  ?  Ant,  /  =  U.^-,  a  =  Wi  t\^^ 
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7.  A  body  is  moving,  at  a  given  instant,  at  tbe  rate  (xM 
8  ft.  per  sec;  at  the  end  of  5  sees,  its  velocity  is  19  ft.  pers 
sec.  Assuiuing  its  acceleration  to  be  nnlform,  wbat  was  ilal 
velocity  at  tbe  end  of  4  sees.,  and  what  will  be  its  velocitj^ 
at  tbe  end  of  10  sees. ?  Arts.  16-8;  30.     I 

8.  A  body  is  moving  at  a  given  instant  witb  a  velocity  of  ■ 
30  miles  an  hour,  and  comes  to  rest  in  11  sees.;  if  thel 
retardation  is  uniform  what  was  its  velocity  5  sees,  before  ibi 
stopped  ?  Atis.  30  ft.  per  Bee     I 

9.  A  body  moves  at  the  rate  of  13  ft.  a  sea  with  a 
nniform  acceleration  of  4 ;  (1)  state  exactly  vfhat  is  meant 
by  the  number  4  ;  (2)  suppose  tbe  acceleration  to  go  on  for 
5  sees.,  and  then  to  cease,  what  distance  will  the  body 
describe  between  the  ends  of  the  5th  and  12th  sees.? 

Arts.  334  ft. 

10.  A  body,  whose  velocity  undergoes  a  uniform  retarda- 
tion of  8,  describes  in  2  sees,  a  distance  of  30  ft.;  (1)  what 
was  its  initial  velocity  Y  (3)  How  much  longer  than  the 
3  Bees,  would  it  move  before  coming  to  rest  ? 

Ans.    (1)23;  (2)  J  sec. 

11.  A  body  whose  motion  is  uniformly  retarded,  changes 
its  velocity  from  24  to  6  while  dpsci-ibing  a  distance  of  13 
ft.;  in  what  time  does  it  describe  the  12  ft.? 

Ana.  0-8  sec. 

12.  The  velocity  of  a  body,  which  is  at  first  6  ft.  a  sec 
undergoes  a  uniform  acceleration  of  3;  at  the  end  of  4  gec4 
the  acceleration  ceases ;  how  far  does  tbe  body  move  in  10 
sees,  from  the  beginning  of  tlie  motion?        Ans.   156  ft. 

13.  A  body  moves  for  a  quarter  of  an  hour  with  a  uni- 
form acceleration  :  in  the  first  5  minutea  it  describes  350 

yards  ;  in  the  second  5  minutes  420  y-irds;   what  is  tlu 
»  wh  ole  distaace  described  in  a.  (\vka.rtfi^  ol  wa  Vww  ? 

Aw.  \^'«is 


Nj^ 


BXAMFLES.  251 

^  14,  Two  sees,  after  a  body  is  let  fall  uuotiier  bwly  ia 
projected  vertically  downwards  with  a  velocity  of  100  ft. 
per  sec.;  when  will  it  overtake  the  former? 

Alts.  13  aec8. 

15.  A  body  is  projected  upwards  witli  a  Telocity  of  100 
ft.  per  sec;  find  the  whole  time  of  flight.     Ans.  6^  sees. 

16.  A  balloon  is  rising  unifonnly  with  a  velocity  of  10  ft. 
per  see.,  when  a  man  drops  from  it  a  atone  which  i-eachea 
the  ground  in  3  sees.;  find  the  heiglit  of  the  balloon,  (1) 
when  the  stone  was  dropped;  and  (2)  when  it  reached  the 
ground.  Ans.   (I)  114  ft.;  (2)  144  ft. 

17.  A  man  is  standing  on  a  platform  which  descends 
with  a  uniform  acceleiation  of  5  ft.  per  sec. ;  after  having 
descended  for  3  sees,  he  drops  a  hall ;  what  will  he  the 
velocity  of  the  ball  after  2  more  seconds  ?         Ans.  74  ft. 

18.  A  balloon  has  been  ascending  vertically  at  a  uniform 
rate  for  4.5  Bees.,  and  a  stone  let  full  from  it  reaches  the 
ground  in  7  sees.;  find  the  velocity,  r,  of  the  balloon  and 
Ihe  height,  s,  from  which  the  stoue  is  let  full. 

Ans.  V  ^  174f  ft.  per  see.;  .t  ^  784  ft.  If  the  balloon 
is  still  ascending  when  the  stone  is  let  fall  v  =  C8-17  ft. 
peraec.;  s  =  306- ^6  ft.? 

19.  With  what  velocity  ran.'-t  a  piirtiulo  he  projected 
downwards,  that  it  may  in  t  sees,  overtake  another  particle 
which  has  already  fallen  through  a  ft.  ? 


20.  A  person  while  asceuding  in  a  balloon  with  a  verticiil 
velocity  of  V  ft.  per  sec,  lets  fall  a  stono  when  he  is  h  ft. 
aliove  the  ground ;  required  the  time  in  which  the  stone 
will  reach  the  grouud.                            y  4.  W"V^  -V  ^U^^ 
Am.  — — ' — 


'IS.  \\/'Ji-\ 


EXAMPLES. 

.  A  body.  A,  is  projected  vertically  downwards  from 
the  top  of  a  tower  with  the  velocity  V,  and  one  sec.  after- 
wards auother  body,  B,  is  let  fall  from  a  window  a  ft.  from 
the  top  of  the  tower  ;  in  what  time,  /,  will  A  overtake  B  ? 
,         ,  2o  +  ff 

''"■'  =  2Tv+T)- 

,  A  stone  let  fall  into  a  well,  is  heard  to  strike  the 
bottom  in  t  seconds ;  required  the  depth  of  the  well,  Bnp- 
posisg  the  velocity  of  sound  to  be  a  ft.  per  sec. 

23.  A  stone  is  dropped  into  a  well,  and  after  3  sees,  the 
sound  of  the  splash  is  heard.  Find  the  depth  to  tha 
surface  of  the  water,  the  velocity  of  sound  being  H27  ft. 
per  sec  Ans.   133.9. 

34.  A   body   is    simultaneously    impressed    with    threo 
uniform  velocities,  one  of  which  would  cause  it  to  move 
10  ft.  North  in  2  sees. ;  another  13  ft.  in 
same  direction ;  and  a  thiixl  21  ft.  South  in  3  sees.    When 
will  the  body  be  in  5  sees.  ?  Ans.  50  ft.  North. 

25.  A  boat  is  rowed  across  a  river  IJ  miles  wide,  ir 
direction  making  an  angle  of  87°  with  the  bank.  The 
boat  travels  at  the  rate  of  5  miles  an  hour,  and  the  rivet. 
runs  at  the  rate  of  2.3  miles  an  honr.  Find  at  what  point 
of  the  ojiposite  bank  the  boat  will  land,  if  the  angle  of  87' 
he  made  against  the  stream. 

Aiis.  808  yards  dowu  the  stream  tioiu  the  opposila 
point. 

2tJ.  A  body  moves  with  a  velocity  of  10  ft.  per  soc.  in 
^jren  direction  ;  find  the  velocity  in  a  dircclion  inclined  I 
no  angle  of  30°  to  the  OT\gvna.\  iiYiec'CvQw. 


SXAMPLEB. 

,  A  smooth  plane  is  inclined  at  au  angle  of  30°  t.o  the 
borizon;  a  body  i a  started  up  the  piano  with  the  velocity 
bg ;  find  when  it  is  distant  9^  from  the  stai'ting  point. 

Ans.  2,  or  18  sees. 

28.  The  angle  of  a  plane  is  30° ;  find  the  velocity  with 
which  a  body  mtiat  be  projected  up  it  to  reach  the  top, 
the  length  of  the  plane  being  20  ft. 

Ans.  8  VlO  ft,  per  sec. 

29.  A  body  ia  projected  down  a  plane,  the  inclination  of 
wliich  is  45°,  with  a  velocity  of  10  ft. ;  find  the  space 
described  in  SJ  sees.  Ans.  95.7  ft.  nearly. 

30.  A  steam-engine  starts  on  a  downwai-d  incline  of 
1  in  200*  with  a  velocity  uf  TJ^  miles  au  hour  neglecting 
friction  ;  find  the  space  traverBed  in  two  minutes. 

Ahs.  824  yards. 

31.  A  body  projected  up  an  incline  of  1  in  100  with  a 
velocity  of  15  miles  an  hour  just  reaches  the  summit ;  find 
the  time  occupied.  Ans.  68.75  sees. 

3£,  From  a  point  in  an  inclined  plane  a  body  is  made  to 
slide  up  the  plane  with  a  vehicity  of  16.1  ft.  per  sec.  (1) 
lli>w  fur  will  it  go  before  it  comes  to  rest,  the  inclination 
of  the  plane  to  tlie  horizon  being  30°  ?  (2)  Also  how  far 
will  the  body  be  from  the  starting  point  after  5  sees,  from 
the  beginning  of  motion  ? 
Il  Ana.   (1)  8.05  ft.;  (2)  120.75  ft.  lower  down. 

^■33.  The  inclination  of  a  plane  is  3  vertical  to  4  hori- 
zontal ;  a  body  is  made  to  slide  up  the  incline  with  an 
initial  velocity  of  3ti  ft.  a  sec.;  (1)  how  far  will  it  go  before 
beginning  to  return,  and  (2)  after  how  many  seconds  will 
it  return  to  its  starting  point? 

Ans.   (l)3.3f  ft.;  (2)  3 J  sees. 


it' 


Wtoi  Examples. 

I  34.  There  is  ao  inclined  pliiue  oj  5  vertical  to  13  hori- 
bodUI,  a  body  slides  down  5'i  ft.  of  its  length,  and  tlitii 
passes  without  loss  of  velocity  on  to  the  horizontiii  plane; 
after  bow  long  from  the  beginning  of  the  motion  will  it  W 
at  a  distance  of  100  ft.  from  the  foot  of  the  incline? 

Atis,  b,7  sees. 

35.  A  body  is  projected  up  an  inclined  plane,  wlmsc 
length  ia  10  times  its  height,  with  a  velocity  of  30  ft.  per 
see. ;  in  what  time  will  its  velocity  be  destroyed  ? 

Atis.  9|  sees,,  if  y  ^  33. 

36.  A  body  falls  from  rest  down  a  given  inclined  plane; 
compare  the  times  of  describiug  the  first  and  last  halves 
of  it.  jifiR.  As  1  :  V-I  -I. 

,  37.  Two  bodies,  projected  down  two  planes  inclined  to 
the  horizon  at  imgles  of  45°  and  C0°.  describe  in  the  same 
time  spaces  respectively  as  V^  :  VS  ;  find  the  ratio  of  the 
initial  velocities  of  the  projected  bodies. 

Am.   V3  :  ^3. 

38.  Through  what  chord  of  a  circle  must  a  body  fall  to 
acquire  half  the  velocity  gained  by  falling  through  the 
diameter  P 

Ajis.  The  choi-d  which  is  inclined  at  B0°  to  the  vertical. 

39.  Find  the  velocity  with  which  a  body  shonld  be  pro- 
jeeted  down  an  inclined  plane,  I,  so  tliat  the  time  ol 
running  down  the  plane  shall  bo  equal  to  the  time  ol 
falling  down  the  height,  h. 

/l-h  m  „\ 

40.  Find  the  inclination  of  tins  plane,  when  a  velocity 
of  Jths  that  due  to  the  height  is  anfiicient  to  render  the 

\  times  ofmnDing  down  the  p\auc,  aiii.  oi  MUnw  down  the 
height,  equal  to  eacli  ot\iet. 
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41.  Through  what  chord  of  h  circle,  drawn  from  the 
bottom  of  the  vertical  diameter  mnat  a,  body  descend,  so  as 

to  acquire  a  velocity  equal  to   -th   part  of  the  velocity 

aeqnired  ia  falling  down  the  vertical  diameter? 

Alls.  It  6  denote  the  angle  hetiveeu  the  required  chord 

and  tho  vertical  diameter  eoB  9  =  -  ■ 
n 

42.  Find  the  inclination,  0,  of  the  radins  of  a  circle  to 
the  vertical,  such  that  ii  body  panning  down  will  describe 
the  rudiuB  in  the  same  time  that  another  body  requires  to 
fall  down  the  vertical  diameter.  Ans.  0  ^^  60°. 

43.  Find  the  inclination,  0,  to  the  vertical  of  the  diam- 
eter down  which  a  body  falling  will  describe  the  last  hall 
in  the  same  time  as  the  vertical  diameter. 

3\/3  — 4 


Ans. 


3^2 


44.  Show  that  the  times  of  descent  down  all  the  radii  of 
curvature  of  the  cycloid  (Fig.  40,  Calculus)  are  equal;  that 

ia,  the  time  down  PQ  ig  equal  to  the  time  down  O'A  =  -(/ — . 

45.  Find  the  inclination,  6,  to  the  horizon  of  an  inclined 

plane,  so  that  the  time  of  descent  of  a  particle  down  the 
length  may  be  n  times  that  down  the  heiglit  of  tho  plane. 


40.  Find  the  line  of  quickest  descent  from  the  focus  to 
a  pnrabola  whose  axis  is  vertical  and  vertex  upwards,  and 
show  that  its  length  is  equal  t"  that  of  the  latus  rectum. 


^t0boj 


47.  Find  the  line  of  quickest  descent  ttom  ftve  iocu*  ol  * 
)/a  to  the  cunc  when  tlie  axis  ia  hoT\zoia^»V.  _M 


48,  Find  geo  met  deal  !y  the  line  of  quickest  descent  {1) 
from  a  point  within  a  circle  to  the  cirde  ;  (2)  from  a  circia 
to  a  point  without  it 

49,  Find  geometrically  the  straight  line  of  longeat 
descent  from  a  circle  to  a  point  without  it,  and  which 
lioa  below  the  circle, 

50,  A  man  sis  feet  high  walks  in  a  straight  line  at  the 
rate  of  foar  miles  an  hour  away  from  a  street  lamp,  the 
height  of  which  is  10  feet;  supposing  the  man  to  start 
from  the  lamp-post,  find  the  rate  at  which  the  end  of  hia 
shadow  travels,  and  also  the  rate  at  which  the  end  of  hia 
shadow  separates  from  himself. 

Ans.  Shadow  travels  10  miles  an  hour,  and  gains  on 
himself  6  miles  an  hour. 

51,  Two  bodies  fall  in  the  same  time  from  two  given 
points  in  apace  in  the  same  vertical  down  two  straight 
lines  drawn  to  any  point  of  a  surface ;  show  that  the  sur- 
face is  an  equilateral  hyperboloid  of  revolution,  having  the 
given  points  as  vertices, 

53.  Find  the  fonn  of  a  curve  in  a  vertical  plane,  such 
that  if  heavy  particles  be  simultaneously  let  fall  from  each 
point  of  it  so  as  to  slide  freely  along  the  normal  at  that 
point,  they  may  all  reach  a  given  horizontal  straight  line  at 
the  same  iustant, 

53.  Show  that  the  time  of  quickest  descent  down  a  focat 
chord  of  a  parabola  whose  axis  is  vertical  is 


where  I  ia  the  latus  rectum, 

54.   Particles  slide  Irom  test  at  ft\c  \s\^eB,i  Qoint 
[  vertical  circle  down  chorAs,  ani  aifc  't'^ft'n.  ^VowsA.  \a 
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freely  ;  show  that  the  locus  of  the  foci  of  their  paths  is  a 
circle  of  half  the  radius,  and  that  all  the  paths  bisect  the 
yertical  radius. 

55.  If  the  particles  slide  down  chords  to  the  lowest  point, 
and  be  then  suffered  to  move  freely,  the  locus  of  the  foci  is 
a  cardioid. 

56.  Particles  fall  down  diameters  of  a  vertical  circle ;  the 
locus  of  the  foci  of  their  subsequent  paths  is  the  circle. 


I 


CHAPTER     II. 

CURVILINEAR     MOTION. 

147.  Remarks  on  Curvilmear  Motion. — The  nii>- 
tioii,  wliicli  WHS  considered  iD  tlie  last  chapter,  waa  that  of , 
u  particle  describing  !i  rectilinear  path.  In  this  chapter 
circumataacea  of  motion  in  which  the  path  is  cnrvilinear 
will  be  considered.  The  conception  and  the  definition  of ' 
Telocity  and  of  acceleration  which  were  given  ia  Arte.  134, 
135,  are  evidently  as  applicable  to  a  particle  deaeribing  a 
curvilinear  path  aa  to  one  moving  along  a  atruight  line; 
and  consequently  the  formulie  for  velocity  in  Arts.  142, 143, 
ai-e  applicable  either  to  rectihnear  or  to  curyiliuear  motion. 
In  the  last  chapter  the  effects  of  the  composition  and  the 
reaolutioa  of  velocities  were  considered,  when  the  path 
taken  by  the  particle  in  consequence  of  them  was  straight ; 
we  have  now  to  investigate  the  effects  of  velocities  and  of 
accelerations  in  a  more  general  way. 

148.  CompoBition  of  Uniform  Velocity  and  Ac- 
celeration.— Suppose  a  body  tends  to  move  in  one  direc- 
tion with  a  uniform  velocity  which  would  carry  it  from  A 
to  B  in  one  second,  and  also  subject  to  an  ^ 
acceleration  that  would  carry  it  from  A 
to  0  in  one  second ;  then  at  the  end  of 
the  second  the  body  will  he  at  D,  the 
opposite  end  of  the  diagonal  of  the  par- 
allelogram ABDC,  just  as  if  it  had  moved 
from  A  to  B  and  then  from  B  to  D  in  the  second,  bat  tbe 
body  will  move  in  the  curve  and  not  along  the  diagonal 
For,  the  body  in  its  motion  is  making  progress  unifonulf 

,  In  the  direction  AB,  at  tW  sanw  vwle  fta\i  S'vV^  ^o  otti*J 
Bwtioiij  aud  &t  the  same  tiaio\\:\ftVvtt^w:M\ftTa\^^^ed 
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direction  AC,  as  rust  as  if  it  had  no  other  motion.  Heiico 
the  body  will  reach  D  as  far  from  the  line  AC  as  if  it  had 
nioved  over  AB,  and  us  far  from  AB  as  if  it  had  moved 
over  AC ;  but  since  the  velocity  along  AC  ia  not  uniform, 
the  spaces  described  in  eqnal  intervds  of  times  will  not  be 
equal  along  AC  while  they  are  equal  along  AB,  and  there- 
fore the  points  n,,  a^,  a^,  will  not  be  in  a  straight  Hue.  In 
this  case,  therefore,  the  path  ia  a  curve. 

149.  Composition  and  Resolution  of  Accelera- 
tions.— If  a  body  is  subject  to  two  different  accelerations 
in  different  directions  the  sides  of  a  parallelogram  may  be 
taken  to  represent  the  Component  Accelerations,  and 
the  diagonal  will  represent  the  lieauUant  Acceleralion, 
although  the  path  of  the  body  may  be  along  some  other 
line. 

Rem. — These  results  with  those  of  Arts.  142, 143,  may  be 
summed  up  in  one  general  law:  When  a  tody  tends  to 
move  with  several  different  velocities  in  different  directions, 
the  body  will  be,  at  the  end  of  any  given  lime,  at  the  same 
point,  as  if  it  had  moved  with  each  velocity  separately. 
This  is  the  fundamental  law  of  the  composition  of  veloci- 
ties, and  it  shows  that  all  problems  which  involve  tenden- 
cies to  motion  iu  different  directions  simultaneously,  may 
be  treatoil  m  if  those  tendencies  n 


If  -^  be  the  acceleration  along  the  cnrve,  and  {x,  y,  z) 

be  the  place  of  the  moving  particle  at  the  time,  i,  it  is 
evident  that  the  eomiwnent  accelerations  parallel   to  the 

iPx    tPy    (Pi      ^ 
axes  are  jij,  -r^.    ,-^-     Denoting  these  by  ax,  «y,  ««>  we 

have 

dh:  _  d^y  _  d}z  _ 

dp  -  '"'    d(»  ~  ""'    dp-"'' 


ind  VaJ  -t-  «,*  -f-  «,*  IB  the  resultant  aceel^rotiou. 

JeeBeiuarltsoii  Newton's  *d  law,  K,rV.\ 
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Also  if  «,  0,  y,  be  the  angles  which  the  direction  ol 
motion  makes  with  the  axes,  we  have 

^       d's 

^  =  ^,co8«  =  «,; 


The  acceleration  ^  ,  ia  not  geiiprallj  the  complete  reBnltant  of  tiie 
three  component  accelerations,  but  is  bo  odIj  when  the  path  ia  ■ 
Btrsight  line  or  the  vt:lcicit}'  ia  ssero.     It  is,  however,  the  oul;  part 

of  their  reBultant  which  has  nny  effect  on  the  velocity.     -=-j  ia  tbe 

Bura  of  the  resolved  parts  of  the  component  accelerations  in  the  dir«- 
tioa  of  motion,  as  the  following  identical  equation  ehows : 

^  _^dx  d'x      dy  d'y      ds   dh 

which  follows  immediately  from  (1)  of  Art.  143  by  dififerentiation. 
Accelerations  are  therefore  subject  to  the  same  laws  of  composition 
and  resolutitm  as  velocities  ;  and  conaeqaently  the  acceleration  of  the 
pBrttcle  along  any  line  is  the  sum  of  tho  resolved  parts  of  the  aiUI 
accelerations  along  that  line.   Tlmstollmi   -^,  the  acceleration  alongf 


\ 


jS  '"a  t< 


Itiplied  by  j-,  which  is  the  dJrection-co^ at 


df 

small  arc  i7«.  The  other  part  of  the  n'sultant  is  at  right  angles 
this,  and  its  only  olTect  la  to  change  the  dirfction  of  the  motion  of  11 
point.  (See  Tait  and  Steele's  Dynamics  of  a  Particle,  also  Thomi 
and  Tait'a  Nat.  Phil.) 

The  following  are  esamples  in  which  the  preceding  * 
pressJons  are  appVu'd  to  cases  mVEi\dft'Ca%V'«ftQtY^ 
and  of  acceleration  arc  gi^en. 


^  M  P1.es. 


1.  A  particle  moyes  bo  that  the  axial  components  of  ita 
velocity  varj  aa  the  corresponJlng  co-ordinates ;  it  is 
required  to  find  the  equation  ot  ita  path ;  and  the  accel- 
erations along  the  axes. 


Here 


:  kx; 


dy 


=  %; 


dx  _  dy 


t  {a,  b)  is  the  initial  place  of  the  particle, 
.'.    X  =.  at'^\    y  =  ie**." 

■  ■    a~  b 

is  the  equation  of  the  path. 
And  the  axial  accelerations  are 


dp 


=  i-*r; 


^_ 


ihi- 


3.  A  wheel  rolls  along  a  straight  line  with  a  uniform 
velocity  ;  compare  the  velocity  of  a  given  point  in  the  cir- 
cnmferenee  with  that  of  the  centre  of  the  wheel- 
Let  the  line  along  which  the  wheel  rolls  be  the  axis  of  x, 
and  let  v  be  the  velocity  of  its  centre;  then  a  point  in  ita 
circumference  describes  a  cycloid,  of  which,  the  origin 
being  taken  at  its  starting  point,  the  equation  ie 

se  =  a  rers"*  ^  —  (2oy  —  ij*v  *, 


I 


^ 

y*^ 


dt 


(3a  -  yY       {2«)* 


'dy'di 


(2«^  - , 


dy, 

f)k  '  dt  ' 


which  is  the  velocity  of  the  point  in  the  circumference  of  1 
the  wheel.  Thas  the  velocity  of  the  highest  poinb  of  the  I 
wheel  is  twice  as  great  as  that  of  the  centre,  while  the  1 
point  that  ia  in  contact  with  the  straight  line  haa  no  ! 
Telocity.     (See  Price's  Anal.  Mech's.,  Vol.  I,  p.  416.) 


3.  If 


dx 


%. 


kx,  show  that  the  path  is  an  equi- 


lateral hyperholu  and  that  the  axial  components  are 


dp  ' 


df>  " 


4.  A  particle  describes  an  ellipse  so  that  the  a:-component 
of  its  velocity  is  a  conatanf,  tt ;  find  the  j-component  of  ita 
velocity  and  acceleration,  and  the  time  of  describing  the 
ellipse. 

Let  the  equation  of  the  ellipse  he 


ra  + 


b^~ 


■-,  y)  be  the  position  of  the  particle  at  the  time  t ; 
and 

a}? 


dt  ' 


dy  _ 
dx  - 


dy_ 

dt  ' 


dy    dx  _ 


I  which  is  the  ^-component  oi  tW  ■se\fl<i\\.'S. 


hence  the  acceleration  parallel  to  the  axis  of  y  varies 
inversely  as  the  cnbe  of  the  urdinate  of  the  ellipse,  and  acts 
towards  the  axis  o^x,  an  is  shown  by  the  negative  sign. 

The  time  of  passing  from  the  extremity  of  tlie  minor 
asis  to  that  of  the  major  axis  is  fonnd  by  dividing  a  by  a, 
the  constant   velocity   parallel   to   the   lucis   of  x,  giving 

— ,  and  the  time  of  describing  the  \vhole  ellipse  is  — 
If  the  orbit  is  a  circle  J  =  «,  and  the  acceleration  par- 


If  the  vel 
to  (3,  then 


y  parallel  to  the  y-a 


a  is  constant  and  equal 


.^.y. 


1^  ^ 


and  the  periodic  time  =  -^• 

5.  A  particle  describes  the  hyperbola  ^  —  ^  =  1;   find 

(1)  the  acceleration  parallel  to  the  axis  of  a:  if  the  velocity 
parallel  to  the  axis  of  j  is  a  constant,  0,  and  (2)  find  the 
acceleration  parallel  to  the  y-axis  if  the  velocity  parallel  to 
the  ataxia  is  a  constant  a. 
(1)  Here  we  have 


S- 


dy        t?     X  , 


fl:    and    ^-^--, 
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dx  __  dx    dy  ___  Pa^   if 
dt  "^  dy'  dt  ^  V  *  X 


•  « 


which  is  the  velocity  parallel  to  the  x-ma. 

dy         dx 
d^       Pa^   ^di^^dt 

^^'^  d^  =  -¥ ^ 

hence  the  acceleration  parallel  to  the  a:-axis  varies  inversely 
as  the  cube  of  the  abscissa^  and  the  a>component  of  the 
velocity  is  increasing. 


(2)  Here  we  have 


dx 


dy  _  aS*  x^ 
•*•    di~'¥"y* 

cPy  _       aVA 

hence  the  acceleration  parallel  to  the  y-axis  is  negative  and 
the  y-component  of  the  velocity  is  decreasing. 

6.  A  particle  describes  the  parabola,  x^  +  y^  z:=  d^^  ^th 
a  constant  velocity,  c ;  find  the  accelerations  parallel  to  the 
axes  of  X  and  y. 

Here  we  have 


ds 
dt-""' 

dx 

—  dy  _       ds 

x^~ 

y\    ~  Vx■V'a^^ 

and  ^ ^* 


> 
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dp  ~~  dp'  x~+~y  ""  X  +  y  * 


A  ^y^  __  ^^     y    ^y  . 

JP  '^dP'  V^y  ""  S~+y ' 
differentiating  we  get 

dp  ~  2(a:  +  y)8^ 

^  __     t^  (ax)^ 
^  ""  2  (a;  +  i/)2' 

7.  A  particle  describes  a  parabola  with  such  a  varying 
velocity  that  its  projection  on  a  line  perpendicular  to  the 
axis  is  a  constant,  v.  Find  the  velocity  and  the  accelera- 
tion parallel  to  the  axis. 

Let  the  equation  of  the  parabola  be 

dv 
then  -^  z=z  Vy 

dt 

_  dx       dx    dy       vy 

and  -j-  =  —  '  f-  =  -^; 

di        dy    dt        p 

which  is  the  velocity  parallel  to  x 

.  _  dh:       v^ 

^^'^  w  =  j' 

which  shows  that  the  particle  is  moving  away  from  the 
tangent  to  the  curve  at  the  vertex  with  a  cow^^VaivA.  ^ce.^'ix^- 
tJon, 

12 
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nence  aa  tho  earth  acts  oa  particles  near  its  surface  with 
a  constant  acceleration  in  vertical  lines,  if  a  particle  is 
projected  with  a  velocity,  ;■,  in  a  horizontal  line  it  will  move 
in  a  parabolic  path. 

150.  Motion  of  Projectiles  in  Vacuo.^If  a  particle 
bo  projected  in  a  direction  oblique  to  the  horizon  it  ia 
called  a  Projectile,  and  the  [lath  which  it  describes  is  called 
its  Trajectory.  The  case  which  we  shall  here  coneider  ia 
that  of  a  particle  moving  in  vacuo  under  the  action  of 
gravity;  so  that  the  problem  is  that  of  the  motion  of  a 
projectile  in  vacuo ;  and  hence,  as  gravity  does  not  affect 
its  horizontal  velocity,  it  resolves  itself  into  the  parely 
kinematic  problem  of  a  particle  moving  so  that  its  hori- 
zontal acceleration  is  0  and  its  vertical  acceleration  is  the 
constant,  g,  (Art.  140), 

151.  The  Path  of  a 
Projectile  in  Vacuo  is  a 
Parabola. — Let  the  plane 
in  which  the  particle  is  pro- 
jected be  the  plane  of  xy; 
let  the  axis  of  a;  be  horizon- 
tal and  the  axis  of  y  veridical 
and  positive  upwards,  the 
origin  being  at  the  point  of 
projection ;   let   the  velocity 

of  projection  =  v,  and  let  the  line  of  projection  be  inclioeil 
at  an  angle  a  to  tho  axis  of  x,  so  that  i^  cos  a,  and  v  sin  n 
are  the  resolved  parts  of  tho  velocity  of  projection  along  th« 
axes  of  X  and  y.  It  ia  evident  that  the  particle  will  con- 
ue  to  move  in  the  plane  of  xy,  as  it  is  projected  in  it. 
and  ia  subject  to  no  force  which  would  tend  to  withdrair 
it  from  that  plane. 
Let  (x,  y)  be  the  pkce,  P,  o?  V\\e  \ra.-!\,\ft\ft  ?A.  the  tiingi; 
then  the  equations  of  motwn  ate 
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df'  ~     '  iW  -      ^' 

the  acceleration  being  nogative  Etnee  the  y-eomponent  of 
the  velocity  is  decreasing. 

The  first  and  second  integrals  of  these  equations  will 
then  be,  taking  the  limita  corresponding  ia  t  =  t  and 
t  =  0, 

dx  (Jy  .  ,  .,. 

^  =  .C08»;  jf  =  .Bm«-ji;  (1) 

a;  ^  w  COS  at;  y  =;  i^  sin  «/  —  ^P.  (a) 

Equations  (I)  and  (2)  give  the  coordinates  of  the  particle 
and  its  velocity  parallel  to  either  axis  at  any  time,  t. 
Eliminating  t  between  equations  (3)  we  obtain 


which  is  the  equation  of  the  trajectory,  and  shows  that  the 
particle  will  move  in  a  parabola. 

152.  The  Parameter ;  the  Range  It ;  the  Greatest 
Height  if;  Height  of  the  Directrix. — Equalion  (:))  of 
Art.  151  may  be  written 


^~ 


"iv^  ein  a  cos  k  %\^  cos*  a 


"  (" — s — )  =  — T-y" — *-)■"' 

I!y  comparing    tbia  with   the   equation   of   a  pai'iibola 
L'llTreJ  lo  its  vertex  as  origin,  we  find  for 


the  ahacMW  ot  the  Tertei  «=  "^  """ "  "^"^^  "  -.        \»^ 


the  ordinate  of  the  vertex  . 


the  parameter  (latus  rectum)  = 


'CTTLE  m  rACuo.  ^^^^M 

if  the  vertex  =  — - — - ;  (3)  I 

:iis  rectum)  = (-1)  I 


And  by  transferring  the  origin  to  the  vertex  (1)  becomei 
Str^  coa'  a 


(5) 


which  IB  the  equation  of  a  parabola  with  its  axis  vertical 
and  the  vertex  the  highest  point  of  the  curve. 

The  distance,  OE,  between  the  point  of  projection  and 
the  point  where  the  projectile  strikes  the  horizontal  planu 
is  called  Ihe  Range  on  the  horizontal  plane,  and  is  liii? 
value  of  X  when  j/  =  0.  Putting  ^  ^  0  in  (3)  of  Art.  151 
and  solving  for  x,  we  get 

v^  sin  2« 


iJie  horizonlal  range  It  ^  OB  = 


ff 


(fi) 


which  la  evident,  also,  geometrically,  as  OB  =  20C;  that 
is,  the  range  is  equal  to  twice  the  abscissa  of  the  vertex. 

It  follows  from  ((J)  that  the  range  is  the  gi-eateet,  for  a 
given  velocity  of  projection,  when  «  =  45°,  in  which  cax 

the  range  =  ~  ■ 

Also  it  appears  from  (6)  that  the  range  is  the  same  when 
a  is  replaced  by  its  complement ;  that  is,  for  the  saiiK 
velocity  of  projection  the  range  is  the  same  for  two  diSttJ 
ent  angles  that  are  complements  of  each  other.  If  «  =  jfl 
the  two  angles  become  identical,  and  the  range  iiM 
maximum.  I 

CA  is  called  the  greatest  height,  II,  of  tlic  projectile,  ifl 

1.  /w  ffron  by  (3)  wUuiU,  w^en  n  =  W>  w»'®s-«.  -nj         ^Jm 
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The  height  of  the  direcirix  = 


<8) 


Hence  whea  it  =  45°  the  focus  of  tlie  parabola  lies  in 
the  horizontal  line  through  the  iw'mt  of  projection. 

153.  The  Velocity  of  the  Particle  at  any  Point  of 
its  Path. — Let  V  be  the  velocity  at  any  point  of  its  path, 

then        F=  =  (^)V  {^)\  or  by  (1)  of  Art  151 


-  (i^  sin'  1 


agl  +  j7«^ 


^v>- 


To  acquire  this  velocity  iu  taUing  from  rest,  the  particle 
must  have  fallen  through  a  height  -y-,  (0)  of  Art.  140,  or 
its  equal 

^-y  =  MS~  MP  by  (8) 
=  PS. 

Hence,  the  velocity  at  any  point,  P,  on  the  curve  ia  that 
which  the  particle  would  acquire  in  falling  freely  in  vacuo 
down  the  vertical  height  SP;  that  is,  in  falling  from  the 
directrix  to  the  curve;  and  the  velocity  of  projection  at  0 
i^  that  which  the  particle  would  acquire  iu  falling  freely 
tlii-ough  the  height  CD.  The  directrix  ot  the  parabola  is 
therefore  determined  by  the  velocity  of  projection,  and  is  at 
;i  vertical  diatanee  above  the  point  of  projection  equal  to 
ilmt  down  which  u,  particle  falling  would  liave  the  vdncity 
of  projectiijii. 

154.   The  Time  of  Flight.  T,  alon^  a  ■H.oro.otiL'wi. 
Plane.— Pnt  y  =  0  iu  (y)  of  jVtI.  151,  aut\  fe(>\N«  ^w  /.  AV«- 


^^ff^^^^^^TWB 
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18  of  which  are  0  and  - 


But  the  horizon- 


^B      vaEues  of  which  ar 

^1      tal  velocity  is  v  cos  a.    Hence  the  Hme  of  fiight  =;  --  °'" 

^r      which  varies  aa  the  sine  of  the  inchnation  to  the  axis  of  z, 

155.  To  Find  the  Point  at  which  a  Projectile  will 
Strike  a  Oiven  Inclined  Plane  passing  through  the 
Point  of  Projection,  and  the  Time  of  Flight. — Let  tbe 

inclined  plane  make  an  angle  (i  wilh  the  horizon ;  it  is 
evident  that  we  have  only  to  eliminate  )/  between  y  ^  z  tai 
(3  and  (3)  of  Art.  151,  which  gives  for  the  abscissa  of  tbi 
point  where  the  projectile  meets  the  plane 


and  the  ordinate 


iv>  COS  0  sin  («  - 

l>). 

y  C08/3 

' 

iv^  COB  «  tan  0  sii 

(«-« 

Hencs  the  time  offiiijIU 


_  %v  Bin  («  —  g) 
;/  cos  ;3 


(2) 


156.  The  Direction  of  Projection  which  g;ives  the 
Grreatest  Range  on  a  Given  Plane. ^Tbo  range  on  tLe 

liurizuiital  plane  ia 

?■*  sin  3« 


which  for  a  given  value  of 

152). 
The  range  on  the  inclined  plane 


greatest  when  «  =:  TT  1^ 
ace  ,3 


?  coft  ct  fem  \v. 


ASQhS   OF  ELEVATION  OF  PROJECTILE.  271 

To  find  the  value  of  a  which  makes  this  a  raasimnm,  we 
must  eqnate  to  zero  its  derivative  with  respect  to  a,  which 
gives 

cofl  (3«  —  0)  =  0 ; 


(i^^)' 


(a) 


and  heuee  ee  —  |3  =  ^  U  —  0j,  (3) 

which  is  the  angle  which  the  direetiou  of  projection  makes 
with  the  iiieUned  plane  when  the  range  is  amasiraum; 
that  is,  the  projection  bisects  the  angle  between  the 
inclined  piano  and  the  vertical. 

In  this  case  by  gnbstitnting  in  (1)  the  values  of  «  and 
(«  —  /3)  as  given  in  (3)  and  (3)  and  reducing,  we  get 


* 


the  greatest  range  =  —r, — — ; — s;-  (4) 

^  "         (/  (1  +  ain  3)  ^  ' 

'  157.  The  angle  of  Elevation  so  that  the  ParticlQ 
may  pass  through  a  G-iven  Point. — From  Art.  153, 
there  arc  two  dirfctiuuji  in  ivliitli  u.  parlit'lc  niiiv  be  pro- 
jected 80  as  to  reach  a  given  jmint;  and  they  are  equally 

inclined  to  the  direction  of  projection  (a  =  -I- 

IjCt  the  given  point  lie  in  the  plane  which  makes  an 
angle  0  with  the  horizon,  and  suppose  its  abscissa  to  be  A  ; 
then  we  must  have  from  (1)  of  Art  155 


If  «'  and  a"  he  the  two  values  of  «  which  satisfy  thii 
equation,  we  must  have 

*'  sin  («'  —  /3)  =  cos  «"  sin  ^'  —  5^  'i 


I 
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4"  +  o)  =  4(^  +  o)- 


(1) 


Bat  each  member  of  (1)  is  the  angle  between  one  of  t!ie 
directiouB  of  projectiun  and  the  direction  for  the  greatcBt 
rauge  [Art.  156,  (2)].  Hence,  as  in  Art  152,  the  two 
directioua  of  projection  wbich  enable  tlie  particle  to  pas 
through  a  point  in  a  given  plane  throngh  the  point  of  pro- 
jection, are  equally  inclined  to  the  direction  of  projection 
for  the  greatest  range  along  that  plane.  (See  Tait  and 
Steele's  Dynamics  of  a  Particle,  p.  89.) 

158.  Second  Method  of  Finding  the  Eqnation  of 
the  Tr^ectory, — By  a  somewhat  simjilcr  method  than 
that  of  Art.  151,  we  may  find  the  equatioo  of  the  path  oi 
the  projectile  as  the  resultant  of  a  uniform  Telocity  and  ai 
acceleration  {Art.  148). 

Take  the  direction  of  projection  (Fig,  78)  as  the  asifl  d 
X,  and  the  vertical  downwards  from  the  point  of  projectioc 
ae  the  asis  oC  y.  Then  (Art.  149,  Rem.)  the  velocitj,  ff. 
due  to  the  projection,  will  carry  the  particle,  with  imifont 
motion,  parallel  to  the  asis  of  x,  while  at  the  Bame  time,  il 
is  carried  with  constant  acceleration,  ff,  parallel  to  the  ai;i| 
of  1/.  Hence  at  any  time,  (,  the  equations  of  motion  aloia 
the  axes  of  a:  and  y  respectively  are 


That  is,  if  the  particle  were  moving  with  the  velooi^ 
alone,  it  would  in  the  time  /,  arrive  at  ^5  tt«d  if  itw 
then  to  move  with  U\e  -^ierlicaX  occftXem&iw  v,  ■a.\&\M  jt  ^Hfni 
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and  the  acceleration  g  are  simultaneous,  the  particle  will  u 
the  time  /  amve  at  P  (Art.  Ii9,  Kem). 
Eliminating  t  we  have 


which  is  the  eqaation  of  a  parabola  referred  to  a  diamet^T 
and  the  tangent  at  its  vertex.  The  distance  of  the  origin 
from   the  directrix,  being   Jth  of  the  coefficient  of  y,  ia 


,  as  in  Art.  153,  (8). 


1,  From  the  top  of  a  tower  two  particles  are  projected  at 
anglcK  a  and  &  to  the  horizon  with  th«  same  Telocity,  v,  and 
both  strike  the  horizontal  plane  passing  through  the  bot- 
tom of  the  tower  at  the  same  point;  find  the  height  of 
the  tower. 

liot  A  =  the  height  of  the  tower;  v  ^  the  velocity  of 
projection ;  then  if  the  particles  are  projected  from  the 
edge  of  the  top  of  the  tower,  and  x  is  the  distance  from  the 
bottom  of  the  tower  to  the  point  where  they  strike  the 
horizontal  plane  we  have  from  (3)  of  Art.  151 

-A=^tan«-g(l  +  tun'«),  (I) 


=  .ctau/3-g(l  + tan'fl),  {a) 


by  anbtraction 

^  2i^  cos  «  cos  (3 


a:  =  - 


~  g  (tan  n  +  tun  /3)        ;/  sin  («  +  /J) 
which  in  (1)  or  (S)  gives 


.  _  8<^  cos  «  C08  0  COB  (v.  -V-  B^ 


J 
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.  3.  ParticleB  are  projected  with  a.  given  velocity  in  all 
liuea  in  a  vertical  plane  from  the  point  0;  it  is  reqaired  ta 
find  the  loena  of  their  highest  points. 

Let  {x,  y)  be  the  highest  point;  then  from  (2)  and  (3) of 
Art.  153,  we  have 

i^  sin  a  coa  a 


therefore      sin'  «  =  -^i  and  cos^  «  =;  ^ — 
Adding  4y  ^.3^1  =  ?^; 


and  the  minor  axis  =  ^ ;  and  the  origin  is  at  the  extrcmitj 
of  the  minor  axiB, 

3.  Find  the  angle  of  projection,  n,  go  that  the  area  con- 
tained between  the  path  of  the  projectile  and  the  huri- 
zuntal  line  may  be  a  masimum,  und  find  the  value  of  the 
maximum  area. 

Am.  a  =  60°  and  Max.  Area  =  --,  (31*. 

4.  Find  the  ratio  of  the  areas  A,  and  A,  of  the  twn 
parabolas  described  by  projectiles  whose  horizontal  range 
are  the  same,  and  the  angles  of  projection  are  therefori 
complements  of  each  other.  A,  ^ 


159.  Velocity  of  TJiBcTaai:?,^  oi  "B^iaB  wnA  ffluUs 
bom  the  Mouth,  ol  a  Gwi.— K^*  ^'\\'i  ni^-oi^.  <A 


AjfauLA^a  rsLooiT}'. 


experiments  made  at  Woolwicli,  the  following  foruiuk  was 
regarded  as  a  correct  expreBsioii  for  the  velocity  of  balls  and 
ahells,  on  quitting  the  gun,  and  fired  with  moderate 
charges  of  powder,  from  tliu  pieces  of  ordnance  commonly 
used  for  military  purposes: 


:  IGOO 


where  v  is  the  velocity  in  feet  per  second,  P  the  weight  of 
the  charge  of  powder,  and  W  the  weight  of  the  ball. 

For  the  investigation  of  the  path  of  a  projectile  in  the 
atmosphere,  see  Chap.  I  of  Kinetics. 

160.  Angular  Velocity,  and  Ajigninr  Accelera- 
tion.— Hitherto  the  method  of  resolving  velocities  and 
accelerations  along  two  rectangular  ases  has  been  employed. 
It  remains  for  iia  to  investigate  the  kinematics  of  a  particle 
describing  a  curvilinear  path,  from  another  point  of  view 
and  in  relation  to  another  system  of  reference.  B^Qre  we 
consider  velocities  and  accelerations  in  reference  to  u 
system  of  polar  co-ordinates,  it  is  necessary  to  enquire  into 
a  mode  of  measuring  the  angular  velocity  of  a  particle. 

Angular  Velocity  may  be  defined  as  Ike  rale  of  angular 
mo/ion.  Thus  let  (/■,  B)  be  the  position  of  the  point  /',  and 
suppose  that  the  radius  vector  has  revolved  uniformly 
tlirough  the  angle  B  in  the  time  I,  then  denoting  the 
angular  velocity  by  d,  we  shall  have,  as  in  linear  velocity 
(Art.  7) 

_  0 

"^  r 

If  however  the  radius  vector  does  not 
revolve  uniformly  through  the  angle  6 
we  may  always  regard  it  as  revolving 
uniformly  through  the  angle  rffl  in  the 
inlinitc'simal  of  time  di ;  hence  we  sbaM 


'  dt 


cn 


Hence,  whether  the  angular  velocity  be  uniform  or 
variable,  it  is  the  ratio  of  the  augle  described  by  the  radiiM 
vector  in  a  given  time  to  the  time  in  which  it  is  described; 
tbna  the  increase  of  the  angle,  in  angular  velocity,  tnkei 
the  place  of  the  iuci'ease  of  the  distance  from  a  0sed  point, 
in  linear  velocity,  (Art.  7). 

Angular  Acceleraiiou  is  the  rate  of  incrnme  of  angular 
velocity  ;  it  is  a  velocity  increment,  and  is  measured  in  the 
same  way  as  linear  acceleration  (Art.  9).  Thus,  whether' 
the  angular  acceleration  is  uniform  or  variable,  it  maj 
always  be  regarded  as  uniform  during  the  infinitesimal  of 
time  dt  in  which  time  the  increment  of  the  velocity  will  be 
rfw.  Hence  denoting  the  angaldr  acceleration  at  any  timt^ 
ii  hy  <f,  we  have 

*  =  di 


4(l)-»'« 


m 


(8) 


and  thus,  whether  the  increafie  of  angular  velocity  ia 
uniform  or  variable,  the  angular  acceleration  is  the  incresn 
of  angular  velocity  in  a  unit  of  time. 

The  following  examples  are  illtiatrations  of  the  precedii 
mode  of  estimating  velocities  and  accelerations, 

^m  EXAMPLES. 

^H       '  1.  If  a  particle  is  placed  on  the  revolving   line  ftt  I 
^B      distance  r  from  the  origin,  and  the  line  revolves   witb 
^B      vniform  angular  velocity,  &»,  the  relation  between  the  li 
^^  velocity  of  the  partic\e  aui  tW  aw^uW  \-iw,\t^  m* 
^Ki(K  found. 


Let  do  be  the  angle  through  which  the  radius  revolves  in 
the  time  dl,  and  let  dg  be  the  patli  described  by  the  partiele, 
so  that  ds  ^  rdS ; 


90  that  the  liuear  velocity  varies  as  the  angular  velocity  and 
the  length  of  the  radius  joiutly. 


3,   If  the  angular  acceleration  i 
frum  (3)  we  have 


II  constant,  aa  <J3 ;  then 


and 


e  ~  i<l>f  +  i^J  - 


I 


s  as  the  square  of  the 


where  u„  and  fl,  are  the  initial  values  of  t)  and  ft 

Hence  it  a  line  revolves  from  rest  with  a  constant  augulai 
acceleration,  we  have 

e  =  iff/" ; 

and  the  angle  described  by  it  " 
time. 

3.  If  a  particle  revolves  in  a  circle  uniformly,  and  its 
phico  is  continually  projected  on  a  given  diameter,  the 
linear  accelcmtiuu  along  that  diameter  varies  directly  as 
the  distance  of  ihe  projected  place  from  the  centre. 

Let  (J  be  the  constant  angular  velocity,  0  the  angle 
between  the  fised  diameter  and  the  radius  drawn  from  the 
centre  to  its  place  at  the  time  /,  x  the  distance  of  this 
projected  place  from  the  wotre.  Then,  calling  a  the 
nuliUB  of  the  circle,  we  have 
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I 


which  proves  the  theorem. 

4.  If  the  angular  acceleration  varies  aa  the  angle 
^nerated  from  a  given  fixed  line,  and  ia  negative;  find  the 
angle. 

Here  the  equation  which  expreaaoB  the  motion  is  of  tlio 
form 


dt^ 


Calling  «  the  initial  value  of  &  we  fltid  for  the  result 

5.  If  a  particle  revolves  in  a  circle  with  a  uniform 
velocity,  show  that  its  angular  velocity  about  any  point  in 
the  circumference  ia  also  uniform,  and  eijual  to  one-half  uf 
what  it  ia  about  the  centre. 

At  present  this  ia  sufScient  for  the  general  explanation 
of  angular  velocity  and  angular  acceleration.  We  shall 
petnm  to  the  sabject  in  Ohap.  7,  Part  III.,  when  we  treat 
of  tlie  motion  of  rigid  bodies. 

161.  The  Component  Accelerations,  at  any  instant, 
Along,  and  Perpendicular  to  the  Radius  Vector.— 

Let  (r,  e)  (Fig.  Vd)  he  the  phiw  uf  tlie  moving  particle,  P. 
at  the  time  t,  {x,  y)  being  its  place  referred  tu  a  system  ol 
rectangnlar  axes  having  the  same  origin,  nud  the  x-axia 
tioincidont  with  the  initial  line.    Theji 

^^^^m,.  X  =^  T  COB  0  *,    ^  =-  T  ^^'^  ^  S  ■ 


therefore 

dx       fir        ^           .    ^da 

and 

-'D>--[4:-f-S]-» 

(3) 


Similarly 

which  are  the  accelerations  parallel  to  the  axea  of  x  and  y. 
Resolving  these  along  the  radius  vector  by  multiplying  (3) 
and  (4)  by  cos  0  and  Bin  0  respectively,  since  accelerations 
may  be  resolved  and  componnded  aloQg  any  line  the  same 
as  velocities  (Art,  149),  and  adding,  we  have 


d'x 


ty 


(ft- 


~'{dt}' 


(5) 


which  is  the  acceleration  along  the  radius  vector.* 

Multiplying  (3)  and  (4)  by  sin  6  and  coa  6  respectively, 
and  subtracting  the  former  from  the  latter,  we  got 


(6) 


which  IS  the  acceleration  perpendicular  to  the  radius  veclor.\ 

162,  The    Component    Accelerations,  at  any  in- 
stant, Along,  and  Perpendicular  to  the  Tangent — 

U't  {i-,  y)  (Fig.  7!))  be  ihi;  pliicc  of  (he  moving  jiartide,  P, 
at  the  time  t,  and  s  the  length  of  the  arc  described  during 
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that  time.    Then  the  accelerations  along  the  axes  of  x  and) 

cU^x  c^ti  dx         dv 

are  ^  and  -^ ;  and  the  direction  cosines^  are  -r-  and  ^» 

To  find  the  ajcceleration  along  the  tangent  we  mnst  multi- 

doc         d'U 
ply  these  axial  accelerations  by  -r-  and  ^,  respectively,  and 

add.     Thus  the  tangential  acceleration,  T,  is 

^  _^    dx      6^    dy  ,. 

""  d^  '  ds  "^  dfl  '  ds*  ^' 

Since  d^^  =  dafi  +  dy^,  therefore,  by  differentiation  we 

have 

ds  d^8  =  dxd^x  +  dy  dhf ; 

and  dividing  by  ds  di^  we  get 

d^s  __  dho    dx      d^    dy 
dt^'^d^'Ts^W^ds' 

which  in  (1)  gives 

T  — 

dfi 

for  the  acceleration  along  the  tangent. 
Similarly  we  have  for  the  normal  acceleration,  N*, 

■^  __cPy    dx      d^x    dy 
'^dP"ds~~d^  'ds 

_  (cPy  dx  —  dJhc  dy)    d^ 
"  'd^~         '  df^ 

1    ds^ 
=  -  •  ^2 ,  (by  Ex.  4,  p.  144,  Calculus), 

where  p  is  the  radius  of  curv^ature  ; 


T  =  S>  (2) 


♦  Cdsines  of  the  angles  vrbicYi  the  langeul  iikaaift^  yjVOsi  >iJafc  ^^se.  ^A  ^  %»3i^. 
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.-.    N  =  ^,  (3) 

if  V  is  the  velocity  of  the  particle  at  the  point  {x,  y). 

Hence  at  any  point,  P,  of  the  trajectory,  if  the  accelera- 
tion is  resolved  along  the  tangent  to  the  curve  at  P  and 
along  the  normal,  the  accelerations  along  the  two  lines  are 
respectively 

dt^  p 

163.  When  the  Acceleration  Perpendicular  to 
the  Radius  Vector  is  zero. — Then  from  (6)  of  Art.  161 
we  have 

r^  -^  =  constant  =  h  suppose ; 


and 


dS       h 
•*•    dt  -^^ 

dr 
dt 

dr    dS       h     dr 
dO    dt       r^    dS' 

d^r 
dt^ 

¥    d^r       Ji^ldf 
'^  r^    d&^      VWft 

which  in  (5)  of  Art.  161  gives 

the  acceleration  along  the  radius  vector 

an  expression  which  is  independent  of  t. 

This  may  bo  put  into  a  more  convenient  form  as  follows: 

Let  r  =  -;  then 
u 

dr  ^       1     du^ 
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•  • 


1    ^  ^  _^  /^\^ 


which  in  (1)  and  reducing,  gives 

the  acceleration  along  the  radius  v^^^for 


(!) 


From  these  two  formulae  the  law  of  acceleration  along 
the  radius  vector  may  be  deduced  when  the  curve  is  given, 
and  the  curve  may  be  deduced  when  the  law  of  accelera- 
tion along  the  radius  vector  is  given.  Examples  of  these 
processes  will  be  given  in  Chap.  (2),  Part  III. 

164.  When  the  Angular  Velocity  is  Constant- 
Let  the  angular  velocity  be  constant  =  w  suppose.    Then 

dB 

dt  ' 

therefore  from  (5)  of  Art.  161 

the  acceleration  along  the  radius  vector 

=  %-r'^-  (1) 

The  acceleration  perpendicular  to  the  radius  vector 

c^    dr  ,^. 

and  both  of  these  are  independent  of  6. 

The  following  example  is  an  illustration  of  these 
formula  : 

A  particle   describes  a  path   with   a  constant   angular 
velocity,  and  without  acceleration  along  the  radius  yector; 
Snd  (1)  the  equation  ot  t\ie  ^^t\v,  vjccivi  V?^  ^^^  Q^iceleratioa 
/Jerpendicular  to  the  xadivxa  N^e\>ox, 
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(1)  From   (1)   we   have,   from    the    conditions    of    the 
question. 


Integrating  we  have 


—  w2r  =  0. 


dp 


=  6)2  (^  _  ^2)^ 


dv 
if  r  =  «  when  -rr  =  0. 

dt 

Therefore =-  =  (»>dt\ 

and  log[!l±i!i=^*]=„,, 

if  r  =  a  when  ^  =  0, 

.-.    r  =  I  (e"< -h  e-«0.  (3) 

do 
Also,  as  ^  =  0),  therefore  ^  =  W,  if  ^  =  0  when  ^  =  0. 

Substituting  this  value  of  w^,  we  have, 

r  =  ^(e»  +  e-»);  (4) 

which  is  the  path  described  by  the  particle. 

(2)  Let  Q  be  the  required  acceleration  perpendicular  to 
the  radius  vector,  then  from  (2)  we  have 
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which  is  the  lu^pelcnition  perpendicular  to  the  radius 
Tector. 

The  preceding  discuaflion  of  Kinematics  ia  enflicient  for 
this  work.  There  are  yarioua  other  problems  which  might 
be  studied  as  Kinematic  questions,  and  inserted  here ;  but 
we  prefer  to  treat  them  from  a  Kinetic  point  of  view. 

For  the  investigation  of  the  kinematics  of  a  particle 
descrihing  a  curvilinear  path  in  space,  see  Price's  Anal, 
Mech's,  Vol.  I,  p.  430,  also  Tait  and  Steele's  Dynamics  of 
a  Particle,  p.  13. 


1,  A  particle  describes  the  hyperbola,  «y  ^  ^ ;  find  (Ij 
the  acceleration  parallel  to  the  axis  of  x  if  the  velocity 
parallel  to  the  axis  of  y  is  a  constant,  0,  and  (2)  find  the 
acceleration  parallel  to  the  axis  of  i/  if  the  velocity  parallel 
to  the  axis  of  x  is  a  constant,  et. 


An.,.  (1)^:^;(3): 


rS"- 


8.  A  pai-ticle   describes  the  parabola,    t/'  =  iax ; 
the  acceleration  parallel  to  the  axis  of  y  if  the   Telocity 
parallel  to  the  axis  of  a:  is  a  constant,  a.       ,  iaW 

y 

3.  A  particle  describes  the  logai'ithmic  curve,  y  =:  i 
find  (1)  the  z-component  of  the  acceleration  if  the  y-com- 
poneiit  of  the  velocity  is  a  constant,  3,  and  (8)  find  the 
y-component  of  the  acceleration  if  the  z-componeut  of  tba 
velocity  is  a  constant,  a. 

Am.  m  -  T^^- ■■  **'' "'  *"«  "^'l 


,  A  particle  describes  tho  cjeloid,  the  starting  point 
being  tlie  origin;  tind  (1)  the  sr-eompouent  of  the  accel- 
eration if  the  y-component  of  the  velocity  is  0,  and  (2)  find 
the  y-coniponent  of  the  aceeleratioo  if  the  a;-component  of 


the  velocity  is  k. 


Ahs.   (I) 


iiMy_ 


;  (2) 


i(J..i, 


5.  A  particle  describes  a  catenary, 

find  (1)  the  r-compoiieut  of  the  acceleration  if  the  y-com- 
ponent  of  the  velocity  is  (i,  and  (i)  find  the  ^-component 
of  the  aoceluratioii  if  the  j^-component  of  the  velocity  is  a. 


Alls.  (1)  - 


(s^_«=)a 


(2)^ 


6.  Determine  how  long  a  particle  takes  in  moving  from 

the  point  of  projection  t«  the  further  end  of  the  latua 

rectum.  j        ^  ,  ■  - 

Ans.   -  (ain  a  -\-  cob  «). 

7.  A  gnn  wae  fired  at  an  elevation  of  50°;  the  ball 
struck  the  ground  at  the  distance  of  2449  ft.;  find  (1)  the 
velocity  with  which  it  left  the  gun  and  (2)  the  time  of 
flight,    (y  =  32i). 

Ann.  (I)  282.8  ft.  per  sec;  (2)  13.47  seca. 

8.  A  ball  fired  with  velocity  u  at  an  inclination  a  to  the 
horizon,  just  clears  a  vortical  wall  whicli  subtends  an  angle, 
/}.  at  the  point  of  projection;  determine  the  instant  at 
which  the  hall  just  clears  the  wall. 

zM- 


Ans.  - 


:  tan  (3. 


9.  In  the  preceding  example  determine  the  horizontal 
diiibance  between  the  foot  of  the  wall  and  the  point  where 
the  ball  strikes  the  ground. 


10,  At  the  distance  of  a  quarter  of  a  mile  from  tlie  bot- 
tom of  li  cliff,  wliicli  is  120  ft.  liigh,  a  shot  is  to  be  fiml 
wbicli  sliall  jnst  clear  the  cliff,  and  pass  over  it  horizon- 
tally ;  find  the  angle,  a,  and  velocity  of  projection,  v. 

Am.  K  =  10°  18';  V  =  490  ft.  per  sec. 

11.  WTien  the  angle  of  elevation  is  40°  the  range  is 
3449  ft. ;  find  the  range  when  the  elevation  is  99^°. 

Ans.  2131.5  ft, 

13.  A  body  is  projected  horizontally  with  a  velocity  of 
4  ft.  per  sec;  find  the  latns  rectum  of  the  parabola  de- 
scribed, {ff  ^  33).  Ans.   1  foot, 

13.  A  body  projected  from  the  top  of  a  tower  at  an  angle 
of  46°  above  the  horizontal  direction,  fell  in  6  sees,  at  ft 
distance  from  the  bottom  of  the  tower  equal  to  its  altitude; 
find  the  altitude  in  feet,  {g  =:  33).  Ans.  300  feet. 

14.  A  ball  is  fired  up  a  hill  whose  inclination  iB  15"; 
the  inclination  of  the  piece  ia  45°,  and  the  velocity  of  pro- 
jection is  500  ft.  per  sec;  find  the  time  of  flight  before 
it  strikes  the  bill,  and  the  distance  of  the  place  where  it 
falls  from  the  point  of  projection.* 

Alls.  T  ==  16.17  sees.;  E  =  1.121  miles. 

15.  On  a  descending  plane  whose  inclination  is  12°, 
ball  fired  from  the  top  liits  the  plane  at  a  distance  of  tw* 
miles  and  a  half,  the  elevation  of  the  piece  is  43°  ;  find  tlie 
velocity  of  projection.  Ann.  v  :=  679.74  ft.  per  sec. 

16.  A  body  ia  projected  iit  an  inclination  m  to  the  bori* 

zon;    determine  when  the  motion  is  perpendicular   to  ■ 
plane  which  is  incliiied  at  an  angle  0  to  the  horizOD. 
((  sin  (E  —  gt 


Ans.  ■ 


-^-if-  =  ±  ■»'(!■ 


SXAitFLBS. 

.  17.  Calculate  the  maxitnum  range,  auil  time  of  fligiit, 
m  a  descending  plane,  the  angle  of  depression  of  wlileb  k 
15°,  the  velocity  of  projectiou  being  1000  ft.  per  sec, 

Ans.  Max.  range  =  7.98  miles  ;  T  =  51.34  sec. 

18.  With  what  velocity  does  the  ball  strike  the  plane  in 
the  last  example  ?  Am.  V  =  130.3  feet. 

19.  If  a  ship  is  mo'iing  horizontally  with  a  velocity 
=  Zg,  and  a  body  is  let  fall  from  the  top  of  the  mast,  find 
its  velocity,  V,  and  direction,  &,  after  4  sees, 

.4  ns.  \  =  by ;  6  r=  tan~' |. 

A  body  is  projected  horizontally  from  the  top  of  a 
iWer,  with  the  velocity  gained  in  falling  down  a  space 
equal  to  the  height  of  the  tower;   at  what  distance  from 
the  base  of  the  tower  will  it  strike  the  ground  ? 

Ans.   R  =  twice  the  height  of  the  tower, 

21.  Find  the  velocity  aud  time  of  flight  of  a  body  pra- 

ject«d  from  one  extremity  of  the  base  of  an  equilateral 

triangle,  and  in  the  direction  of  the  side  adjacent  to  that 

estreraity,  to  pass  through  the  other  extremity  of  the  base. 


Hai 


=V^'^=\/^f- 


22.  Given  the  velocity  of  sound,  V;  find  the  horizontal 
range,  when  a  ball,  at  a  given  angle  of  elevation,  «,  is  so 
projected  towards  a  person  that  the  ball  and  wound  of  the 
discharge  reach  him  at  the  same  instant. 

Ang.  -   --  tan  a. 
'J 

23.  A  body  is  projected  horizontally  with  a  volocify  of 
4ff  from  a  point  whose  height  above  the  ground  is  16ff ;  find 
tliB  direction  of  motion,  6,  (I)  when  it  baa  fallen  half-way 
to  the  ground,  and  (2)  when  half  the  whole  time  of  falling 
has  elapsed. 


34.  Particles  are  [irojectcd  with  a  given  velocity, 
all  lines  in  a  vertical  plane  from  the  point  0 ;  find  the  locus 
of  them  at  a  given  time.  I. 

Ans.  1^  +  (y  +  igPy  =  tfP,  which  is  the  equation  of  a 
circle  whose  radius  is  vt  and  whose  centre  is  on  the  axis  o( 
y  at  a  distance  iffl''  below  the  origin. 

26,  How  much  powder  will  throw  a  IS-inth  shell' 
4000  ft,  on  an  inclined  plane  whose  angle  of  elevation  is 
10°  40';  the  elevation  of  the  mortar  being  35". 

Jm.  Charge  =  4.67  lbs. 

6,  A  projectile  is  discharged  in  a  horizontal  direction, 
with  a  velocity  of  450  ft.  per  sec,  from  the  summit  of  a 
conical  hill,  the  vertical  angle  of  which  is  130° ;  at  what 
diatauee  down  the  hillside  will  the  projectile  fall,  and  what 
will  be  the  time  of  flight? 

Ans.  Distance  =  2812.5  yards;  Time  —  16.23  sees, 

37.  A  gau  is  placed  at  a  distance  of  500  ft.  from  the  base 
I  of  a  cliff  which  is  200  ft,  high  ;  on  the  edge  of  the  cliff 
there  is  built  the  wall  of  a  caatle  60ft.  high;  iind  the 
elevation,  a,  of  the  gun,  and  the  velocity  of  discharge,  v, 
iu  order  that  the  ball  may  graze  the  top  of  the  castle  wall, 
and  fall  120  ft.  inside  of  it 

Ans.  «  —  53°  19' ;  e  =  165  ft.  per  sec. 

28.  A  piece  of  ordnance  burst  when  50  yards  from  a' 
wall  14  ft.  high,  and  a  fragment  of  it,  oiiginallyin  con-' 
tact  with  the  gronud,  after  grazing   the  wall,  fell    6  ft. 
tieyond  it  on  the  opposite  side ;  find  how  high  it  rose 
the  air.  Ans,  94  ft. 


PART    III. 


KINETICS    (MOTION    AND    FORCE). 


CHAPTER     I . 

LAWS  OF  MOTION— MOTION  UNDER  THE  ACTION  OF 
A  VARIABLE  FORCE  — MOTION  IN  A  RESISTING 
MEDIUM. 

165.  Defimtions. — Kinetics  is  (hat  branch  of  Dynamics 
wliic/i  li&i/s  of  l/tfi  motion  of  bodies  under  the  action  nf 
fur  CVS. 

Ill  Part  I,  forces  were  considered  with  reference  to  tiie 
pressures  which  they  produced  upon  bodies  at  rest  (Art. 
15),  He.,  bodies  nnder  the  action  of  two  or  more  forces 
ill  equilibrium  (Art.  36).  In  Part  II  we  considered  the 
iHfrely  geometric  properties  ot  the  motion  of  a  [loint  or 
}iiirtiele  without  any  reference  to  the  ciiuses  producing  it, 
or  the  properties  of  the  thing  moved.  We  are  now  to 
consider  motion  with  reference  to  the  caases  which  produce 
it,  and  the  things  in  which  it  is  produced. 

The  HT.iident  tnuKt  here  review  Chapter  I.  Part  I,  and  obtain  rlear 
eouoeptlone  o(  M'fnentum.  AircAerntion  of  Momimtiim.  nnd  llie  Khiitir 
meamre  if  Faref  (Alia.  1^,13. 19,  and  20),  RB  ihie  U  necismry  (oariill 
nnilpmlBiirlliiK  of  IN-  fundnnipntal  la.wfl  of  moduli,  on  l!ie  tnilli  of 
whirli  nil  our  i.in>(vedin»,-  invi'ntiHLitioriB  arc'  foiiilderl, 

166.  Nowton'a  Laws  of  Motion.— 


yEWTO.\'s  LAWS  oF^stormfr.  ■ 

principles  in  accordance  with  which  motion  takos  place  if 
embodied  in  three  statements,  generally  known  as  JVamj/ob' 
Laws  of  Motion.  These  laws  must  be  considered  as  resting 
on  conTictions  drawn  from  ohservatiou  and  experimea^ 
and  not  on  intuitive  perception,*  The  laws  are  the 
lowing : 

Law  I. — Euen-y  body  continues  in  its  state  of  re-it' 
or  of  ibihifom  motion  in  a  straight  line,  except  i» 
sn  far  as  it  is  compelled  by  farce  to  change  that 
state. 

Law  II. — Change  of  motion  is  proportional  toiht 
force  applied,  and  tahes  place  in  the  direction  of 
the  straight  line  in  which  the  force  acts. 

Law  III. — To  every  action  there  is  always  an 
equal  and  contrary  reaction;  or,  the  tnu,tual  ne- 

ti-ons  of  liny  two  bodies  are  always  equal  and  oppo- 
sitely  directed. 

167.  Remarks   on  Law  I. — Law  I  aupplieB  ub  with 
detialtioD  of  ioT'^e..     It   iudicuti's  that  force  is  thac  which  teuda  t 


change  a  bixlj'ti  stati 
for  if  a  body  iliiua  no 
tlon  In  a  straight  lin 
A  body  has  no  po 
when  it  Is  at  rest,  it  baa  ii 


•est  or  of  aniforni  motion  in  u  Blraight  line 
ititiue  in  its  eX&te.  of  rest  or  at  uniform  ma 
noBt  i)e  under  the  action  of  force. 
□  change  its  own  slutB  aa  to  rest  or  motioni 
o  power  of  putting  itself  in  motion  ;  wheft 
n  it  has  no  power  of  increasing  or  diminieliing  its  velodlj. 
Matter 
moving  with  a  given  velocity  along  a  reclilinear  palli 

3  with  tliat  Telocity  along  that  path.     It  is  alike  natiraii 
to  be  at  rest  or  in  motion.     Whenever,  tbere/ore,  a  bad;> 
I  changed  either  from  rest  to  motion,  or  from  molion  to  ce 
ir  when  its  velocity  ia  increased  or  dlminlslied,  that  change  Is  dae 

e  external  cause.     Tliia  cause  is  tnlied  farce  (Art  U);   and  thi 
nrdfi^ru  is  used  in  Kitietics  in  tUia  momiing  only. 
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168.  RemarkB  on  Law  IL — Law  II  asserts  tLnt  if  aaj 
mrre  generatea  motion,  a  double  force  will  generete  doulile  motion, 
nnd  en  on,  whether  applied  simultaneouHly  c)r  sticcesHively,  insten- 
tiineonsly  or  gradually.  And  thia  motion,  if  tlie  body  was  moving 
beforehand,  ia  either  added  to  the  preTious  motion  if  directly  conspir- 
ing with  it,  or  is  Bulrtracted  if  directly  opposed ;  or  is  geometrically 
compoanded  with  it  according  to  the  principles  already  esplaiued, 
( Art.  3B),  if  tlie  line  of  previous  motion  and  the  direction  of  Ibe  fores 
are  inclined  to  each  other  at  an  angle.  The  term  mtiCioil  here  meatia 
giiaatitff  of  motion,  and  the  phrase  change  of  motiim  here  means  rule 
'■f  eliange  of  gvantitg  of  Tootion  {Art.  U).  If  the  force  be  finite  It  will 
require  a  finite  time  to  produce  a  wnBible  cimnge  of  motion,  and  the 
change  of  momentum  produced  by  it  will  depend  upon  the  time  dar- 
ing which  it  actB.  The  change  of  motion  must  then  be  understood  to 
be  the  change  of  momentum  produced  per  unit  of  time,  or  the  ratt 
of  chan^  ot  momentum,  or  acceleration  of  momentum,  which  agrees 
with  the  principles  already  explained  (Arts.  18  and  20).  In  tliis  law 
nothing  is  said  about  the  actual  motion  of  the  body  bcforK  it  was 
acted  on  by  tlio  force;  It  ia  only  the  e/miige  of  motion  that  concerns 
us.  The  same  force  will  produce  preclBi'ly  Ihe  same  change  of  mn- 
lion  in  a  body ;  whether  the  body  be  at  rest,  (ir  in  motion  with  4tny 
velocity  whatever. 

Since,  wlion  sovcral  forces  net  at  once  on  a  particle  either 
at  rest  or  in  motion,  the  second  law  of  motion  is  true  for 
every  one  of  these  forces,  it  follows  that  each  must  have  the 
same  effect,  in  so  fur  us  the  change  of  uiofiou  produced  hy 
it  is  concerned,  »b  if  ii  were  the  only  force  in  action. 
Hence  the  assertion  of  the  second  law  may  be  put  in  the 
following  form: 

Wfieii  imt/  HUinber  of  forces  act  simultaneously  on  a  lody. 
whether  til  rest  or  in  motion  in  any  direction,  each  force  pni- 
(tiices  in  ihe  bnily  the  same  chaiiye  of  motion  as  if  it  alone 
had  acted  on  the  body  at  rest. 

It,   follows  from    this  view  of  the  law  that  ail  problems 
which  involve  forcea  acting  simultaneouBly  may  bo  treated 
as  if  tlie  forcea  act«d  succegsively. 
^^nt opentloDB  of  (Iifs  law  hove  i-'Nady  bocn  couwieTei  'wi  !£;««■ 


matics  (Art.  140) ;  bat  motiun  thoru  was  imdoTBtood  to  mean  M&«tff 
only,  ^nco  the  iqseb  of  rhe  bodr  was  not  considered.  This  law  Ju 
eludes,  tliereforo,  the  law  of  the  cunipusitiua  ot  velociiies  otrvadj 
referred  Ut  (Art.  20).  Another  coutx^ueiiw  ot'  the  law  is  the  follow 
ing;  BLaco  fcirCfS  are  lueaBiired  by  the  changes  of  motion  they  [,tiv 
<1aee,  and  their  directions  assigned  by  the  directions  iu  which  these 
changes  are  produced,  ami  siDCO  the  changes  of  motion  of  one  and  IhR 
same  body  are  in  the  directions  of,  and  proportloniil  to,  the  cbangifi 
of  velocity,  tbarefore  a  aingle  force,  measured  by  the  resullaut  change 
of  velocity,  and  in  its  direction,  ivill  be  the  equivalent  of  uny  numbu 
of  simullaiieously  acting  forces. 

Hence, 

Tlie  resultant  of  any  number  of  concurring  forces  is  to  he 
found  by  the  same  geometric  process  as  the  reauUant  nfint^ 
number  of  simultaneotts  velocities,  and  conversely. 

From  this  follows  at  once  the  Polygon  of  Velocities  and 
the  Parallelopiped  of  Velocities  from  the  Polygon  and 
ParaJIelopiped  of  Forces,  as  was  described  in  Art.  142. 

This  law  also  gives  us  the  means  of  raeasnring  force,  and  also  of 
measuring  the  mas*  of  a  body :  for  the  actions  of  difiererit  forces  npon 
the  seme  body  fur  eiiual  times,  eridently  produco  changes  of  velodlj 
which  are  proporiionai  to  the /«rcM.  Also,  if  equal  forces  act  on  dif- 
ferent bodies  for  equal  times,  the  changes  of  velodty  produced  must 
bo  invertefy  as  the  masses  nl  the  bodies.  Again,  if  diSferent  bodlM, 
each  acted  on  by  a  force,  acquire  iu  the  samo  time  the  same  chRDgca 
of  velocity,  the  forces  must  be  proportional  to  the  maBsea  of  ihe 
bodies.  This  means  of  measuring  force  is  practically  the  sameu 
that  already  deduced  by  abstract  reasouing  (Arts.  ID  and  30). 

It  appears  from  this  law,  that  every  theorem  of  Xin& 
matics  connected  with  acceleration  has  its  eoiinterpart  in 
Kinetics.  Thus,  the  raeasiiro  of  acceleration  or  velocity 
increment,  (Art.  9),  which  was  discussed  in  Chap.  I  {Aj1& 
8   and   9),  and   in  Kinematics  (Art.  135),   and    which  B 

denoted  by  f  or  iU  eqvial  -j^,  is  also  the  effect  and  tli* 

neasare  of  force  ;  thcrcfoTe  a\\  i\\«  Ti«vitt:%  cS.  "ORa  OK^nioasb. 


BEXARSS  ON  LA  W  U. 


its  rarions  forms,  and  the  remarks  which  have  been  made 
on  it,  are  applicable  to  it  wlien  /  ia  tlie  accelerating  force. 
Thus,  (Art.  163),  we  see  that  the  force,  niider  which  a 
particle  describes  any  curve,  may  be  resolved  into  two 
components,  one  in  the  tangent  to  the  curve,  the  other 
tomai'dxihe  centre  of  curvature;  their  magnitudes  heing 
the  acceleration  of  momentum,  and  the  product  of  the 
momentum  into  the  angular  velocity  about  the  centre  of 
curvature,  respectively.  In  the  case  of  unifoi-m  motion, 
the  first  of  these  vanishes,  or  the  whole  force  ia  perpen- 
dicular to  the  direction  of  motion.  When  there  ia  no  force 
perpendicular  to  the  direction  of  motion,  there  is  no  curva- 
ture, or  the  path  is  a  straight  line. 

Hetiee  if  we  suppose  the  particle  of  mass  m  to  be  at  the 
jjoint  {x,  y,  a),  and  resolve  the  forces  acting  on  it  into  the 
three  rectangular  components,  X,  Y,  Z,  we  have 

In  several  of  the  chapters  these  equations  will  he  sim- 
plitied  by  assuming  unity  as  the  mass  of  the  moving 
particle.  When  this  cannot  be  done,  it  is  sometimes  con- 
venient to  assume  X,  Y,  Z,  as  the  component  forces  on  Ihe 
unit  maas,  and  (2)  becomes 


»iX,  etc. 


from  which  vi  may  of  course  lie  omitted.     It  will  be  ob- 
R-rvod  that  an  equation  sneh  as 

iPx  _ 
IP  ~  ^ 

My  ia  liit*-rpreled  cither  a»  KiuctWa.\  wt  ^mftuxaJ^.t'^N  ""*- 


tlie  former,  the  unit  of  mass  must  be  iindcrstood  as  a  fac- 
W  on  the  left-hand  side,  in  wliich  case  X  is  the  z-coii 
ponent,  for  tbo  unit  of  mitss,  of  the  wliole  force  eserted  o 
the  niovir.g  body. 

Tl's  first  two  lawH,  have,  therefore,  tumiBlied  ub  with  a  dejinitm 
an',  a  meatiire  of  foreo;  ftud  they  aieo  aliow  how  to  compoand,  ad 
iierefore  how  to  leaolve.  forces ;  and  also  Low  to  investigBlc  tlie 
coDditionH  of  equilibrium  or  motion  of  a  aingle  particle  sabjecled  to 
given  forces. 


I 


169.    Remarks  on  Law  m. — According  to  Law  nt,  if  one 

hody  preaaes  or  draws  anorlicr,  it  is  prussirf  or  drawn  by  tliis  other 
"with  BD  equal  force  in  the  opposite  direction  (Art.  16).  A  Loi» 
towing  a  lioat  cm  a  canal,  is  pulled  backwards  by  a  force  equal  tothit 
which  he  impresaeB  ou  the  towing-rope  forwards.  If  one  body  atriku 
luother  body  and  clianges  the  motion  of  the  other  body, 
motion  will  ho  dianged  in  an  equal  quantity  and  in  Iho  opposite 
direction ;  (or  at  each  iualant  during  tbo  impact  tho  liodiea  eiert 
each  other  ^nal  and  opposite  pressures,  and  the  mnmentutn  that  t 
body  loses  is  equal  to  that  which  the  otber  gains. 

The  eurtli  attracts  a  falling  pebble  with  a  certain  force,  while  ihs 
pebble  attracts  the  earth  with  ao  equal  force.  The  result  is  th»l 
while  the  pehble  moves  towards  the  earth  on  account  of  its  altrfc- 
tion,  the  earth  also  moves  towards  the  pebble  under  the  influence  ol 
the  attraction  of  the  latter ;  but  the  mass  of  the  L-jirth  being 
niously  greater  than  ilmt  of  the  pebble  while  tJie  forci-s  on  ihi 
nrisinfc  from  their  rautual  attractions  are  eipial,  the 
tbereby  in  the  earth  is  almost  ineomparahly  less  than  that  prodoHA 
in  tho  pebble,  and  is  consequently  insensible. 

It  foUowa  that  the  Rum  of  the  quantities  of  motion  parallel 
Bied  direction  of  the  particlea  of  any  BTSlem  influencing  one  another 
in  any  possible  way.  reinaina  unchanged  by  their  mutual  aeti<n. 
Therefore  if  the  centre  of  gravity  of  any  syslcin  of  matiullf 
inBuBucing  particlea  is  in  motion,  it  conlinues  moving  (tnifnTmly  Is 
straight  line,  unless  in  so  far  ns  ihe  direction  or  velocity  of  its  mo^ 
is  changed  by  forces  tietween  the  pnrticlus  and  some  other  nuitUr  n 
balaiiging  tn  Ihe  ni/ttini ;  also  the  centre  of  gmviiy  of  any  BysteiD ' 
jmrllclea  irioves  just  as  all  the  matter  of  the  system,  il  couFeutmted  i 
a  poiat,  would  move  under  Ito  inftuence  ol  Itnwa  w\«,a.l  nail.. 
,ip  (lie  forces  really  nciing  on  '  ~  "  " 


TWO  hA  (Ts  OF  aouox, 


*.) 


170.  Two  Laws  of  Motion  in  the  French  Trea* 

tiseB.— Newton's  Laws  of  niotioQ  are  not  adopted  in  tbe 
jiriiicipal  French  treatises ;  but  we  find  in  them  iwo  prin- 
ciples only  as  borrowed  from  experience,  viz.: 

PiHST. — The  Law  of  Inertia,  that  a  body,  not  acted 
upon  by  any  force,  would  go  on  for  ever  with  a  uniform 
velocity.    This  coincides  with  Newton's  Krst  I^w. 

Second. — That  the  velocity  communicated  \s  propnriional 
to  the  force.  The  second  and  third  Laws  of  Motion  are 
thus  reduced  to  this  second  |)rinciple  by  the  French  writers, 
especially  Poisson  and  Laplace.* 

171.  Motion  of  a  Particle  under  the  Action  of  an 
Attractive  Force. — A  particle  mows  under  a  force  of 
iitlrddiim  n-hirli  is  in  its  line  of  motion,  mtd  varies  directly 
as  ttie  distance  nf  the-  particle  from  the  centre  of  force;  it  is 
required,  to  determine  the  motion. 

The  point  whence  the  influence  of  a  force  cmaiiatea  is 
called  tite  centre  offone  ;  and  the  force  is  called  an  attrac- 
tive or  a  repulsive  force  according  as  it  attracts  or  repels. 

Ijet  O  be  the  centre  of  force,  P  the  ^,  o  p  » 
position  of  the  particle  at  any  time,  t,  v  Fio  so  m'id 

its  velocity  at  that  time,  and  let  OP  =  x, 
and  OA  =  a,  where  A  is  the  position  of  the  particle  when 
/  =  0  ;  let  fi  =  the  absolute  force;  that  is,  the  force  of 
atti-action  on  a  unit  of  mass  at  a  unit's  distance  from  0, 
which  is  Bupposcd  to  be  known,  nnd  is  aomctinies  called 
Ihe  strength  of  the  attraction.    At  present  we  shall  suppose 
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the  mass  of  the  particle  to  be  unity,  as  it  simplifies  the 
equations.  Then  iix  is  the  magnitude  of  the  force  at  the 
distance  x  on  the  particle  of  unit  mass,  or  it  is  the  accelera- 
tion at  P  ;  and  the  equation  of  motion  is 

^=-^^  (1) 

the  negative  sign  being  taken  because  the  tendency  of  the 
force  is  to  diminish  x ; 

Mx  cPx  «      -, 

.  • .    — ^^  =  —  2jwa;  ax. 

Integrating,  we  get 

^  =  M  (a^  -  ^),  (2) 

if  the  particle  be  at  rest  when  x  =:  a  and  ^  =  0, 

.'.    — 7 =  11^  dL 

the  negative  sign  being  taken,  because  x  decreases  as  i 
increases.  Integrating  again  between  the  limits  correspond- 
ing to  ^  =  ^  and  ^  =  0, 

COS~^  -     =     U^ty 

a 
.'.    t  =  -tCos""^—  (3) 

From  (2)  it  appears  that  the  velocity  of  the  particle  is 

zero  when  x  =  a  and  —  a  ;  and  is  a  maximum,  viz.:  aft^i 
when  X  ^  0*  Hence  tt\e  \)aTt\c\^  \x\w^^  ^koxn  rest  at  A :  its 
velocity  increases  untW  it  levxvAx^^  Ci  \N\\vix^  \\»  Nis^^^xasa.  i 
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,  and  where  the  iorce  is  zero ;  the  particle  passfs 
through  that  point,  and  its  velocity  decreases,  and  at  A',  at 
a  distance  ^  —  a,  becomea  zero.  From  this  point  it  will 
return,  under  the  action  of  the  force,  to  its  original  posi- 
tifin,  and  continually  oscillate  over  the  space  2o,  of  which 
0  is  the  middle  point. 
From  (3)  we  find  when  x  =:  a,  t  ^  0  and  when  x  =  0, 

-  I  ^  — r ;  so  that  the  time  of  passing  from  A  to  0  =  — r, 

and  the  time  from  0  to  A'  ia  the  same,  so  that  the  time  of 

oscillation  from  A  to  A'  ia  --j--     This  result  ia  remarkable, 

/** 
as  it  shows  that  the  time  of  oscillation  is  iodependeiit  of 
the  velocity  and  distance  of  projection,  and  depends  solely 
on  the  strength  of  the  attnwition,  and  is  greater  as  that  is 
less. 

This  problem  includes  the  motion  of  a  particle  within  a 
homogeneous  sphere  of  ordinary  matter  in  a  straiglit  shaft 
through  the  centre.  For  the  attraction  of  such  a  sphere  on 
a  particle  within  its  bounding  surface  varies  dii'cctly  as  the 
distance  from  the  centre  of  the  sphere  (Art.  133a).  If  the 
earth  were  such  a  homogeueona  sphere,  and  if  AOA'  (Fig. 
SO)  represented  a  shaft  running  straight  through  its  centre 
from  surface  to  surface,  then,  if  a  particle  were  free  at  one 
chi].  A,  it  would  move  to  the  centre  of  the  farth,  0,  where 
its  velocity  would  be  a  maximum,  and  thence  on  to  the 
opposite  side  of  the  earth,  A',  where  it  would  come  to  rest ; 
then  it  would  return  through  the  centre,  0.  to  the  aide,  A, 
IVom  where  it  started  ;  and  its  motion  would  continue  to  be 
oscillatory,  and  thus  it  would  move  backwards  imd  forwanb 
from  one  side  of  the  earth's  surface  to  the  other,  and  the 
time  of  the  oscillation  would  ho  independent  of  the  earth's 
miiiu«;  that  is,  at  whatever  point  withiu  the  earth's  surface 
llie  particle  be  placed  it  would   reach  the  ctitttife  \\i.  Ma& 
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Cor. —  To  find  ilUa  time.     Since  p  ia  the  ati:racf:ionat 
unit  of  distance  and  g  the  attraction  at  the  distance  R, 
have  /t  =  -gj  which  in  <  =  -^  gives 


for  the  time  it  wonld  take  a  body  to  moye  from  any  poiBl 
within  the  earth's  surface  to  the  centre. 
If  we  put  g  ^  33J-  feet  and  R  =  3963  miiea  we  get 

(  =  21  ni.  6  8.  about, 

which  wonld  he  the  time  occupied  in  passing  to  the  earU^ 
centre,  however  near  to  it  the  body  might  be  placed,  a 
however  far,  so  long  as  it  is  within  the  surface, 

172.  Motion  of  a  Particle  under  the  Action  of  a 
■Variable  Repulsive  Force. — Let  the.  force  be  one  of 
repulsion  and  vary  as  the  distance,  then  the  equation  of 
motion  is 

(Px 

dP='^- 

Tjet  na  anppose  the  particle  to  be  projected  from  the  cen- 
tre offeree  with  the  velocity  v^ ;  then  we  haye 


Aa  I  increaseB  t  also  inci-eaaes,  and  the  particle  reced« 

fiirther  and   further  from   tlie  centre  of  force;   and  the 

velocity  also  inereaaeB,  aiiA  \i\t\miAft\'5  w\M.*\a  ■»  when  z  - 

'  ^  =  00 .     Th  us  in  this  cose  ftvc  msi'tVo'^  Na  t^-A.  ^ai'iftsi.'uOTv- 
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173.  Motion  of  a  Particle  under  the  Action  of  an 
Attractive  Force  which  is  in  the  line  of  motion,  and 
vrhich  varies  Inversely  aE  the  Square  of  the  Distance 
&om  the  Centre  of  Force. 

Let  0  (Fig.  80)  be  the  centra  of  force,  P  the  position  of 
the  particle  at  the  time  /;  and  A  the  position  at  rest  when 
/  =  0,  so  tliat  the  particle  starts  from  A  and  moves  to- 
wards 0.  Let  OP  =  X,  OA  =  a,  and  fi  =  the  absolute 
force  as  before  or  the  acceleration  at  nnit  distance  from  0. 
Then  the  equation  of  motion  is 


rff  " 


Multiplying  by  'i,dx  uud  integrating,  wc  get 

whicn  gives  the  velocity  of  the  jiarticle  at  any  distance,  .r, 
from  the  origin. 
From  (l)  we  have 


dx  _  /S/i  \ 


the  negative  sign  being  taken  I}ecau8e  in  the  motion  to- 
wards 0,  X  diminishes  as  I  increases.     This  gives 


\/f'"  = 


Integrating  and  taking  the  limits  coiresponiling  to  t  = 
ind  1  =  0,  ive  liave 

■ffhich  gives  the  valne  of  t. 

When   the   particle  arrives  at  0,  a^  ^  0,  therefore  tlio 
time  of  falling  to  the  centre  0  from  A  is 


I 
I 


From  (1)  we  see  that  the  velocity  =  0  when  x  ^=  a;  and 
:=  oc  when  z  :=  0;  hence  the  velocity  increases  as  the 
particle  approaches  the  centre  of  force,  and  ultimately, 
when  it  arrives  at  the  centre,  becomes  infinite.  And 
althongh  at  any  point  very  near  to  0  there  is  a  very  grat 
attraction  tending  towai'ds  0,  at  the  point  0  itself  there  is 
no  attraction  at  all;  therefore  the  particle,  approaching 
the  centre  with  an  indefinitely  great  velocity,  must  pais 
throQgh  it.  Also,  everything  being  the  same  at  equal 
distances  on  either  side  of  the  centre,  we  see  that  the 
motion  must  be  rebirded  as  rapidly  as  it  was  accelerated, 
and  therefore  the  pai'ticle  will  proceed  to  a  point  A'  att 
distance  on  the  other  side  of  0  equal  to  that  from  which  it 
started  ;  and  the  inollon  will  coiitiuuc  oscillatory. 

174.  Velocity  acquired  in  Falling  through  a  Great 
Height  above  the  Earth. — The  preceding  ease  uf  motion 

iiielndea  that  of  a  body  falling  from  a  great  height  abon 
the  earth's  surface  towards  its  centre,  the  distance  tbrovgli 
which  it  falls  being  bo  great  that  tJie  variations  of  the  aaxQA 
jiftrat'tion  due  to  the  distance  must  be  taken  into  a 
Ji'or  a  sphere  attracts  an  txtt.'tiia.\  >^tI\c\b  with  afoFoen 
'aries  inversely  as  t\ic  S5(^nate  o^  Wvc  OCvsVwvcft  <iV  "Cwt  ■'j 
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from  the  centre  of  tlie  sphere  (Art  133a) :  tliei-efore  if  R  is 
the  earth's  radios,  g  the  kinetic  measure  of  gravity  ou  a 
unit  of  mass  at  the  earth's  surface  (Arts.  20,  23),  and  x  the 
distance  of  a  hody  from  the  centre  of  the  earth  at  the  time 
t,  then  the  equation  of  motion  is 

^  _  _     ^ 

which  is  the  same  as  the  equation  in  Art.  173  hy  writing  n 
toT gR^;  therefore  the  results  of  the  last  Art.  will  apply  to 
this  case.  Substituting  <jl^  for  ft  in  (1)  of  Art.  173  we 
huye 

When  the  body  reaches  the  earth's  surface,  x  ^  R  and . 
(1)  hecomea 


I 


If  a  is  infinite  (2)  becomes 


BO  that  the  velocity  can  never  be  bo  great  as  this,  however 
far  the  body  may  fall;  and  hence  if  it  were  possible  to 
project  a  body  vertically  upwards  witli  this  velocity  it  woald 
go  on  to  infinity  and  never  stop,  siip|iosiug,  of  course,  that 
there  ib  no  resisting  medium  nor  other  disturbing  force. 

If  in  (2)  we  put  g  =  32J  feet  and  R  =  30G3  miles  we 
get 

ir  =  [2-32i^. 3963- 5280]*  feet  =  6-95  miles; 

m  that  the  greatest  possible  velocity  which  a  body  can 
acquire  in  Talliag  to  the  earth  is  loaa  ft\aw  1  imWe?.  v« 
Vbody  were  projected  uipw&"c4a  V\'Ocv  'Cw*!'. 


velocity,  and  were  to  meet  with  no  resistauce  except 
gravity,  it  would  never  return  to  the  earth. 

CoR. — To  fliid  the  velocity  which  a  body  would  acquire 
in  falling  to  the  earth's  surface  from  a  height  h  above  tbc 
surface,  we  have  from  (1)  by  putting  x  =  R  and  a  =  fi  +  R. 

If  A  bo  small  compared  with  R,  this  may  be  written 

which  agrees  with  (6)  of  Art.  140. 

TliG  laws  of  force,  enumerated  in  Arts.  171,  173,  are  the 
only  laws  that  are  known  to  exist  in  the  universe  (Pratt'e 
Mechs.,  p.  212). 

175.  Motion  in  a  Resisting  Medium. — ^In  the  pre- 

eeding  discussion  no  aecoimt  ia  tiiken  of  the  atmospheric 
resistance.  We  fih.ill  now  consider  the  motion  of  a  bodj 
near  the  surface  of  the  earth,  taking  into  account  the 
resistance  of  the  air,  which  we  may  assume  varies  as  the 
square  of  the  velocity. 

A  particle  under  the  action  of  gravity,  as  a  consia?ii  forte, 
moees  in  the  air  supposed  to  be  a  resisting  mcdivm  of 
uniform  density,  of  which  the  resistance  varies  as  the  aquar» 
of  the  velocity  required  to  determine  the  motion. 

Suppose  the  particle  to  descend  towards  the  earth  from 
rest.  Take  the  origin  at  the  starting  point,  let  the  line  of 
its  motion  be  the  axis  of  x :  and  let  ,t  be  the  dietanoe  of 
the  particle  from  the  origin  at  tlie  time  t,  and  for  con- 
venience let  gk^  he  the  resistance  of  l!ie  air  on  the  parddl 
for  a  unit  of  velocity ",  gli?  '\s  BaUtA  tbe  me^cient  of  t 
ffnce.     Then  the  rc3iata,Ticc  ot  tfnt  sot  »^  ti^'t,*"'—  -^ 
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-Tj) ,  which  acts  upwards,  and  the  force  of 

gravity  is  g  acting  downwards,  the  mass  being  a  unit. 
Hence  the  equation  of  motion  is 

dJ^x  ,« /dx\^ 


rf^ 


=  9-9^Q,  (1) 


jdx 
.♦.    gdt  = 


dx\* 


-^iS) 


Integrating,  remembering  that  when  ^  =  0,  v  =  0,  we 
get 

1         ^  +  ^dt 

jf^  =  —  log J-  >  (Calculus,  p.  259,  Ex.  5). 

4fc  J,  ax 

Passing  to  exponentials  we  have 

dx       1  e^  —  e-^ 


dt        k^^  +  e-^' 


(8) 


which  gives  the  velocity  in  terms  of  the  time.    To  find  it  in 
terms  of  the  space,  we  have  from  (1) 


-HW 


% = ^si^<^i 


•••    log[l-*«(|)']=-2^Wr,  (8) 


observing  the  proper  h'mits; 
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f  =  H(l- 


whieh  gives  the  velocity  hi  terme  of  the  distance. 

Also,  iufegrating  {3)  taking  the  eame  limits  as  before, 
we  get 

gl^x  =  log  (e*?'  +  e-M)  _  log  2  ; 


;  c*f '  +  e-^ff*. 


(•) 


which  gives  the  relation  between  the  distance  and  the  time 
of  falling  through  it. 


As  the  time  inereaBes  the  term  e-*^  diminishea  and  from 
(5)  the  apace  increases,  becoming  infinite  when  the  time  ia 
infinite;  but  from  {'i),  ae  the  time  increases  the  velocity 
becomes  more    nearly  niiiforni,   and   when    t  =:  oo,   the 

velocity  =  f;  and  altliongh  this  state  ia  never  reached, yet 

ifc  is  that  to  which  the  motion  approaches. 

176.  Motion  of  a  Particle  Ascending  in  the  Ail 
against  the  Action  of  Gravity.— Let  ua  suppose  the 
particle  to  be  projected  upwards,  that  is,  in  a  direction 
contrary  to  that  of  the  action  of  gravity,  with  a  given 
velocity,  v,  it  is  required  to  determine  the  motion. 

Let  ns  suppose  the  particle  to  be  of  the  same  form  and 

as  before,   and  the  aame   coefficient    of    resiatance. 

Then,  taking  x  positive  upwards,  bolh  grai'ity  and   the 

resistance  of  the   air  tend   to  diminish  the  velocity  as  i 

increases;  so  that  the  equation  of  motion  is 


-«<;\ 
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=  —  kgdti 


dx^ 


'^HW 


••.    tan'i  ^  —  =  tan"-!  (kv)  —  gkt ; 

(Calculus,  p.  244,  Ex.  3),  since  the  initial  velocity  is  v. 

Taking  the  tangent  of  both  members  and  solving  foi 

dx  , 

^,  we  get 

dx  __1      vk  —  tan  kgt 
dt  "^  k'  1  +  vk  tan  kgt^ 


(2) 


which  gives  the  velocity  in  terms  of  the  time.     To  find  it 
in  terms  of  the  distance,  we  have  from  (1) 


^m 


>+'^(i 


.-.    (^)'=^e-«,.*lx_l^(l_«-V»-«),  (4) 

which  gives  the  velocity  in  terms  of  the  distance. 

Also,  integrating  (2)  after  substituting  sine  and  cosine 
for  tangent,  and  taking  the  same  limits  as  before,  we  get 

glAc  =  log  {vk  sin  kgt  +  cos  kgt) ;  (6) 

which  gives  the  space  described  by  the  "patWA^  vci  V^x\w^  ^^ 
the  time. 
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Cor.  1.  — To  find  the  greatest  height  to  which  the  pa^ 

dx 
Tt 


dx 
tide  will  ascend  put  the  velocity,  -77  =  0,  in  (3)  and  get 


^  =  2^p  log  (1  +  *»«;«),  (6) 

which  is  the  distance  of  the  highest  point. 
Putting  ^  =  0  in  (2)  we  get 

^  =  kg  *^^"^  ^*'  ^^ 

which  is  the  time  required  for  the  particle  to  reach  the 
highest  point.  Having  reached  the  greatest  height,  the 
particle  will  begin  to  fall,  and  the  circumstances  of  the 
fall  will  be  given  by  the  equations  of  Art.  175. 

CoR.  2. — Since  k  is  the  same  in  this  and  Art.  175,  we 
may  compare  the  velocity  of  projection,  t\  with  that  which 
the  particle  would  acquire  in  descending  to  the  point 
whence  it  was  projected.  Denote  by  v^  the  velocity  of 
the  particle  when  it  reaches  the  point  of  starting.  From 
(3)  of  Art.  175  we  have 

and  placing  this  value  of  x  equal  to  that  given  in  (6), 
we  get. 


•.       Va    = 


0 

V 


(1  +  l^l^)^ ' 

ijch  is  less  than  v,  "hene^  V\\^  ncXqqaV^  ^<v^Yt^\^44i^ 


mmmm 


descent  is  less  tlian  that  loat  in  the  aecent,  as  might  have 
been  iiilerred. 

Cob.  3,— Substituting  (6)  in  (5)  of  Art.  175,  we  get  for 
the  time  of  the  desceut, 


;  =  ^  log  {vT+iV  +  hv), 

which  is  difEerent  from  the  time  of  the  ascent  as  given  in 
(7).  (See  Price's  Anal.  Mech's,  Vol.  I,  )i.  406;  Venturoli's 
Moch's,  p.  82 ;  Tait  and  Steele's  Dynamics  of  a  Particle, 
p.  237.) 

177.  Motion  of  a  Projectile  in  a  Resisting  Me- 
dium.— The  theory  of  the  motion  of  projectiles  in  vacuo, 
which  waa  examined  under  the  head  of  Kinematics,  aSurda 
results  which  differ  greatly  fnim  those  obtained  by  direct 
exi>enmeut  in  the  atmosphere.  Wheu  projectiles  move 
with  but  small  velocity,  the  discrepancy  between  the  para- 
bolic theory,  and  what  ia  found  to  occur  in  practice,  is 
small ;  but  with  increasing  velocities,  as  those  with  which 
balls  and  ahells  traverse  their  paths,  the  air's  resistance 
increases  in  a  higher  ratio  than  the  velocity,  so  that  the 
discrepancy  becomes  very  great. 

Tlie  most  important  application  of  the  theory  of  projec- 
tiles, is  that  of  Gunnery,  in  which  the  motion  takes  place 
in  the  air.  If  it  were  allowable  to  neglect  the  resistance  of 
the  air  the  investigations  in  Part  II  would  explain  the 
theory  of  gunnery  ;  but  when  the  velocity  is  considerable, 
the  atmospheric  resistance  changes  the  nature  of  the  tra- 
jectory 80  much  oa  to  render  the  conclusions  drawn  from 
tlio  theory  of  projectiles  in  vacuo  almost  entirely  inap- 
plicable in  practice. 

The  problem  of  gunnery  may  he  stated  as  follows: 
Given  a  projectile  of  known  weight  ani  iVvR^w^vwis., 
■tJng  wHb  a  known  velocity  at  sv  Vnoww  atv^fc  o^  e\Si^«r 


^tf^i 


I   I'KOJBVTILB. 


Tof       . 

tlie    J 
[lare    I 

Uat  J 


tion  in  a  calm  iitmospherc  of  approximately  known  densitv; 
to  fiuii  its  range,  time  of  flight,  velocity,  direction,  and 
position,  at  any  mtynent;  or,  in  other  words,  to  conatruci 
its  trajectory.  This  problem  ia  not  yet,  however,  suscepti- 
ble of  rigorous  treatment ;  mathemutics  baa  hitherto  proved 
uniible  to  furnish  complete  formnlffi  satisfying  the  condi- 
tions. Tlie  resistance  of  the  air  to  slow  movements,  say  of 
10  feet  per  second,  seems  to  vary  with  the  first  power  of 
the  velocity.  Above  this  the  ratio  increases,  and  i 
case  of  the  wind,  is  usua,lly  reckoned  to  vary  az  the  square 
of  the  velocity ;  beyond  this  it  increases  atill  further,  till  ai 
1200  feet  per  second  the  resistance  is  found  to  vary  as  tba 
cube  of  the  velocity.  The  ratio  of  increase  after  this  point 
13  passed  is  supposed  to  diminish  again ;  but  thoroughly 
satisfactory  data  for  its  determination  do  not  exist. 

From  experiments*  made  to  determine  the  motion  of 
cannon-balls,  it  appears  that  when  the  initial  velocity  ia 
considerable,  the  resistance  of  the  air  is  more  than  20  times 
as  great  as  the  weight  of  the  ball,  and  the  horizontal  raogt 
is  often  a  small  fi-action  of  that  whicb  the  theory  of  pro- 
jectiles in  vacuo  gives,  so  that  the  form  of  the  trajectory  ii 
very  different  from  that  of  a  parabolic  path.  Such  experi- 
ments have  been  made  with  great  care,  and  show  how  littta 
the  parabolic  theory  is  to  be  depended  upon  in  determil)iI^ 
the  raotioD  of  military  projectiles. 

178.  Motion  of  a  Projectile  in  the  Atmosphen 
Supposing  its  Resistance  to  vary  as  the  Square  a 
the  Velocity. — .1  jiariirh-  under  the  action  of  grariiy  j 
projected  from  a  givfii  point  in  a  given  direction  vnth  A 
given  vehdty,  and  moves  in  the  atmosphere  whose  resittanet 
is  assumed  to  vary  as  Ike  sqttare  of  the  velocity  ;  to  dtttt- 
tine  the  motion. 


i 


XOTIQir  OF  A  pnoJSCNLS. 

Take  the  given  point  as  origin,  the  axis  of  x  horizontal, 
tlie  axis  of  y  vertical  and  positive  upwards,  so  that  the 
direction  of  projection  may  be  in  the  plane  of  xy.  Let  v 
he  the  velocity  of  projection,  g  the  acceleration  of  gravity, 
n  the  angle  between  the  axis  of  x  and  the  line  of  projection, 
ant)  let  the  resistance  of  the  air  on  the  particle  he  k  for  a 
unit  of  velocity;  then  the  resistance,  at  any  time,  i,  in  the 

line  of  motion,  is  k  l-^l  ;  and  the  x-  and  j/-components  of 

this  resistance  are,  respectively, 

,  ds    dx  ,     ,  ds    d» 

dl    at  dt    at 

Then  the  equations  of  motion  are,  resolving  horizontally 
and  vertically, 

^  da    dx 

M  ~  ~^di.    dl.'  ^^> 


-"m  i-  P) 


dl'~      "        dt   dt 
rom  (1)  we  have 

\dl)  ,,  ,  <S 

dt 


\ 


•■•    ^  =  wco8oe-»».  (3) 

Multiplying  (1)  and  (2)  by  dif  and  dx,  respectively,  and 
Biibtraoting  the  former  from  the  latter  we  have 
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Substituting  in  (4)  for  dP  its  value  from  (3)  we  get 

d^ydx-dh^dy  _  .dy_         _j^ 

dx^  -"^da?-       t;3cos««'^'^-       ^^' 

Substituting  in  the  second  member  of  (5)  for  dx  its  valae 


^ -^  \J  ^  +  %. '"  !f* 


Put  -^  z=i  p,  and  (6)  becomes 

Integrating,  and  remembering  that  when  «  =  0,  jt>  =  tan  a, 
we  get 

^  (1  +  f)^  +  log  [p  +  {l+  i?8)*] 

—  ^ 3_ gate  /(7\ 

ki^  cos^  «      *  ^  ' 

where  c  is  the  constant  of  integration  whose  value 

=  tan  a  sec  «  +  log  (tan  a  4-  sec  a)  +  ,  ^  *^  ^    .   (8) 

°  ^  '       Art;*  cos*  a 

From  (5)  we  have 

v^  cos^  a  dx  \dxl ' 

which  in  (7)  gives 

p(\  +i,«)*  +  log  [p  +  (1  +  J»»)*]  _  c  =  ig, 

'^^  =Mr,     (9) 


•    • 


/>(!+/)*  +  log  \.p  -V  (,V  ^  1i?^^\-  c 
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and    T —- — i =  hdy.    (10) 

p{l  +1?)^  +  \og[p  +  {I  +  f)^-\^c 

From  (4)  we  have 

dx*  dp  ^=1  —  gdf^. 

Substituting  this  value  of  dx  in  (9)  and  solving  for  dt  we 
get 

1 P^ i-Ti  =  (*i^)*  ^^-  (11) 

{ e?  -  P  (1  + /^)*  -  log  [;?  +  (1 +;^)*]  f  * 

the  negative  sign  of  dp  being  taken  because  j»  is  a  decreas- 
ing function  of  t. 

Eeplacing  the  value  ot  p  =z  -^,  (9),  (10),  and  (11)  become 

d-^ 
,    _1 dx ... 

dy^dy 
,    1  dx    dx  .r»\ 

1  dx 

from  which  equations,  were  it  possible  to  integrate  them, 

x,  y,  and  t  might  be  found  in  terms  of  -j- ;  and  if  ^-  were 

eliminated  from  the  two  integrals,  of  (A)  and  (^B^  tk^  ^^• 
Bulting  equation  in  terms  of  x  and  y  ^woxiNdi  \ife  ^^  ^^  ^^^ 


required  trajector)'.  But  those  equations  cannot  be  inte- 
grated in  finite  terms;  only  approximate  soiutioDS  of  them 
can  be  made  ;  aud  by  means  of  these  the  path  of  the  pro- 
jectile may  be  constructed  iipproximatfily.  (See  Ventnroli'a 
Mecha.,  p.  92.) 

;  (A)  and  (B),  and  dividing  their  sum  by  tlie 
e  of  (C)  we  get 


dl*-  Je 


1  + 


-log 


-Kg)' 


*"»♦! 


(D) 


which  giyea  the  velocity  in  terms  of  - 


179.  Motion  of  a  Projectile  in  the  Atmosphere 
under  a  small  Angle  of  Elevation. — The  case  fre-J 
qnently  occurs  iu  practice  where  the  angle  of  projection  ii 
very  small,  and  where  the  projectile  rises  but  a  very  little  1 
above  tlte  horizontal  line.  In  this  case  the  equation  of  the  J 
part  of  the  trajectory  that  lies  above  the  horizontal  lino  J 
may  easily  be  found;   for,   the  angle  of  projection  beiog  1 

very  small,  ^-  will  be  very  small,  and  therefore,  througfaoat 

the  path   on   the  upper  side  of  the  asis  of  x,  powers  ol  J 

-j^  higher  than  the  first  may  be  neglected-     In  this  casaf 

then 

:  dx;        .•.    e  =  xi 


which  in  (5)  of  Art.  178,  becomes 
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Integrating,  we  get 


(ill       ,  (f 

-j^  —  tan  «  =;  —  ,.  ^■'  -r- 

ax  iktt'  cos'  1 

dy 


(e^-i)j 


since  when  z  =  0,  ^^ 
dx 

Integrating  again  wc  get 


tan  0 


I 


9^ 


*  ~  '    "^  Ulfl  COB^ «        ilH''  COB» 

Expanding  e^*^  in  a  series,  (1)  becomes 


-(e«^_l).  (1) 


=  X  tan  o 


2u»  cos*  a       3r»  cos*  « 


the  first  two  terms  of  which  represent  the  trajectory  in 
vacuo.     [See  (3)  of  Art.  151.] 
Prom  (3)  of  Art.  178,  we  have 


lev  COS  a 


(8) 


which  gives  the  time  of  flight  in  terms  of  the  abecissti. 

The  most  complete  and  valuable  series  of  esperiments 
on  the  motion  of  projectiles  in  the  atmosphere  that  has  yet 
Ijeen  made,  is  that  of  Prof.  F.  Baahforth  at  Woolwich. 


1,  Find  how  far  a  force  equal  to  the  weight  of  n  Iba., 

would  move  a  weight  of  m  lbs.  in  (  8etioii4&-,  wvi  fei\ft.  *ia» 

^tfiocity  acquired. 


EXAMPLES. 

Here  P  =  n,  and  W  =  m;  therefore  from  (1)  of  Art 
35  we  liave 

"  -  y-/'      ■  ■  -'  -  m* 

which    in   (4)   and   (5)   respectively   of    (Art     D),     gives 
.;  =  ^';and.  =  J^;^. 

2.  A  body  weigliing  n  lbs,  is  moved  by  a  constant  force 
which  generates  in  tbe  body  in  one  second  a  velocity  of  a 
leet  per  second ;  find  the  force  in  pounds. 


Ans. 


-lbs. 


3.  Find  in  what  time  a  force  of  4  lbs.  would  move  a 
weight  of  9  lbs.  through  49  ft.  along  a  smooth  horizoatal 
plane ;  and  find  the  velocity  acquired. 

,        .         SI 

4.  Find  the  number  of  inches  through  which  a  force  ol 
flue  ounce,  constantly  exerted,  will  move  a  mass  weighing 
one  lb.  in  half  a  second.  Am.  Zg  {^)\ 

5.  Two  weights,  P  and  Q,  are  connected  by  a  atrini 
which  passes  over  a  smooth  peg  or  pulley  ;  required  to 
determine  the  motion. 

Since  the  jwg  or  pulley  is  perfectly 
smooth  the  tension  of  the  string  ia  the 
same  throughout;  hence  the  force  which 
causes  the  motion  is  the  difference  between 
the  weighta,  P  and  Q,  the  weight  of  the 
string  being  neglected.  The  moring  force 
therefore  xs  P  —  Q\  but  the  weight  of  the 
mbstituting 


II  (1)  of  Art.  as,  we  get 


g—       n 

^ 


.^+< 


Fig.  80a. 
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'''f=^9-  (1) 

which  is  the  acceleration. 

Substituting  this  in  (4)  and  (5)  of  Art  9,  we  have 

«'  =  ^^gt.  (2) 

«  =  ij^^^  (3) 

which  gives  the  velocity  and  space  at  the  time  t,  the  initial 
velocity  v^  being  0. 

G.  A  body  whose  weight  is  Q,  rests  on  a  smooth  hori- 
zontal table  and  is  drawn  along  by  a  weight  P  attached  to 
it  by  a  string  passing  over  a  pulley  at  the  edge  of  the  table ; 
find  the  motion  of  the  bodies. 

Since  the  weight  Q  is  entirely  supported  by  the  resistance 
of  the  table,  the  moving  force  is  the  weight  P,  hanging 
vertically  downwards,  and  the  weight  of  the  mass  moved  is 
P  +  Q\  therefore  from  (1)  we  have 

f=P^Q-9  (1) 

and  this  in  (4)  and  (5)  of  Art.  9  gives  the  velocity  and 
space. 

7.  Required  the  tension,  T,  of  the  string  in  the  pre- 
ceding example. 

Here  the  tension  is  evidently  that  force  which,  acting 

along  the  string  on  the  body  whose  weight  is  Q,  produces 

p 

in  it  the  acceleration,   p      ^ff,  and  therefore  is  measured 

hy  the  masa  ot  Q  into  its  acceleration.    B.euQj^ 


8.  Find  the  tension,  T,  of  t!ie  string  in  Ex.  5. 
Here  the  tensioii  equals  the  weight  Q,  plus   the  forea 
which,  acting  along  the  string  on  Q,  prodnces  in  it  th» 
■  acceleratioQ 


or  it  equals  P  minus  the  accelerating  force  which,  of  com 

gives  the  same  result. 

9.  Two  weights  of  9  lbs.  and  1  lbs,  h^ng  over  a  pulley, 
in  Ex.  5 ;  motion  contioues  for  5  sees.,  when  the  string 
breaks;  find  the  height  to  which  the  lighter  weight  will 
rise  after  the  breakage. 

Substituting  in  (S)  of  Ex.  5  we  have 


therefore  each  weight  has  a  velocity  of  20  feet,  when  tb( 
string  breaks.    Hence  from  (6)  of  Art.  9,  we  have  (oallin 

7  32  ft.) 

that  is,  the  hgbter  weight  will  rise  (IJ  feet  before  it  be^t 
to  descend. 

10,  A  flteam  engine  is  moving  on  a  horizontal  plane  al 

the  rate  of  30  miles  an  hour  when  the  st^am  is  turned  offj 

supposing  the  resistance  of  friction  to  be  jitj  ^^  the  weighl 

,  find  how  long  and  how  far  the  engine  will  run  be£ne.. 
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Let  W  be  the  weight  of  the  engine;  then  the  reeiatance 


to  motion, 


4-00  nJ  '  ■  •     J   — 


s  30  milea  an  hour  = 


400 
30x1760x3 


60x60 

feet  per  second.    Substituting  these  values  of/  and  v  in  the 
equation  v  =  ft,  we  get 

.■,    t  =  550  sees., 

which  ia  the  time  it  will  take  to  bring  the  engine  to  rest  it 
the  velocity  be  retarded  ^  foet  per  second. 
Also  t?  ^=  %fs,  therefore 


s  =  tAij^^-ifl.11  =  12100  feet. 


Ii  '11.  A  man  whose  weight  ia  W,  stands  on  the  platform 
iH  an  elevator,  as  it  descends  a  vertical  shaft  with  a  uniform 
acceleration  of  \g ;  find  the  pressure  of  the  man  upon  the 
lilatform. 

Let  P  be  the  pressure  of  the  man  on  the  platform  when 
it  is  moling  with  an  acceleration  of  i?  ;  then  the  moviny 
force  is  IF  —  P ;  and  the  weight  moved  is  W',  therefore 

L  i^'-Z'^.^j^:        ...     p  =  \W. 

12.  A  plane  siipiwrtiug  a  weigiit  of  13  ozs.  ia  descending 
with  a  uniform  uccelcration  of  10  ft.  per  second ;  find  the 
prcssarc  that  the  weight  exerts  on  the  pkoe. 
^^^^^H  ,  Ana.  %\<a^%. 
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1-1.  A   weight  of  24  lbs.  hanging  over  the  edge  of  a 
smooth   tiiblo  drags  a  weight  of  Vi  lbs.  along  the  table; 
lind  (1)  the  acceleration,  aud  (2)  the  teneioii  of  the  string. 
Am.   (1)  21^  ft.  per  sec. ;    (2)  8  lbs. 

14.  A  weight  of  8  lbs.  rests  on  a  platform ;  find 
its  pressure  on  the  platform  (1)  if  the  latter  is  de- 
scending with  ail  acceleration  of  ^,  and  (2)  if  it  is 
ascending  with  tbe  same  acceleration. 

Arts.   (1)  7  lbs. ;  (2)  9  Iba. 

15.  Two  weights  of  80  and  70  lbs.  hang  over  a  smooth 
pulley  as  in  Ex.  5  ;  find  the  space  through  which  they  will' 
move  from  rest  in  3  sees.  '     Ans.   9j  ft. 

16.  Two  weights  of  15  and  1?  onnces  respectively  hang 
over  a  smooth  pnlley  as  in  Ex.  5  ;  find  the  space  dft- 
scribed  and  the  velocity  acquired  in  five  seconds  from  rest 

Ans.  s  =:25,  V  =  10. 

17.  Two  weights  of  5  lbs.  and  4  Iba.  together  pull  oi 
of  7  lbs.  over  a  smooth  fixed  pulley,  by  means  of  a  conr 
Meeting  string;  and  after  descending  through  a  givea 
space  the  4  lbs.  weight  is  detached  and  taken  away  without 
intorrnijting  the  motion  ;  find  through  what  space  thft 
remaining  5  lbs.  weight  will  descend. 

Ans.  Tiirough  }  of  the  given  space. 

18.  Two  weights  are  attached  to  the  extremities  of 
Htriog  which  is  hung  over  a  smooth  pulley,  and  the  -weighl 
are  observed  to  move  through  C.4  feet  in  one  second  ;  tJi 
motion  is  then  stopped,  and  a  weight  of  5  lbs.  is  adde 
to  tbe  smaller  weight,  which  then  descends  through  tli 
same  space  as  it  aacended  before  in  the  same  time  ;  deter 
mine  the  original  weights.  Ans.  g  lbs.;  ^  Ibe. 

19.  Find  what  weight  must  be  added   to   the  smalti 

freight  ia  Ex.  5,  so  that  t\ie  acccVeTsi&'i'tt  qI  'Oae  ■ 


EXAMPLES. 


have  the  aame  numerical  value  as  before,  but  may  be  in 
the  opposite  direction,  .        P^  —  Q' 


20.  A  body  is  projected  up  a  rough  inclirked  plane  with 
the  velocity  which  would  be  acquired  in  falling  freely 
through  13  feet,  and  just  reaches  the  top  of  the  plane ; 
the  inclination  of  the  plane  to  the  horizon  is  60",  and  the 
coefficient  of  friction  is  equal  to  tan  30'';  find  the  heightof 
the  plane.  Ans.  9  feet. 

31.  A  body  is  projected  up  a  rough  inclined  plane  with 
the  velocity  2ff  ;  the  inclination  of  the  plane  to  the  horizon 
is  30°,  and  the  coefficient  of  friction  is  equal  to  tan  15° ; 
find  the  distance  along  the  plane  which  the  body  will 
describe.  ^^s.  ^(Va-t-l). 

32.  A  body  ia  projected  np  a  rough  inclined  plane;  the 
inclination  of  the  plane  to  the  liorizon  is  «,  and  the  coef- 
ficient of  friction  is  tan  e ;  if  m  be  the  time  of  ascending, 
and  n  the  time  of  descending,  show  that 

(m\*_  sin  (n  —  e) 
n!  ~  sin  («  +  e) 

^  23.  A  weight  P  ia  drawn  np  a  smooth  plane  inclined  at 
an  angle  of  30°  to  the  horizon,  by  means  of  a  weight  Q 
which  descends  vertically,  the  weights  being  connected  by 
a  string  passing  over  a  small  pulley  at  the  top  of  the  ]ilane ; 
if  the  acceleration  be  onc^fourth  oi'  that  of  a  body  falling 
freely,  find  the  ratio  of  Q  to  P.  Ans.  Q  =  P. 

24,  Two  weights  P  and  Q  are  connectwl  by  a  string, 

and  Q  hanging  over  the  top  of  a  smooth  plane  inclined  at 

30"  to  the  horizon,  can  draw  P  up  the  length  of  the  plane 

in  just  bait  the  time  that  P  would  VaVe  to  iiwi  vi^  ^i,% 

■noir  Umt  ii  is  halt  06  heavy  again  as  P.  Jl 


I 


^18  SZAMFLEB. 

13.  A  weight  of  34  Iba.  hanging  over  the  edge  of  a 
Binooth  table  drags  a  weight  of  12  11>8.  along  the  table; 
find  (1)  the  acceleration,  and  (2)  the  tension  of  the  string. 

An/.   (1)  21J  ft.  per  see. ;    (2)  8  lbs. 

14.  A  weight  of  8  lbs.  rests  on  a  platform ;  find 
ita  presanre  on  the  platform  (1)  if  the  latter  id  de- 
scending with  an  acceleration  of  ^,  and  (2)  if  it  is 
ascending  with  the  same  acceleration. 

Ans.   (1)  ribs.;  (2)  9  lbs. 

15.  Two  weights  of  80  and  70  lbs.  hang  over  a  Bmooth 
pulley  as  in  Ex.  5  ;  find  the  space  through  which  they  will 
move  from  rest  in  3  sees.  '     Ans.   9^  ft. 

16.  Two  weights  of  15  and  17  onncea  respectively  hang 
over  a  smooth  pulley  as  in  Ex.  5 ;  find  the  space  de- 
scribed and  the  velocity  acquired  in  five  seconds  from  rest 

A71S.  s  =  S5,  V  =  10. 

17.  Two  weights  of  5  lbs.  and  4  lbs.  together  pull  one 
of  7  lbs.  over  a  smooth  fixed  pulley,  by  means  of  a  con- 
necting string;  and  after  descending  through  a  given 
space  the  4  lbs.  weight  is  detached  and  taken  away  without 
interrupting  the  motion  ;  find  through  what  space  the 
remaining  5  lbs.  weight  will  descend. 

Ans.  Through  \  of  the  given  space. 

18.  Two  weights  are  attached  to  the  extremities  of  a 
f-tring  which  is  hung  over  a  smooth  pulley,  and  the  weights 
are  observed  to  move  through  6.4  feet  in  one  second 
motion  is  then  stopped,  and  a  weight  of  5  lbs.  is  added 
to  the  smaller  weight,  which  then  descends  throngh  Ihs 
name  space  as  it  ascended  before  in  the  same  time  ;  deter- 
mine the  original  weights,  A  ns.  %  Ihs. ;  %t-  lbs. 

19.  Find  what  weight  must  be  added  to  the  emalle 
weight  in  Ex.  5,  so  tlv.it  the  a.cccVctuWo'a  oi  'vVft  ^ 


EXAJfPLES. 


have  the  same  immerical  value  as  before,  hut  may  be  in 
the  opposite  direotion.  .        I^  —  Q^ 


20.  A  body  is  projected  up  a  rough  inclined  plane  with 
the  velocity  which  would  be  acquired  in  falling  freely 
rbrough  12  feet,  and  just  roaches  the  top  of  the  plane; 
the  inclination  of  the  plane  to  the  liorizon  is  CO",  and  the 
coefficient  of  friction  is  equal  to  tan  30°;  find  the  height  of 
the  plane,  Ans.  9  feet. 

31.  A  body  is  projected  up  a  rough  inclined  plane  with 
the  velocity  2^  ;  the  inclination  of  the  plane  to  the  horizon 
is  30°,  and  the  coefficient  of  friction  is  equal  to  tan  15° ; 
find  the  distance  along  the  plane  which  the  body  will 
describe.  j^s.  g{V3  +  l). 

22.  A  body  is  projected  up  a  i-ough  inclined  plane ;  the 
inclination  of  the  plane  to  the  horizon  is  «,  and  the  coef- 
ficient of  friction  is  tan  e ;  if  wt  be  the  time  of  ascending, 
and  «  the  time  of  descending,  show  that 

l«)  =  sin  («  +  t)' 

23.  A  weight  P  is  drawn  np  a  smooth  plane  inclined  at 
an  angle  of  30°  to  tlie  horizon,  by  means  of  a  weight  Q 
which  descends  vertically,  the  weights  being  connected  by 
a  string  passing  over  a  small  pnllcy  at  the  top  of  tlie  plane; 
if  the  acceleration  be  one-fourth  of  that  of  a  body  falling 
freely,  find  the  ratio  of  Q  to  P.  Ans.   Q  =  P. 

24.  Two  weights  P  and  Q  are  connected  by  a  string, 
and  Q  hanging  over  the  top  of  a  smooth  plane  inclined  at 
30''  to  the  horizon,  can  draw  P  up  the  length  of  tlie  plane 
in  judt  half  the  time  that   P  would  ta\ift  Ui  4.toti  wj  Q,% 

■jAoif  that  Q  is  half  aa  heavy  again  ua  P.  JB 


I 


I 
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13.  A  weight  of  34  lbs.  hanging  oyer  tlie  edge  of  a 
Binooth  table  drags  a  weiglit  of  I'i  lbs.  along  the  table; 
find  (1)  the  aoceleration,  and  (2)  the  tenaiou  of  the  string. 

Aiw.   (1)  21i  ft,  per  sec. ;    (2)  8  lbs. 

14.  A  weight  of  8  lbs.  rests  on  a  platform ;  find 
itM  pressure  on  the  platform  (1)  if  the  latter  is  de- 
aeending  with  an  acceleration  of  Jff,  and  (2)  if  it  is 
as«nding  with  the  same  acceleration. 

Ans.  {1)7  lbs.;  (2)  9  lbs. 

15.  Two  weights  of  80  and  70  Ibe.  hang  over  a  aniooth 
pulley  as  in  Ex.  5  ;  find  the  space  through  which  they  will 
move  from  rest  in  3  aeea.  '     Ans.   9|  ft. 

16.  Two  weights  of  15  and  17  ounces  respectively  hang 
over  a  smooth  pulley  as  in  Ex.  5 ;  find  the  space  de- 
scribed and  the  velocity  acquired  in  five  seconds  from  rest 

Am.  s  =  25,  (J  =  10. 

17.  Two  weights  of  5  lbs.  and  4  lbs,  together  pnll  on9 
of  7  lbs,  over  a  smooth  fised  pulley,  by  means  of  a  con- 
necting string;  and  after  descending  through  a  given 
space  the  4  lbs.  weight  is  detached  and  taken  away  without 
interrupting  the  motion  :  find  through  what  space  tha 
remaining  6  lbs.  weight  will  descend. 

Am.  Through  J  of  the  given  space. 

18.  Two  weights  are  attached  to  the  extremities  of  t 
string  which  is  hung  over  a  smooth  pnlley,  and  the  wei^iti 
are  observed  to  move  through  C.  4  feet  in  one  second  ; 
motion  is  then  stopped,  and  a  weight  of  5  lbs.  is  adde^ 
to  the  smaller  weight,  which  then  descends  through  tlwt 
same  space  as  it  ascended  before  in  the  same  time  ;  deter- 
mine the  original  weiglits.  Ans.  I  lbs.;  Jy- lbs. 

19.  Find  what  weight  must  be  added  to  the  Biaalla 
weight  in  Ex.  5,  so  UvAt  t\ie  o.cceXaTi.txci-ft.  nl  'Oi\e  « 


have  the  Baitie  iinmerioal  value  as  before,  but  may  be  in 
the  opposite  direction.  P^  —  Q^ 

20.  A  bodj  is  projected  up  a  rough  inclined  plane  with 
the  velocity  which  would  be  acquired  in  falling  freely 
through  13  feet,  and  jnat  reaches  the  top  of  the  plane ; 
the  inclination  of  the  piano  to  the  horizon  is  60°,  and  the 
coefficient  of  friction  is  equal  to  tan  30°;  find  the  height  of 
the  plane.  Ans.  9  feet. 

21.  A  body  is  projected  up  a  rough  inclined  plane  with 
the  velocity  2g  ;  the  inclination  of  the  plane  to  the  horizon 
ia  30°,  and  the  coefficient  of  friction  ib  equal  to  tan  15° ; 
find  the  distance  along  the  plane  which  the  body  will 
describe.  j^_  ^(Vs  +  l). 

22.  A  body  is  projected  up  a  rough  inclined  plane  ;  the 
inclination  of  the  plane  to  the  horizon  is  «,  and  the  coef- 
ficient of  friction  ie  tan  e  ;  if  m  be  the  time  of  ascending, 
and  n  the  time  of  descending,  show  that 

/m^^  sin  («  -  0 
\n  I        sin  (a  +  e) 

83.  A  weight  P  is  drawn  up  &  smooth  plans  inclined  at 
an  angle  of  30°  to  the  horizon,  by  means  of  a  weight  Q 
which  descends  vertically,  the  weights  being  connected  by 
a  string  passing  over  a  small  pulley  at  the  top  of  the  plane; 
if  the  acceleration  be  one-fonrth  of  that  of  a  body  falling 
freely,  find  the  ratio  of  §  to  P.  Ans,  Q  =  P. 

34.  Two  weights  P  and  Q  are  connected  by  a  string, 
and  Q  hanging  over  the  top  of  a  smooth  plane  inclined  at 
30°  to  the  horizon,  can  draw  7*  up  the  length  of  the  piano 
in  just  half  the  time  that  P  would  laVic  to  &iwi  ^xv  Q.% 
that  Q  k  halt  ua  Leavy  again  aa  P. 


1 
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;^"-«)^        « 


which  is  tlie  aime  result  tliat  was  found  by  a  different  pro- 
cess in  Art.  163  for  the  aeceleiatiou  along  the  radiiu 
vector. 

Cob.  1. — The  genei'a,]  iiit<?gralM  of  (1)  will  contHin  turn 
arbitrary  oonstants.  One,  h,  that  was  introduced  in  (a), 
and  two  more  will  he  introdneed  by  the  integration  of  (8). 
If  the  value  of  r  in  terms  of  0,  deduced  from  the  integnj 
of  (8),  he  substituted  in  (5),  and  that  et^natiuii  be 
integi'ated,  the  fourth  constant  will  be  introduced,  and  tbt 
path  of  the  particle  and  its  position  at  any  time  will  t 
obtained.  The  four  constants  must  he  detennined  froO 
the  initial  circnmstances  of  motion ;  viz.,  tlie  iuitiB 
position  of  the  particle,  depending  on  Iwo  independoU 
oo-ordinates,  its  initial  velocity,  and  its  direction  of  pn^ 
jection. 

Cor.  3. — By  means  of  (9)  we  may  ascertain  the  law  ( 
the  force  which  must  act  upon  a  particle  to  canse  it  1 
describe  a  given  curve.  To  effect  this  we  must  determiB 
the  relation  between  u  and  0  from  the  polar  equation  of  tb 
orbit  referred  to  the  required  centre  as  pole  ;  we  must  the 
differentiate  )*  twice  with  respect  to  fl,  and  substitute  th 
result  in  tlie  expression  for  P,  eliminating  fl,  if  it  occun 
by  means  of  the  relation  between  m  and  6.  In  this  wny  i 
shall  obtain  P  in  terms  of  u  alone,  and  therefore  of 
alone. 

Cor.  3. — When  we  know  the  relation  between  r  and/ 
from  (S),  we  may  by  (6)  determine  the  time  of  describii] 
a  given  portion  of  the  orbit ;  or,  conversely,  find  the  poi 
tion  of  the  particle  in  its  orbit  at  any  time.* 


THE  aBCnOSAL  AREA. 


Colt.  4. — Jf  p  18  the  perpendicular  Irom  Uie  origiu  to 
the  tungent  we  have  from  Calculus,  p.  170, 


chj  —  y  dx  =  pds; 


which  in  (3)  giv^s 

iind  thia  in  (C)  giv 

Differentiating,  and  solving  for  P,  we 

-=||. 

(10) 


which  is  the  equation  of  Ihe  orbit  between  the  radiiis  vecfor 
ajid  the  pevpeiidicidar  on  the  tangent  al  any  point. 

182.  The  Sectorial  Area  Swept  over  by  the 
Radius  Vector  of  the  Particle  in  any  time  is  Pro- 
portional to  the  Time. — Li't  A  denute  this  area;  then  we 
have  from  OalculuB,  p.  3Ci, 

A.  =  \ft*d9 

»^i.rhdt,  by  (5)  of  Art.  181, 
=  W, 

if  A  and  t  be  both  measured  from  the  commencement  of 
Ihe  motion.  Therefore  tlie  areas  swept  over  by  the  rndins 
vn-lor  in  different  limes  are  proportional  to  the  times,  and 
equal  areas  wilt  be  described  in  eqital  times. 

Cor. — If  (  =  1,   we  have  A  ^  J/<.    Ilence  h  ^  twiue 

kthe  scptoriul  uruii  described  in  one  tiriil  of  timL'. 
- 183.  The  Velocity  of  the  Particle  at  an^  '£tnsx 
Of  its  Orbit— ire  (lave  for  the  velocUs, 
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ds 

"  =  !{ 

=  -  by  (10)  of  Art.  181.        (I) 

Hence,  the  velocity  of  the  particle  at  each  point  of  ih 
path  is  inversely  proportional  to  the  perpendicular  from  the 
centre  on  the  tangent  at  that  point. 

Cor.  1. — We  have,  by  Calculus,  p.  180, 
which  in  (1)  gives 


^=5="'(«'^'^')- 


p^ 

ftuother  important  expression  for  the  velocity. 
Cor.  2.— From  (6)  of  Art.  181,  we  have 

Let  V  be  the  velocity  at  the  point  of  projection,  at 
which  let  r  =  jB,  and  since  P  is  some  function  of  r,  let 
P  z=  f{r),  then  integrating  (3)  we  get 


ds^ 
df 


m    • 


=  - 'Z  J^f  (r)  dr ; 

v'^\^  =  2[f,  (R)  -A  (r)],  (4) 

which  is  another  expression  for  the  velocity  ;  and  since  this 

18  a  function  only  of  the  corres\)onding  distances,  B  and  r, 

it  follows   that   the  velocity  at  any  poxut  of  \1^a  wVl  u 


VBLOCITT  at  A!fT  FOlyT  OF  TSS  OXBtT.  SS? 

independent  of  the  path  described,  and  depends  solely  on  the 

maynitude  of  the  attraction,  the  distance  of  the  point  from 
ike  centre,  and  the  velocity  and  distance  of  projection. 

From  (4)  it  appears  that  the  velocity  is  the  same  at  all 
points  of  the  same  orbit  which  are  equally  distant  from  the 
centre;  Mr^Ji,  the  velocity  ^1";  and  thus  if  the  orbit 
is  a  re-entering  curve,  the  pai-ticle  always,  in  it*  siiccesBive 
revolutions,  passes  through  the  same  point  with  the  game 
velocity. 

If  the  velocity  vanishes  at  a  distance  a  from  the  centre 
(4)  becomes 

v'  =  3  [/,  («)  -/,  M]  (5) 

and  a  is  called  the  radius  of  the  circle  of  zero  velocity. 

»COB.  3.— From  (3)  we  have 
d{il')  =  —2Pdri 
.'.    vdi'  =  —  Pdr.  (6) 

Taking  the  logarithm  of  (1)  we  have 

log  V  =  log  h  —  log^ 
Differentiating  we  get 


m 


o   ~        p' 
MTiding  (6)  by  (7),  we  get 

=  3-f  X 1  chord  of  curvature*  through  the  centre  ;   (8) 
To  prove  ilMt  ^ -j-  Isone-fcmnhMiechortofonrvsiB™, 


VELOCITY  AT  ANT  POIHT  Of  TBE  OSBIT. 

ftpd,  comparing  tliia  with  {6)  of  Art  140,  it  appears  that 
the  particle  at  any  point  hae  the  same  velocity  which  it 
would  have  if  it  moved  from  rest  at  tbat  point  towards  the 
centre  of  force,  under  the  action  of  the  force  continuing 
poastant,  through  one-fourth  of  the  chord  of  the  circle  oi 
purvatflre. 

Hence,  the  velpdty  of  a  particle  at  any  point  of  a  ceiilrai 
Orbit  is  the  same  as  thai  toMch  toould  he  acquired  by  a 
particle  moving  freely  from  rest  through  one-fourth  of  tin 
chord  of  curvature  at  that  point,  through  the  centre,  under 
the  action  of  a  constant  force  whose  magnitude  is  equal  ta 
that  of  the  central  attraction  at  the  point. 

Cor.  4. — If  the  orbit  is  a  circle  having  the  centre  of  fore» 


m  Colcnlu?,  p.  ISO,  (10),  we  bave 


BututUutlngd}  in  (1)  n-e  ^1 
Bat  Okloobu,  p.  ISl,  Wfl  bale 

Now  HS  (Ftg  81)  ^  sue  Bin  OHD. 
m  lie  Dbard  of  cnrratare ;  therDRire 
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in  the  CL'iitrc,  auil  R,  I',  P,  arc  rcapectiyely   the  i 
Telocity  and  centra!  force,  we  have 


Cob.  5.— From  (5)  of  Art.  181,  we  have 
dd       h 


(9) 


The  first  member,  being  the  actual  velocity  of  a  point 
on  the  radius  vector  at  tiie  unit's  distance  from  the  centre, 
is  the  angular  velocity  of  the  particle  (Art.  160).  Hence 
the  angular  velocily  of  a  parlicle  varies  inverstly  as  the 
square  of  the  radius  vector. 

ScH. — A  point  in  a  central  orbit  at  which  the  radius 
vector  is  a  maximum  or  minimum  is  culled  a,aApsc;  the 
radius  vector  at  an  apse  is  called  aii  Apsidal  Distance  ;  and 
the  angle  between  two  consecutive  apsidal  distances  is  called 
an  Apsidal  Angle  of  the  orbit.    The  analytical  conditions 

for  an  apse  are,  of  course,  that  ^  =  0,  and  that  the  first 

derivative  which  does  not  vanieli  should  be  of  an  even 
order.  The  first  condition  ensures  that  the  radius  vector 
at  an  apse  is  perpendicular  to  the  tangent.      t' , 

184.  The  Orbit  when  the  Attraction  Varies  In- 
reraely  as  the  Square  of  the  Distance. — J  pariide  is 
lirojeded  from  a  given  point  in  a  ijive?i  direction  with  a  given 
velocity,  and  moves  under  the  action  of  a  central  attraction 
varying  inversely  as  the  square  of  (he  distance  ;  to  determine 
the  orbit. 

Let  the  centre  of  force  be  the  origin ;  V  =  tlie  velocity 
ipojection  ;  R  =  the  distance  of  the  voVtvt  o^  -^TOi^tivv 
tbe  origin;  /3  =  the  angle  >ielween  R  anft.  ftveVwfe  <A 


M 
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r 

projection ;   and  let  /i  =  the  absolute  force  and    ^  =  0 
when  the  particle  is  projected.    Then  since  the  yelocity  = 

-  (Art.  183),  and  at  the  point  of  projection  p  =  B  mi  P, 

tr 

we  have 

F=-7^i-^;  h=  VEBinp.  (1) 

i^  sm  jJ  '  ^  ' 

As  the  force  varies  inversely  as  the  square  of  the  distance, 
we  have 

^  =  '^  =  /^^^>  (si^c®  ^  =  s)*  ^^^ 

which  in  (9)  of  Art.  181  gives 

5^  +  «  =  W  ^) 

Multiplying  by  2rfw  and  integrating,  we  get 

1        1  dn^  F* 

when  ^  =  0,  w  =  -  =  ^,  and  ^  -f  u^  =  -^,  (Art.  183, 

Cor.  1) ;  therefore 

Substituting  this  value  for  c  we  get 

Therefore  (Art.  183,  Cor.  1)  we  have 

(velocityV  =  V*  ^  ^l^^-  ^  (6) 
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which  shows  that  the  velocity  is  the  greatest  when  r  is  the 
least,  and  the  least  when  r  is  the  greatest. 
Changing  the  form  of  (4)  we  have 

To  express  this  in  a  simpler  form,  let 

^  =  J,  and  — .g7"    ^  +  ^  =  (^ ;  and  (6)  becomes 


d0» 

—  du 


[^  -   (W  -  J)*]* 


=  e?^. 


the  negative  sign  of  the  radical  being  taken.    Integrating 
we  have, 

cos  ' =  0  —  c. 


where  c'  is  an  arbitrary  constant; 

r .    u  =z  b  +  c  cos  {6  ^  /).  (7) 

Replacing  in  (7)  the  values  of  b  and  c,  and  the  value  of  h, 
from  (1),  and  dividing  both  terms  of  the  second  member  by 
fly  we  have  for  the  equation  of  the  path, 

1  +  r^,  ( F^i?  -  2fi)  R  F8  sin»  /3  +  1  |  cos  {O-^c') 


which  is  the  equation  of  a  conic  section,  tliQ'^l^^VsRTCCk^^ 
the  tocuB,  anA  the  angle  (0  —  c')  bemg  m^wwvt^  Vtvvccv  ^^ 
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shorter  lengtiiof  the  axis  migor.    For  if  e  is  the  eccentricity 
of  a  conic  section,  r  the  focal  radius   vector,  and  0  the 
angle  between  r  and  that  point  of  a  conic  section  which 
nearest  tlie  focus,  we  have. 


1                    1  +  t  COS  0 

(9) 

Comparing  (8)  and  (9),  we  see  that 

«■  =  i(7>-ff- 2p)iiF"sin'3  +  1; 

(10) 

*  =  «-«'. 

(11) 

Now  the  conic  section  is  an  ellipse,  parabola,  or  hyper- 
bola, according  as  e  is  less  than,  equal  to,  or  greater  than 
unity;  and  from  (10)  e  is  less  than,  equal  to,  or  grcatef 
than,  unity  according  as  V*H  —  2^  ia  negative,  zero,  ol 
positive ;  therefore  we  see  that  if 


r»< 


<  1,  and  the  orbit  is  an  ellipse. 


(U) 


.2c 


I 


F*  =  -^,  e  =  1,  and  the  orbit  ia  a  parabola,        (13) 


F'  >  -^,  e  >  1,  and  the  orbit  is  a  hyperbola.      (14) 

Cob.  1. — By  (1)  of  Art.  173,  we  see  that  the  square  o( 
the  velocity  of  a  particle  falling  from  infinity  to  a  distance 
itre  of  force,  for  the  law  of  attraction  v 


R  fpom  the  t 
( considering,  is  * 


Hence  the  aboTe  conditions  mi 


be  exjiresSed    more  concisely    by  saying   that    thf  orHi 
Inscribed  about  tliU  centre  o/  Jotcb,  mU  bt  o,v.  elllgM^' 


TBE  ORBIT  AJV  KhLTPSB. 


US 


',  or  It  liiipn-iiihi,  nrrorAing  as  Ihr  mlorili/  is  less 
than,  equal  to,  or  greater  than,  the  veheilyfrom  infinity. 

Tbe  upecies  of  conic  section,  therefore,  does  not  depend 
oil  the  position  of  the  line  in  which  the  particle  is  pro- 
j'ectfd,  hut  on  tlie  velocity  of  projection  in  reference  to  the 
distance  of  the  point  of  projection  from  the  centre  of 
force. 

Cor.  3.— From  (11),  we  see  that 
between  t!ie  focal  radius  vector, 
r,  and  that  part  of  the  principal 
axis  which  is  between  the  focus 
and  the  point  of  tlie  orbit  which 
is  nearest  to  t)ie  focus;  i.  e.,  it 
is  the  angle  PFA  {Fig.  83) ;  and 
therefore  if  the  principal  axis  is  the  initial  line  c'  =  0. 

185.  Suppose  the  Orbit  to  be  an  EUipBe.— I 

F^  <  ^  ;  so  that  from  (10)  we  have 


Fig. 62 


"  R  ' 


'.  1  - 


-^  (2,1  —  F'-ff)  I?  Fs  Eln^  p. 


(1) 


Now  the  equation  of  an  ellipse,  where  r  is  the  focal 
radius  vector,  6  the  angle  between  r  and  the  shorter  seg- 
ment of  the  major  axis,  2a  the  major  axis,  e  tbe  eccen- 
tricity, is 


^bipsriDg  I 


'1+0 


O  (1  -  (>)  "^  o  (1  -  ^)  ' 
(2)  with  (8)  of  Art,  184,  we  haye 


a(l—f}~  ;CF«Bin>|i' 
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substituting  for  1  —  e*  its  value  from  (1),  and  solying  for 
a,  we  have 

which  shotos  that  the  major  axis  is  independent  of  the  direc- 
tion of  projection. 

We  may  explain  the  several  quantities  which  we  have 
used,  by  Fig.  82. 

B  is  the  point  of  projection ;  FB  =  R ;  DB  is  the  line 
along  which  the  particle  is  projected  with  the  velocity  F; 
FBD  =  fi,  the  angle  of  projection ;  PP  =  r ;  PFA  =  0 ; 
FD  =  ^  sin  i3 ;  if  j3  =  90°,  the  particle  is  projected  from 
an  apse,  i.  e.,  from  A  or  A'. 

CoE.  1. — To  determine  the  apsidal  distances,  FA  and 

du 
FA',  we  must  put  jg  =  0,   (Art.  183,  Sch.),  and   (4)  of 

Art.  184  give  us  the  quadratic  equation 

the  two  roots  of  which  are  the  reciprocals  of  the  two  apsidal 
distances,  a  (1  —  e)  and  a{l  +  e). 

Cor.  2. — Since  the  coeflBcieut  of  the  second  term  of  (4) 
is  the  sum  of  the  roots  with  their  signs  changed,  we  have 


1  _  2fA^ 

a  {1-1)  "^  a  (1  +  e)  "  A«' 


+ 


h^ 

.:    a(l-e«)  =  J;  (5) 


tt^McA  gives  the  latus  rectum  0/  tlie  orhy,, 
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t  COE.  3.— From  Art. 


I  ivG  have,  calling  T  the  time, 


"  Va/i  {1  -  ^) 


from  (5), 


where  A  is  the  area  swept  over  by  the  radius  vector  in  the 
time  T.  Therefore  for  the  time  of  deBcribing  an  ellipse, 
we  have 

Kn^xs  the  time  occupied  by  the  parlicle  in  passing  from 

miy  point  of  tlie  ellipse  around  to  the  same  point  ayain.* 

186.  Kepler's  Laws. — By  kboriona  calculation  from 
an  immeuae  series  of  observations  of  the  planets,  and  of 
Mars  in  particular,  Kepler  enunciated  the  following  as  the 
laws  of  the  planetaiy  motions  about  the  Sun. 

I.  Tli.e  orbits  of  the  pUmets  are  ellipses,  of  which 
the  Sun  occupies  tt  focus. 

IT.  The  rndiiua  vector  of  each  planet  rlnscribes 
equal  areas  in  equal  times. 

III.  The  squares  of  the  peri-odic  times  of  the 
planets  are  as  the  cubes  of  the  major  axes  of  their 
orbits. 

187.  To  Detennlne  the  ITature  of  the  Force  wlilch 
Acta    cpon    the    Planetary   System.— (1)    From   the 

^y  >  Called  /^riodic  Time. 
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Kecoiid  of  these  laws  it  follows  that  the  planets  nro  retaiiifd 
in  their  orbits  by  an  attraction  tending  to  the  Sun. 

Let  (x,  y)  be  the  position  of  a  planet  at  the  time  i 
referred  to  two  co-ordinate  axes  drawn  through  the  Sun  in 
tlie  plane  of  motion  of  the  planet ;  X,  Y,  the  Gomponeot 
accelerations  due  to  the  attraction  acting  on  it,  resolved 
parallel  to  the  axes ;  then  the  equations  of  motions  are 


(?»C 


^; 


-.xY-yX. 


But,  by  Kepler's  second  law,  if  A  be  the  area  described 

by  the  radius  vector,  ^-  is  constant, 
■'  at 


Differentiating,  we  have 


-■-    xT  —  yX  ^  0.  from  (1), 
X      X 


which  shows  that  the  axial  components  of  the  acceleration, 
due  to  the  attraction  acting  ou  the  planet,  are  proportional  I 
to  the  co-ordinates  of  the  planet;  and  therefore,  by  the  I 
paralhhgt&ra  of  forces  (Art,  SQ'J,  the  resultant  of  Xand,  J' 
I  jMBsea  through  the  ori^n. 
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Hence  the  forces  acting  on  the  planets  all  pass  through 
the  Sun's  centre, 

(2)  From  the  first  of  these  laws  it  follows  that  the 
central  attraction  varies  inversely  as  the  square  of  the 
distance. 

The  polar  equation  of  an  ellipse,  referred  to  its  focus,  is 

\  -\-  e  cos  B^ 

1  +  e  cos  ^ 
a  (1  —  e*) 

TT  ^    ,  ^  * 

Hence  -3^'+  ^  = 


and  therefore,  if  P  is  the  attraction  to  the  focus,  we  have 
[Art.  181,  (9)], 

h^        1 


a  (1  —  ^2)  r» 


Hence,  if  the  orbit  be  an  ellipse,  described  about  a  centre 
of  attraction  at  the  focus,  the  law  of  intensity  is  that  of  the 
inverse  square  of  the  distance, 

(3)  From  the  third  law  it  follows  that  the  attraction  of 
the  Sun  (supposed  fixed)  which  acts  on  a  unit  of  mass  of 
each  of  the  planets,  is  the  same  for  each  planet  at  the  same 
distance. 

By  Art.  185,  Cor,  3,  we  have 

47r3 

15 
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Bat  by  the  third  law,  T^  qc  a=,  and  therefore  u  must  be 
constant;  i.  e.,  the  strength  of  attraction  of  the  Sun  must 
be  the  same  for  all  the  planets.  Hence,  not  only  is  the  law 
of  force  the  same  for  all  the  planets,  but  the  absolute  force 
ia  the  same. 

This  yery  brief  diacnssion  of  central  forces  is  all  that  we 
have  space  for.  To  pursue  these  enquiries  further  would 
compel  us  to  omit  matters  that  are  more  especially  entitled 
to  a  phiee  in  this  book.  The  student  who  wishes  to  pursue 
the  study  further  is  referred  to  Tait  and  Steele's  Dynamics 
of  a  Particle,  or  Price's  Anal.  Mech's,  Vol.  I,  or  to 
work  on  Mathematical  Astronomy.  We  shall  conclude 
with  the  following  exami)leB. 

EXAMPLES. 

1.  A  particle  describes  an  ellipse  under  an  attraclioiT 
always  directed  to  the  centre ;  it  is  required  to  find  the  Ia# 
of  the  attraction,  the  velocity  at  any  point  of  the  orbit,  and 
the  periodic  time. 

(1)  The  polar  equation  of  the  ellipse,  the  pole  at  th^ 
centre,  is 


-  -A  sin  6  cos  9, 


b-^.  (« 


But  [Art.  181,  (9)]  we  have 


fl  —  sin'  9). 
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by  (3), 

(cos«  e  —  sin«  6)],  by  (2), 


-\u^  + 
u  L 


by  factoring, 

and  therefore  the  attraction  varies  directly  as  the  distance. 
If  jLt  =  the  absolute  force  we  have,  by  (4), 

h?  =  11  a%\  (5) 

(2)  If  v  =  the  velocity,  we  have,  by  Art.  183, 

t;3  =  -^  =  -^  (Anal.  Geom.,  p.  133) 

=  I^V%  by  (5), 
where  V  is  the  semi-diameter  conjugate  to  r. 

(3)  If  r  =  the  periodic  time,  we  have,  by  Art.  182, 

and  hence  the  periodic  time  is  independent  of  the  magni- 
tude of  the  ellipse,  and  depends  only  ow  ^\^^  ^"«K\w\fe 
central  attraction.    (See  Tait  and  Stede?^  TJ-jxv^xKtf^  ^"^  ^ 
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Particle,    p.    144,    also    Price's    Anal.    Mech's,    Vol.    I, 
p.  516.) 

2.  A  particle  describes  an  ellipse  under  an  attraction 
always  directed  to  one  of  the  foci ;  it  is  required  to  find  the 
law  of  attraction,  the  velocity,  and  the  periodic  time. 

(1)  Here  we  have 

__  1  +  ^  cos  6^             du  ^  eAnB  .  . 

^-   a(l-e^'    •'•    M a  (1  —  e»)  ^        ^^^ 

,  d^u  __  —  g  cosg 

which  in  (9)  of  Art.  181  gives 

^  -  a  (1  -  e2)  -  «  (1  _  ^)    ^>  l^/ 

hence  the  attraction  varies  inversely  as  the  square  of  the 
distance,     liy.  =z  the  absolute  force,  we  have  by  (2) 

7/2  =  /^a  (1  —  e*).  (3) 

(2)  By  Art.  183,  Cor.  1,  we  have 

1  „       dii^        2aii  —  1     ,     ,^  V 


7^2  _  fi  {2a7i  —  1) 


p^  a 


,  by  (3)  and  (4).  (5) 


(3)  It  T  =  the  periodic  time  we  have  (Art.  182) 

^_  277^2  (1  —  e^)* 
h 

2Tra2  (1  —  ea)i         27r     . 
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and  hence  the  periodic  time  varies  as  the  squiire  root  of 
the  cube  of  the  major  axis. 

3.  Find  the  attraction  by  which  a  particle  may  describe 
a  circle,  and  also  the  velocity,  aud  the  periodic  time,  (!) 
when  the  centre  of  attraction  is  in  the  centre  of  the  circle, 
and  (3)  when  the  centi'e  of  attraction  is  in  the  circum- 
ference. 

(1)  Let  a  =  the  radius;  then  the  polar  equation,  the 
pole  at  the  centre,  is 


--Q; 


P  =  A»H» 


{•'^%)  =  l-  « 


AiB  .'  =  ^',   «na    y=^'-  V) 


I 


From  (1)  and  (3)  wc  have 


and  hence  the  central  attraction  is  equal  to  the  eqnare  of 
the  velocity  divided  by  the  radius  of  the  circle.* 


(2)  The  equation,  is 

tf"  =  2a  cos  e ; 
henoe 
i 


henoe  the  attraotioii  varies  inversely    as 

ibifugat  Furce.   fim  hl\.  VBi 


I    the    fifth         I 


I 


^&  BXAMPLBS. 

puwcr  of  the  distance  ;  and  if  /*  :^  the  absolute  force,  w< 
have  n  =  8aVi^; 

...  ,.^£.  ...a  ..  =  i 

If  7"  ^  the  periodic  time,  we  have 

T  =  ?!^.    (See  Prii^e's  Anal.  Mech.,  Vol.  Ill,  p.  518.) 

4.  Find  the  attraction  by  which  a  particle  may  describe 
the  lemniscate  of  Bcrnouilli  and  also  the  Telocity,  and  the 
time  of  describing  one  loop,  the  centre  ^f  attraction  being 
in  the  centre  of  the  lemniscate,  and  the  equation  being 

5.  Find  the  attraction  by  which  a  particle  may  dcBcrib( 
the  cardioid  and  also  the  velocity,  and  the  periodic  time, 

the  equation  being  r  =  a{l  +  cos  0). 

=  '?';••'  =  &;  r=(2:^V 

(i.  Find  the  atti'aetion  by  which  a  ])article  may  deBcribe 
a  luirabola,  and  also  the  velocity,  the  centre  of  attractioo 


Alls:   P  = 


k'ing  at  the  focus,  and  the  equation  being  r 


1  +  coatf 

Compare  (13)  of  Art.  184. 


7.  Find  the  attraction  by  which  a  particle  may  describei 
It  hyperbola,  and  the  velocity,  the  centre  of  attraction  being. 

at  the  focus,  and  the  equation  being  r  =  ^-j~ — —i— 


Ans.  P  -. 


fl^l-d^  »» 


-,  u*  =  ^f^""  +_1)^ 


XZJUHPLSS. 


.  If  the  ceutre  of  attraction  is  at  tlie  centre  of  tlie 
hyperbola,  find  the  attraction,  and  Telocity,  the  equation 
,    .       cos'  6      sin*  3 


Am.  P  = 


_Ji'_ 
If  If'' 


-I"-; 


=  (■(''- 


d'+  b 


9.  Find  the  attraction  to  the  pole  under  which  a  particle 
will  describe  (1)  the  curve  whose  equation  is  )■  =  Sd  cos  wfl, 

and  (2)  the  eurre  whose  equation  is  r  ^  ; ■ 

1  —  e  COS  Kfi 


Ans,  (1)  P  ~ 


(2)P 


"Sar'"' 


\ 


That  is,  the  attraction  in  tlie  first  curve  varies 

partly  as  the  inverse  fifth  power,  and  partly  as  the  inverse 
cnbe,  of  the  distance  ;  and  in  the  second  it  varios  partly  as 
the  inverse  square,  and  partly  as  the  inverse  cube,  of  the 
distance, 

10.  A  planet  revolved  round  the  sun  in  an  orbit  with  a 
major  axis  four  times  that  of  the  earth's  orbit ;  determine 
the  periodic  time  of  the  planet.  Ans.  8  years. 

11.  If  a  satellite  revolved  round  the  earth  close  to  ita 
surface,  determiue  the  periodic  time  of  the  satellite. 

Ans. -J  of  the  moon's  period. 

13,  A  body  describes  an  ellipse  under  the  action  of  a 
force  in  a  focuB  :  compare  the  velocity  when  it  is  nearest 
the  focus  with  its  velocity  when  it  is  furthest  from  the 
focus. 

Ans.  As  1  +  e  :  1  —  c,  where  e  is  the  eccentricity. 

13.  A  body  describes  an  ellipao  under  the  action  of  a 
^^u^S;  if /f  be  the  a'Ca.vx  locvia^ti^  '^:aa,\.ft^ft 
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velocity  at  any  point  P  may  be  reeolved  into  two  velocities, 
respectively  at  right  angles  to  SP  and  HP,  and  each  vary- 
ing as  HP. 

14.  A  body  describes  an  ellipse  under  the  action  ot  a 
force  in  the  centre:  it  the  greatest  velocity  is  three  times 
the  least,  find  the  eccentricity  of  the  ellipse.  Ans.  |  V3. 

15.  A  body  describes  un  ellipse  nnder  the  action  of  k 
force  in  the  centre :  if  the  miijor  axis  is  20  feet  and  the 
greatest  velocity  30  feet  per  second,  find  the  periodic  time. 

Ans.  TT  seconds. 

16.  Find  the  attraction  to  the  pole  nnder  which  a  pa 


tide  may  descri1>e  an  equiaugulai'  spiral. 


Ana.  P  cc  -] 


17.  If  P  =  '^{or'-  Scs),  and  a  jjarticle  be  piBJecttd 
from  an  apse  at  a  distance  c  with  the  velocity  from  infinityi 
prove  that  the  eqaation  of  the  orbit  is 


L  (^  +  e-W). 


18.  If  P  =  3/t  ( ^ ^j,  and  the  jwrticle  be  project 

from  an  ajjse  at  a  distance  r 

it  win  be  at  a  distance  r  after  a  time 


CONSTRAINED     MOTION. 

188.  Definitions. — A  particle  is  constrained  in  its  mo' 
tion  when  it  ia  compelled  to  move  along  a  given  fixed  curve 
or  surface.  Thus  fai-  the  subjects  of  motion  have  been 
particles  not  constrained  by  any  geometric  conditions,  but 
free  to  move  in  snch  paths  as  are  due  to  the  action  of  the 
impressed  forces.  AVe  come  now  to  the  case  of  the  motion 
01  a  particle  which  ia  eonHtniined ;  that  is,  in  which  tho 
motion  13  subject,  not  only  to  given  forces,  but  to  undeter- 
mined reactions.  Such  cases  oeciir  when  the  particle  ia  in 
a  small  tube,  either  smooth  or  rough,  the  bora  of  which  is 
supposed  to  he  of  the  same  size  as  the  particle;  or  when  a 
small  ring  slides  on  a  curved  wire,  with  or  without  friction ; 
or  when  a  particle  is  faste.ned  to  a  string,  or  moves  on  a 
given  surface.  If  we  substitute  for  the  curve  or  surface  a 
force  whose  intensity  and  direction  are  exactly  equal  to 
those  of  the  reaction  of  the  curve,  the  particle  will  describe 
the  same  path  as  before,  and  we  may  treat  the  problem  as 
if  the  particle  were  free  to  move  under  tlie  action  of  this 
sy,sl*ni  of  forces,  and  therefore  apply  to  it  tJie  goneral  cjuu- 
tions  of  motion  of  a  free  particle. 

1B9.  Kinetic  Enei^  or  Vis  Viva  (Living  Force), 
and  Work. — A  ptirlide  is  consliained  la  mow.  on  a  f/ireii 
sinuolh  plane  curiv,  under  given  forces  in  /heplaiie  of  l/ie 
euriV;  to  determine  the  motion. 

I^et  APC  be  the  curve  along  which  tlie  particle  is  com- 
[lelled  to  move  when  acted  upon  by  any  given  foreca.  "Lfti 
Ox  aaH  Ojl  be  the  retiUngultu'  uxua  iu  t\i«  ^^^e>  o't  'Ooa 


curve,  tlie  axis  y  positive  up- 
wards, and  {x,  y)  the  place  of 
the  particle,  P,  at  the  time  t ; 
let  X,  Y,  parallel  respectively  to 
tlie  axes  of  x  and  y,  be  the  asial 
componenta  of  the  forees,  tlie 
mass  of  the  particle  being  m  ; 
let  R  be  the  pressure  between 
the  curve  and  particle,  which 
acts  in  the  normal  to  the  curve,  since  it 
the  equations  of  motion  are 


^ 


X—R 


dy. 


J^- 


Multiplying  (1)  and  (3)  respectivelj  by  dx  and  dy,  and 
adding,  we  have 

dxd^  +  dy  d^y       ^,    .    „ , 
m df  ~  "''       ^' 

Integrating  between  the  limits  t  and  t„,  and  calling  v^  t 
initial  velocity,  we  have 


riXiz  +  rdy)  (SI 


The  term  -^  v^  is  called  the  vis  vim*,  or  Kinetic  Ener^" 

of  the  mass  m;  that  is,  vis  viva  or  kinetic  energy  ia  ■ 

quantity  which  varies  as  the  product  of  the  mass  of  the 
particle  and  the  squai-e  of  its  velocity.  There  is  particaUu 
advantage  in  defining  via  viva,  or  kinetic  em 


»  BfoThoBisouunaTaW'sSsX  W1S\.,-s-Wl 


calM  J 

J 
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tbe  product  of  tlie  mass  and  tlie  square  of  its  velocity,* 
The  first  member,  therefore,  of  (3)  is  the  vis  vivii  or  kinetic 
energy  of  m  acquired  in  its  motion  from  (r,,,  y^)  to  {x,  y) 
tiniier  Che  action  of  the  given  forces. 

The  terms  Xdx  and  Ydy  are  the  products  of  the  axial 
components  of  the  forces  by  the  axial  displacements  of  the 
niasR  in  the  time  dt,  and  are  therefore,  the  olemeuts  of  work 
done  by  the  accelerating  forces  X  and  Y  in  the  time  dt, 
iiceording  to  the  definition  of  work  given  in  Art.  101,  Rem.; 
so  that  the  second  member  of  (3)  expresscH  the  work  done 
by  these  forces  through  the  spaces  over  which  they  moved 
the  mass  in  the  time  between  t^  and  t.  This  equation  is 
called  the  equation  of  kinetic  energy  and  of  work;  it  shows 
that  the  work  done  by  a  force  exerting  action  through  a 
given  distance,  is  equal  to  the  increase  of  kinetic  energy 
which  has  accrued  to  the  mass  in  its  motion  through  that 
distance. 

If  in  the  motion,  kinetic  energy  is  lost,  negative  work  is 
done  by  the  Force  ;  i.  c,  the  work  is  stored  up  as  potential 
work  in  the  mass  on  which  the  force  has  acted.  Thus,  if 
work  is  spent  on  winding  up  a  watch,  that  work  is  stored 
in  the  coiled  spring,  and  istlias  potential  and  ready  to  be 
■■estored  under  adapted  circumslimces-  Also,  if  a  weight  is 
raised  through  a  vertical  distance,  work  is  spent  in  raising 
it,  and  that  work  may  be  recovered  by  lowering  the  weight 
tlirough  the  same  vertical  distance. 

This  theorem,  in  its  most  general  form,  is  the  modern 
jirinciple  of  conservation  of  energy  ;  and  is  made  the  funda- 
mental theorem  of  abstract  dynamics  as  applied  to  natural 
philoso|iHy. 

In  this  case  we  have  an  instance  of  space-integrals,  which, 
lis  we  have  seen,  gives  us  kinetic  energy  and  work ;  the 
Bohitiou  of  problems  of  kinetic  energy  and  work  will  be 
explained  in  Chap.  V. 

s  product  a{  Vnamutvi 
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Now  if  X and  V  are  functiona  of  tlie  co-ordinates  a^  and 
'  y  the  second  member  of  (3)  can  be  integrated  ;  let  it  be  tbu 
differential  of  some  function  of  x  and  y,  aa  ^  {x,  y).    Inte- 
grating (3)  on  thiB  hypotJiesis,  and  supposing  v  and  v^  to 
3  the  velocities  of  the  particle  at  the  points  {:c,  y)  and 
fc'(*D>  Vo)  corresponding  to  t  and  /(,,  we  have 


;{«>- 


0°)  ^<p(x,y)  —  'p  {«„,  Jo) 


'  vhich  shows  that  the  kinetic  energy  gained  by  the  jtarticle 
constrained    to    move,    nuder    the    forces    X,    1'    along 

,  any  path  whatever,  from  the  point  {x^,  y^)  to  the  point 
{x,  y),  is  entirely  independent  of  the   path   pursued,  and 

.  dejiends  only  upon  the  co-ordinates  of  the  ixiiiits  left  and 
arrived  at;  the  reaction  R  does  not  appear,  which  is  clearly 
aa  it  should  be,  since  it  does  no  work,  because  it  acta  in  a 

I  iine  perpendicular  to  the  direction  of  motion. 

190.  To  Find  the  Reaction  of  the  Constraming 
Curve. — For  convenience,  the  mass  of  the  particle  may  ho 
taken  as  nnity.    Multiplying  (1)  and  (3)  of  Art.  189  by 


■>-  and  " 


,  subtracting   the   former  from  the   latter,  and 


1  flolving  for  R,  we  have, 


■  xf- 


r^^,l.y(:l)of  Art.  1G3    (1) 


Mn  whicli  p  is  the  radiua  of  curvature  at  the  jwint  P.    Tho 

[  last  two  terms  of  (I)  are  tho  normal  components  of  the 

'm/JfesseJ  forces ;  and  Uwriilote,  if  the  particle  were  at  a-st, 

(fee/  iruiild  denote  Uic  wVwVe  ^■cceavw*  u'&  ^v^  wss^i-^liut 


SBACTIOJf  OF  TBS  COXBTSAIlfmG   CUBVE. 

ibe  particle  being  in  motion,  there  is  au  additional  pressure 

on  the  curve  exprcsaed  by  -■ 

In  the  above  reasoning  we  have  considered  the  particle  to 
be  on  the  concave  side  of  the  curve,  and  the  resultant  of  X 
aud  y  to  act  towards  the  convex  Bide  along  Bome  line  as  PF 
so  as  to  produce  pressnre  against  the  curve.  If  on  the 
contrary,  tins  resultant  acta  towards  the  concave  side,  along 
FF'  for  example,  then,  whether  the  particle  be  on  the 
concave  or  convex  side,  the  pressure  against  the  curve  will 

If* 
be  the  difference  between  —  and  the  normal  resultant  of  X 

P 
and  K 

191.  To  Find  the  Point  where  the  Particle  Will 
Iieave  the  Constrainii^  Curve. — It  is  evident  that  at 
that  pomt,  F  =  0,  iis  there  will  be  no  pressure  against  the 
curve.    Therefore  (1)  of  Art.  190  becomes 

-  =  Y—  —  X^ 

p  ds      ''   ds  

=  /"  cos  F'PIi 

if  F'  be  the  resultant  of  Xand  Y. 

.-.     y*  =  ^'pcos  F'PR 

=  2/"'  J  chord  of  curvature  in  the  direction  PF'. 

i  Comparing  this  with  (6)  of  Ai-t  140,  we  see  that  the 
'  irtirU  will  leave  the  curve  at  the  point  where  Us  velocity  is 
\tteh  as  would  be  produced  by  the  resuUattt  force  t/ien  actiiiff 
'on  it,  if  continued  constant  during  itn  fall  ^from  rest  through 
n  ypacB  equal  to  ^  of  the  chord  of  curvature  parallel  to  that 
re&xtUant.    (See  Tuit  aud  Steele's  Dynntaics  ol  %  Sax^i^t 
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192.  Constrained  Motion  Under  the  Action  of 
Gravity. — When  gravity  is  the  only  force  acting  on  tho 
particle,  the  formulae  are  simplified.  Taking  the  axis  of  y 
vertical  and  positive  downwards,  the  forces  become 

X=  0,    and     r=  +flf; 

and  for  the  velocity  we  have,  by  (3)  of  Art.  189, 

\^  -  -i^o'  =  9{y-  Vo)  (1) 

where  y^  is  the  initial  space  corresponding  to  the  time  t^. 
For  the  pressure  on  the  curve  we  have,  by  (1)  of  Art.  190, 

If  the  origin  be  where  the  motion  of  the  particle  begins, 
the  initial  velocity  and  space  are  zero,  and  (1)  becomes 

This  shows  that  the  velocity  of  the  particle  at  any  time 
is  entirely  independent  of  the  form  of  the  curve  on  which 
it  moves;  and  depends  solely  on  the  perpendicular  distance 
through  which  it  falls. 

193.  Motion  on  a  Circular  Arc  in  a  Vertical 
Plane. — Take  the  vertical  diameter  as  axis  of  y,  and  its 
lower  extremity  as  origin  ;  then  the  e(iuation  of  the  circle  is 

OD^  z=z  2ay  —  y^ ; 

dx  dy       ds  ,^. 

a  —  y        X         a  ^  ' 


J 


•  • 


3Si' 
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Let  {k,  h)  be  the  point  A'  where 
the  particle  starts  from  rest,  und  {x,  y) 
the  point  P  where  it  is  at  the  time  t. 
Then  the  particle  will  have  fallen 
through  the  height  HM  ^  h  —  y, 
and  hence  from  (3)  of  Art.  193  we 
have 


:  V-lg  (A 


Hence  the  velocity  ia  a  minimum  when  y  ^=  h,  and  a 
masimoui  when  y  =  0;  and  this  maximum  velocity  will 
carry  the  particle  through  0  to  A"  at  the  distance  A  above 
the  horizontal  line  through  0. 

To  find  the  time  occupied  by  the  particle  in  its  descent 
from  A'  to  the  lowest  point,  0,  we  have  from  (2) 


dt  =  - 


ds 


Va?  (A  -  y) 


-  ady 


■  V2s(*-J)(2»j-J') 


bj(l)     (3) 


the  negative  sign  being  taken  since  ^  ia  a  decreasing  func- 
tion of  s. 

This  expression  does  not  admit  of  integration  ;  it  may  be 
reduced  to  an  elliptic  integral  of  the  first  kind,  and  tables 
are  given  of  the  approximate  values  of  the  integral  for 
given  valnea  ofy.* 

If,  however,  the  radius  of  the  circle  is  large,  and  the 
greatj?8t  d'tstanco  KO,  over  which  the  particle  moves,  is 
small,  we  may  develope  (3)  into  a  series  of  terms  in  ascend- 
ing powera  of  J^,  and  thus  find  the  integral  approximately, 


TBE  STXPtS  PBXDUtVX. 


Xjet  7*  be  the  time  of  niotior  of  the  particle  from  K  to  A". 
i.  e.,  from  y  =  h,  through  y  ^  0,  to  ^  ==  A  again,  tlien  (3) 


integmting  each  term  separately  we  have 


1     '»._. 

J  VAj  —  J*  ' 


-V^[' 


\3-4-(ij 


:m)v-] 


D' 


m 


I 


Tchieli  is  the  complete  expression  for  the  time  of  moving 
from  the  extreme  position  K  on  one  side  of  the  vertical  to 
the  extreme  position  A"  on  the  other;  this  ie  called  mi 
oscillation.     (See  Price's  Anal.  Mechs.,  Vol.  IH.,  p.  588). 
If  the  arc  is  very  small,  h  ia  very  small  in  compari^n 

with  a,  and  all  the  terms  containing  g-  will  be  very  small, 

and  by  neglecting  them  (4)  becomes 


-^/\ 


(5) 


194.  The  Simple  Pendulum.— Instead  of  supposing 
the  particle  to  move  on  a  curve,  we  may  imagine  it  sns- 
pended  by  a  string  of  invariable  length,  or  a  thin  rod 
considered  of  no  weight,  and  moving  in  a  vertical  plant- 
about  the  point  C;  for,  whether  the  force  actiTig  on  the 
particle  !«  the  reaction  of  the  curve  or  the  tension  of  the 
string,  its  inlensily  is  the  same,  while  its  direction,  in 
i^tber  case  is  along  the  notmnV  U>  Vne  li-vwsft. 


When  the  particle  is  supposed  to  he  snsponded  by  a 
thread  without  weight,  it  becomes  what  is  termed  a  simple 
pendulum  ;  and  although  such  an  instrument  can  never  he 
perfectly  attained,  hut  exists  onlj  in  theory,  yet  approxima- 
lions  may  be  made  to  it  autBcieiitly  near  for  practical  pur- 
poses, and  by  means  of  Dynamics  we  may  reduce  the 
calculation  of  the  motion  of  such  a  pendulum  to  that  of 
the  simple  pendulam. 

It  I  is  the  length  of  the  rod,  the  time  of  an  oscillation  is 
approximately  giyen  by  the  formula  ' 


'='\/I  w 


when  the  angle  of  oscillation  is  very  small,  i.  e.,  not  ex- 
ceeding about  4° ;  *  and  therefore,  for  all  angles  between 
this  and  zero,  the  times  of  oscillation  of  the  same  pen- 
dulum will  not  perceptibly  differ ;  i.  e.,  in  very  small  arcs 
the  oscillations  may  be  regarded  as  isochronal,  or  as  all 
performed  in  the  same  time, 

195.  Relation  of  Time,  Iiangth,  and  Force  of 
Gravity.— From  (1)  of  Art.  194,  we  have  Tx  V^if  jria 

constant ;  T'o:  — -  if  I  is  constant;  g-j:  l\t  Tie  constant, 

Vff 
that  is 

(1)  For  the  same  place  l/ie  limes  of  oscillation  are  as  the 
square  roots  of  llie  lengths  of  lite  pendulums. 

(2)  For  the  same  pendulum  the  times  of  oscillation  are 
inversely  as  the  square  roots  of  the  force  of  gravity  at 
different  places. 

'  ir  Ibe  Initial  Inrliiiailan 
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(3)  For  the  aamo  time  the  lenytlis  of  pemhdiims  vary 
the  force  of  grai-ily. 

Hence  by  means  of  the  pendulum  the  force  of  gravity  at 
different  places  of  the  earth's  surface  may  be  deteiiniDed. 
Let  L  be  the  length  of  a  pendulum  which  vibrates  eeconda 
at  the  place  where  the  value  of  jf  is  to  be  found ;  then  from 
(1)  of  Art.  194  we  have 


1  '. 


Vf^ 


=  ir'i; 


(1) 


\ 


and  tW)m  this  formula  g  has  been  calculated  at  many  places 
on  the  earth.  The  method  of  determining  L  accurately 
will  be  i  riveBtiguted  in  Chap.  VII. 

OoR. — If  n  be  the  nrnnber  of  vibrations  performed  doi 
ing  N  seconds,  and  T  the  time  of  one  vibration, 

then  H  =  ^„  by  (1)  of  Art.  194  =  -\/f  ■         (3 

Since  gravity  decreases  according  to  a  known  law,  as  we 
ascend  above  the  earth's  surface,  the  comparison  of  the 
times  of  vibration  of  the  same  pendulum  on  the  top  of  a 
mountain  and  at  its  ban*?,  would  give  approximately  ita 
height. 

196.  The  HeU;ht  of  a  Mountain  Determined  with 
the  Pendulum. — .-1  ftecoiuls  poidulum  is  curried  fo  llir  l"p 
of  a  ?noiin/iiiii  ;  required  lo  find  the  height  of  the  viounlaiit 
by  obsert'inff  the  change  in  t/ie  lime  of  omllalinn. 

r*t  r  be  the  radius  of  the  earth  considered  spherical;  it 
the  height  of  the  mountain  above  the  surface;  I  the  lengtW 
of  the  pendulum :  g  and  g'  the  values  of  gravity  on  th* 
earth's  surface,  and  at  the  top  of  the  mountain  respectively. 
Then  {Ait.  174)  we  have 


(1) 


which  is  the  force  of  gravity  at  the  top  of  the  monntain. 

Let  n  :=  the  number  of  OBcillations  which  the  seconds 
pendulum  at  the  top  of  the  mountain  makes  in  2i  hours; 
34  X  t 


then  the  time  of  oacillation  =: 
(l)of  Art.  19,%  we 
24  X  60  X  60 


Hence  from 


^  =  ,^V^..,a,; 


34  X  60  X  60 


1,  (since  TT 


^1, 


(2) 


which  gives  the  height  of  the  moiintaiii  in  terms  of  the 
radius  of  the  earth.  For  tbe  sake  of  an  example,  suppose 
the  pendulum  to  lose  5  seconds  iu  a  day  ;  that  is,  to  make 
5  oscillations  lesa  than  it  would  make  on  the  surface  of  the 
earth. 


Then  n  =  24  x  ( 

which  in  (3)  gives 


X  60  -  5  ; 


fJ'- 


34  X  60  X  12 
:  J  mile,  nearly, 


nearly; 


r  being  4000  miles  (approximately). 

197.  The  Depth  of  a  Mine  Determined  by  Ob- 
serving the  Change  of  Oscillation  in  a  Seconds 
Pendulum. — Let  r  he  the  nidiuB  of  tUe  eaTW\  v 


luat  case  ;  h  Iho  dfptli  of  tlic  mine  ;  g  aud  g'  the  vuliu'S  o! 
gravity  wd  tlie  earth's  surface  and  at  the  bottom  of  tlit; 
mine.     Then  {Art.  1?1)  we  have 


Let  n  ^=  the  number  of  oacillatione  which  the  seconds 
peudulnm  at  the  bottom  of  the  mine  makes  in  24  hours. 


24  X  60  X  CO 


g{r-  h) 


frotn  which  k  can  be  found.    If,  as  before,  the  pendnlanT 
loses  5  seconds  a  day,  we  have 


34  X  60  X  12/ 
nearly. 


~  12  X  60  X  13 

.  ■ .    ft  =  J  mile  nearly. 

(See   Price's  Anal.   Mech's,  Vol.  I,   p.   590,   also   Pralt^ 
Mech's,  p.  376.) 

198.  Centripetal   and  Centrifugal  Forces. — Sinod 

tlie  pressure  -,  at  any  point,  depends  entirely  tipon  tbt 

■velocity  at  that  point  and  the  radius  of  curvature,  it  wouhj 
remain  the  same  if  the  forces  X  and  T  were  both  zoro,  i 
which  case  it  would  Vie  tW  ^\\a\ft  "oamMi  ijw 
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w 


against  the  curve.  It  is  easily  seen,  tLerefore,  that  this 
pressure  iirisea  entirely  from  the  inertia  of  the  nioviug 
particle,  t.  e,,  from  its  tendency  at  any  point,  to  move  in 
the  direction  of  a  tangent ;  and  this  tendency  to  motion 
along  the  tangent  necessarily  causes  it  to  exert  a  pressure 
against  the  dcfloeting  curve,  and  which  requires  the  curve 

to  oppose  the  resistance  —  ■  Hence,  eince  the  particle  if 
left  to  itself,  or  if  left  to  the  action  of  a  force  along  the  tan- 
gent, would,  by  the  law  of  inertia,  continue  to  move  along 
that  tangent,  —  is  the  effect  of  the  force  which  deflects  the 

particle  from  its  otherwise  rectilinear  path,  and  draws  it 
towards  the  centre  of  curvature.  This  force  is  called  the 
Centripetal  Force,  which,  therefore,  may  be  defined  to  be 
the  force  w/nch  deflects  a  particle  fro7n  Us  otherwise  recti- 
linear pa/ /i.  The  equal  and  opposite  reaction  exerted  away 
from  the  centre  is  called  the  Centrifugal  Force,  which  may 
be  defined  to  be  the  resistance  which  the  inertia  of  a  particle 
in  motion  opposes  to  whatever  deflects  it  from  its  rectilinear 
path.  Centripetal  and  centrifugal  are  therefore  the  same 
quantity  under  different  aspects.  The  action  of  the  former 
is  towards  the  centre  of  curvature,  while  that  of  the  latter 
Safrom  the  centre  of  curvature.  The  two  are  called  central 
farces.  They  determine  the  direction  of  motion  of  the  par- 
ticle but  do  not  affect  the  velocity,  since  they  act  continu- 
ally at  right  angles  to  its  path.  If  a  particle,  attached  to  a 
string,  he  whirled  ahout  a  centre,  the  intensity  of  these 
central  forces  is  measured  by  the  tension  of  the  string.     If 

,  the  string  be  cot,  the  particle  will  move  along  a  tangent  to 

.  the  curve  with  uncliauged  velocity, 

Ooii.  1. — If  m  ho  the  maaa  moving  with  velocity  v,  ita 
oitrifugsi  force  ie  nt  —  >     If  u  be  the  ba^W  ^%V)^'a^ 


described  by  tbe  radius  of  curvatupe,  then  (Art.  160,  Ex.  1), 
V  =;  ow,  and  consequently 

the  centrifugal  force  of  iii  ^  mw^p.  (1) 

Cor.  2. — Let  m  move  in  a  circle  with  a  constant  Telocity, 
r ;  let  a  =  the  radioB  of  the  circle,  and  T  the  time  of  a 
complete  revolution;  then  2Tta  =  vT; 

,',    the  centrifugal  force  of  m  =  m  -==- ;  (2) 


and  thus  ihe  centrifugal  force  in  a  circle  varies  directly  as 
the  radius  of  the  circle,  and  inversely  as  the  square  of  tht 
periodic  time. 

Cob,  S.^lf  m  moves  in  the  circle  with  a  constant 
angular  velocity,  (j,  then  (Art.  160,  Ex.  1),  «  =  «w ; 

.'.    the  centrifugal  force  of  m  =  fnoj^fi;  (3) 

mid  therefore  varies  directly  as  tlic  radius  of  the  circle. 

Thus  if  a  particle  of  masa  m  is  fastened  by  a,  string  of 
length  a  to  a  point  in  a  horizontal  plane,  and  describes  a 
rircle  in  the  plane  abont  the  given  point  aa  centre,  the  cen- 
trifugal force  produces  a  tension  of  tlie  string,  and  if  ii  ia 
the  constant  angular  velocity,  the  tension  =  m  <^a. 

199.  The  Centrifugal  Force  at  the  Equator. — Let 

E  denotfi  the  e(|uatorial  radius  of  the  earth  =  20026303* 
feet,  T  tiie  time  of  revolution  upon  its  axis  ^  86164 
seconds,  and  jt  =  3.141592(j.  Substitutiug  these  values  in 
(2)  of  Art.  198,  and  denoting  the  centrifugal  force  at  the 
equator  by/,  and  the  muss  by  unity,  we  have 


CSj^f^QA^^^i 


The  force  of  gravity  at  the  equator  has  been  found  to  be 
33.09023 ;  if  this  force  were  not  diminished  by  the  cen- 
trifugal force ;  i.  e.,  if  the  eai-tii  did  not  revolve  on  its 
axis  the  force  of  grayity  at  the  equator  would  be 


:  33.0902a  +  0.11136  =  ;!2. 30148  feet. 


(2) 


To  determine  the  relation  between  the  centrifugal  force 
and  the  force  of  gravity,  we  diyide  (1)  by  (3)  which  gives 


/  _    0.U12G 

G  ~  33.20148  ' 


,  nearly. 


C  )a 


that  is,  the  centrifugal  force  at  the  equator  is  j^  of  that 
which  the  force  of  gravity  at  the  equator  would  tte  if  the 
earth  did  not  rotate. 

200.  Centrifugal  Force  at  Differ- 
ent Latitudes  on  the  EartlL— Let 

P  be  any  particle  on  the  earth's  surface 
deacribiug  a  circumference  about  the  ' 
axis,  NS,  with  the  radius  PD.  Tjet 
^=  ACP  =  the  latitude  ot  P;  R 
the  radius,  ..'1 C,  of  the  earth ;  and  R' 
the  radius  PD  of  the  piirallel  of  lati- 
tude passing  throngh  P.     Then  we  have 

W  =  R  cos  ^. 

Let  the  centrifugal  force  at  the  point  P,  which  is  exerted 
in  the  direction  of  the  radius  DP,  be  represented  by  the 
line  PB.  Resolve  this  into  the  two  componentB  PF,  act- 
ing along  the  tangent,  and  PE,  acting  along  the  normal. 
Then  by  (2)  of  Art.  198  we  have 

^n^R' 


{!) 


PB  = 


_  in'R  COB  0 


^n  V^^- 


^?^ 


Hence,  the  cimlriftigal  force  at-  any  point,  rm  Ihe  earlh't 
surface  varies  directly  as  Ihe  cosine  of  (he  latitude  of  fht 
place. 

For  the  normal  component  we  liave 
PE  =  PB  cos  0 

_  i^R  COB«  0 


by  (2) 


=  /coB**,by  (1)  of  Art.  199.   (3). 

Hence,  the  component  of  the  centrifugal  force  which  direHlg 
opposes  ihe  force  of  gravity,  at  any  point  on  the  earth's  sur- 
face, is  equal  to  the  centrifugal  force  at  the  equator,  jhuI- 
tiplied  by  ihe  square  of  the  cosine  of  the  latitude  ofth» 
place. 


PF  =  PB  sin  0 

i-rr^U  sin  0  c 


>  by  (2) 


=  ^  sin  20,  by  (1)  of  Art.  199  ;  (4) 

that  is,  the  component  of  ihe  centrifugal  force  wJiieh  tendi 
to  draw  particles  from  any  parallel  of  latitude,  P,  towards 
the  equator,  and  to  cause  the  earth  to  assume  the  fiyurs 
of  an  oblate   spheroid,   varies  as  the    sine  of   twice    th» 

latitude. 

The  preceding  calcultition  ia  made  on  the  hypothesis  that 
the  earth  is  a  perfect  sphere,  wliereas  it  is  an  oblatg 
spheroid  ;  and  the  attraction  of  the  earth  on  particles  at 
its  surface  decreaaes  as  we  pass  from  the  poles  to  tha 
equator.      The    penduWm    tatiiwVesi  'fina  \a»^ 
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method   of  dDtermining  the  force  of  gravity  lit  tliSui-out 
]ilaccs  on  the  earth's  surface. 

201.  The  Conical  Pendu- 
lum—The  Governor. — Suppose 
a  particle,  P,  of  mass  m,  to  be  at- 
tached to  one  end  of  a  string  of 
length  I,  the  other  end  of  which  is 
fi.ted  !it  A.  The  particle  is  made 
t-o  descriiie  a  horizontal  cii-cle  of 
radius  PO,  with  nniform  velocity 
round  the  vertical  axis  .4  0,  so  that 
it  makes  n  revolutions  per  second. 
It  is  required  to  find  the  inclina- 
tion, 9,  of  the  string  to  the  vertical, 
and  the  tension  of  the  string. 

The  velocity  of  P  in  feet  per  second  =  2T\n  ■  OP  :=  ^tm  I 

sin  B.     The  forces  acting  upon  it  are  the  tension,  T,  of  the 

Btring,  the  weight,  »»,  of  the  particle,  and  the  centrifugal 

,  4n'Ki!p'si"*'' 

force,  m- 


Fis.se 


I  sin  B 


-  (Art.  1 


Hence  resolving,  we  have 


for  horizontal  forces,     Tsin  6  =  jn-inhi^l  sin  8;  (1) 

for  vertical  forces,         3"  cos  0  =  mg.  (2) 

From  (1)  T=  m-iTiin^i,  (3) 

which  in  (2)  gives 

^irhere  7" and  0  are  completely  determined. 

If  the  string  be  replaced  by  a  rigid  rod,  which  can  turn 
about  ^  in  a  ball  and  socket  joint,  the  instrument  is  called 
•nical  pendulum,  and  occura  in   the  goucnior  ot  ^k-^ 


^^teau. 


EXAMPLES. 

1.  If  the  length  of  the  seconda  penduhim  be  39.1393 
inches  in  London,  find  the  value  of  g  to  tbree  places  of 
decimals.  Ans.   32.191  feet. 

2.  Id  what  time  wiU  a  pendnhim  vibrate  whose  length  is   . 
15  inches  ?  A  ns.  0.62  sec.  nearly.       | 

3.  In  what  time  will  a  pendulum  vibrate,  whose  length  is 
double  that  of  a  seconds  pendulum  P  An?.  1,41  sees. 

4.  How  many  vibrations  will  a  pendulum  3  feet  long 
make  in  a  minute?  Ans.   62.55. 

5.  A  pendulum  which  beats  seconds,  is  taken  to  the  top 
of  a  mountain  one  mile  high ;  it  is  required  to  find  tha 
number  of  seconds  which  it  will  lose  in  12  hours,  allowing 
the  radius  of  the  earth  to  be  4000  miles.    Ans.  10.8  sees. 

6.  What  is  the  length  of  a  pendulum  to  beat  seconds  at 
the  place  where  a  body  falls  IC^V  ^  "^  ^^^  ^^^^  second  ? 

Ans.  39.11  ins.  nearly. 

7.  If  39.11  ins.  be  taken  as  the  length  of  the  seconds 
pendulum,  how  long  must  a  pendulum  he  to  heat  10  times 
in  a  minute?  Ans.  IIT-Jft. 

8.  A  particle  slides  down  the  arc  of  a  circle  to  thff 
lowest  point ;  find  the  velocity  at  the  lowest  point,  if  tho 
angle  described  round  tlie  centre  is  60°.  Ans,   Vffr: 

9.  A  pendulum  which  oscillates  in  a  second  at  one  place* 
is  carried  to  another  place  where  it  makes  130  more  oscil- 
lations in  a  day ;  compare  the  force  of  gravity  at  the  lattaf 
place  with  that  at  the  former.  Atts.  (ijfj)*. 

10.  Find  the  numl)er  of  vibrations,M,, which  a  pendulum' 
will  gain  in  N  seconda  by  shortening  the  length  of  tli 
peiidalam. 
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Let  the  length,  I,  he  dfcreaseil  hy  a  small  quantity, 
/,,  and  let  n  he  increased  by  Ji, ;  then  I'rom  (2)  of  Art  195 
■we  get 


Tvhich,  divided  by  (2)  of  Art.  195,  gives 

n  +  H,        /     I     \i      L       'iW      -,       h         1 

-^  =  (nrr)  =  (i  -  f)  =  1  +  ^,  -""'J- 


Benco  n,  =  -^}' 

11.  If  a  pendulum  be  45  inches  long,  how  many  vibra- 
tions will  it  gain  in  one  day  if  the  bob*  be  screwed  up  one 
turn,  the  screw  having  33  threads  to  the  inch  ? 

Ans.  38. 

12.  If  a  clock  loses  two  minutes  a  day,  how  many  turns 
to  the  right  hand  must  we  give  the  nut  in  order  to  correct 
its  error,  supposing  the  screw  to  have  50  threads  to  the 
inch  ?  Ans.  S-l  tnros. 

13.  A  mean  solar  day  containa  24  hours,  3  minutes, 
56-5  seconds,  sidereal  time  ;  calculate  the  length  of  the 
pendulum  of  a  clock  beating  sidereal  seconds  in  London. 
See  Ex.  1.  Ans.  38-935  inches. 

14.  A  heavy  ball,  sospeudcd  by  a  fine  wire,  vihratps  in  a 
small  arc  :  48  vibrations  are  counted  in  3  minutes.  Cal- 
culate tlie  length  of  the  wire.  Alls.  45-87  feet. 

15.  The  height  of  the  cnpola  of  St.  Paul's,  above  the 
floor,  is  340  ft.;  calculate  the  number  of  vibrations  a  heavy 
body  would  make  in  half  an  hour,  if  suspended  from  the 
dome  by  a  floe  wire  which  reaches  to  within  6  inches  of 
the  floor.  Am.  176-4. 

^^^^^^-  ■  The  lowor  citronilly  or  Ihp.  pcnduVam. 
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16.    A   seconJfi  pendiiliim   is  carried   to   the   top  of  a 
mountain    m   miles   higli  ;    aasumiiig    thiit   the    furee  of 
gravity  varies  inversely  as  the  square  of  the  distance  from 
the  centre  of  the  earth,  find  the  time  of  an  oscillation. 
/4000  +  m\ 


Ans. 


17.  Prove  that  the  lengths  of  pendnlnms  vibrating  dar- 
ing the  same  time  at  the  same  place  are  inversely  as 
squares  of  the  number  of  osciliationa. 

18.  In  a  series  of  experiments  made  at  Hurton  coal-pit, 
pendulum  which   heat  seconds  at  the  surface,  giiineil 
beats  in  a  day  at  a  depth  of  1260  ft. ;  if  g  and  g'  be  '- 
force  of  gravity  at  the  surface  and  at  the  depth  mentioned,' 
show  that 

9'  —  9  _      1 


19.  A  pendulum  is  found  to  make  640  vibrations  at  the 
equator  in  the  same  time  that  it  makes  641  at  Greenwicb; 
if  a  string  hanging  vertically  can  just  sustain  80  lbs.  it 
Greenwich,  how  many  lbs.  can  the  same  string  sustain  ai 
the  equator?  Ans.  80J  Iba.  about 

30.  Find  the  time  of  descent  of  a  particle  down  the  are 
of  a  cycloid,  the  axis  of  the  cycloid  being  vertical  and  vertei 
downward ;  and  show  that  the  time  of  descent  to  the  lowest 
jKiint  is  the  same  whatever  point  of  the  curve  the  particle 
storts  from.  iz, 

Ans.   Tr\/-. 

Vy 

21,  If  in  Ex.  20  the  particle  begins  to  move  from  U«l 

extremity  of  the  base  of  the  cycloid  find  the  pressure  at  t 
lowest  point  of  the  curve, 
Ans.  3j;  /,  e.,  the  pressure  is  twice  the  weig^^  qI  j 
r  partioie. 


tm 
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22.  Find  tho  pressure  on  the  lowest  point  of  the  cnrve 
iu  Art.  193,  (1)  when  the  particle  starts  from  rest  at  the 
highest  point,  A,  (Fig.  84),  (a)  when  it  starts  from  rest  at 
the  point  B. 

Alts.  (1)  5g;  (2)  '3ff ;  i.e.,  (1)  the  preasure  is  five  times 
tlie  weight  of  the  particle  and  (3)  it  is  three  times  the 
weight  of  the  particle, 

33.  In  the  simple  i>endu]um  find  the  point  at  which  the 
tension  un  the  string  is  the  same  as  when  the  particle 
Ijanga  at  rest. 

Ans.  y  =  fA,  where  A  ia  the  height  from  which  the 
pendulum  has  fallen. 

24.  If  a  particle  he  compelled  to  move  in  a  circle  with  a 
velocity  of  300  yards  per  minute,  the  radius  of  the  cii-cle 
heing  16  ft.,  find  the  centrifagul  force. 

Ans.  14-OG  ft^  per  sec. 

25.  If  a  hody,  weighing  17  tons,  move  on  the  circnm- 
ference  of  a  circle,  whose  radius  is  1110  ft.,  with  a  velocity 
of  16  ft.  per  sec.,  find  the  centrifugal  force  in  tons  (take 
ff  =  33.1948).  Ans.  0-1317  ton. 

26.  If  a  body,  weighing  1000  lbs.,  bo  constrained  to  move 
in  a  circle,  whose  radius  is  100  ft.,  by  means  of  a  string 
oa|)able  of  sustaining  a  strain  not  exceeding  450  lbs.,  find 
the  velocity  at  the  moment  the  string  breaks. 

Ans.  38-06  ft.  per  sec. 

27.  If  a  railway  carriage,  weighing  7-31  tons,  moving  at 
iho  rate  of  30  miles  per  hour,  describe  a  portion  of  a  circle 
whose  radius  ia  460  yards,  find  itfl  centrifugal  force  in  tons. 

Am.  0-314  ton. 

28.  If  the  centrifugal  force,  in  a  circle  of  100  ft.  rudius. 
bo  146  ft  per  sec.,  find  the  periodic  time. 

Ans.  ^■t  ««»■ 


29.  If  the  centrifugiil  force  be  i;31  ozs.,  aud  the  radinf 
of  the  circle  100  ft,  the  periodic  time  being  one  hour,  find 
the  weight  of  the  body.  Ans.  386-309  tons. 

30.  Find  the  force  towards  the  centre  required  to  make 
a  body  move  uniformly  in  a  circle  whose  radius  ie  5  ft., 
with  such  a  velocity  as  to  eoinpIet«  a  revolution  in  5  sees. 


31.  A  atone  of  one  lb,  weight  is  whirled  round  horizc 
tally  by  a  string  two  yards  long  having  one  end  fixed 
the  time  of  revolution  when  the  tension  of  the  string  is  3 


Ans.  %i 


VI' 


i 


33.  A  weight,  w,  is  placed   on  a  horizontal   bar,  OA. 
which  is  made  to  revolve  round  a  vertical  axis  at  O,  witli 
the  angular  velocity  w;   it  is  required   to  determiue  the  i 
position,  A,  of  the  weight,  when  it  is  upou  the  point  olj 

sliding,  the  coefficient  of  friction  being  /.  I 

Am.  OA  =4     ' 

33.  Find  the  diminution  of  gravity  at  the  Sun  "a  equator 
Cttused  by  the  centrifugiil  force,  the  radius  of  the  Sun  bein;: 
441000  miles,  and  the  time  of  revolution  on  hie  axis  bein^ 
007  h.  48  m.  Am.  0-0192  ft.  per  sec  " 

34.  Find  the  centrifugal  force  at  the  equator  of  Mercun, 
tlie  radius  being  1570  miles,  and  tlie  time  of  revolnliut 
24  h.  5  m.  Ans.  0-0435  ft.  per  see. 

35.  Find   the  centrifugal   force  at  the  equator,   (1)  <■'    ' 
Venus,  radius   being  3900  miles  and  time  of  rcvulotio'i 
a3  h.  21  m.,   (2)  of  Mare,   radius  bdng  2050  miles  am!   | 
IKTtodic  time   84  h.   37  m..  (3)  of  Jupiter,  radius  bi^iii 
43500  miles  and  periodic  time  9  h.  56  m.,  and  (4)  of  Sutunii  j 

being  39580  m'Aea  auA,  Y^vvtAv;  \.HaaVi^i 
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Atis.  (1)  0-11504  ft.  per  sec;  (3)  0-0544  ft.  per  sec; 
(3)  7-  0907  ft.  per  sec;  (4)  5-  7924  ft.  per  sec. 

36.  Find  the  effect  of  centrifugal  force  in  diminiahing 
gravity  in  the  latitude  of  60°.     [See  (3)  of  Art.  200). 

Atis.  0-038  ft.  per  sec. 
37-  Find  (1)  the  dimiuution  of  gravity  caused  by  cen- 
trifagal  force,  and  (3)  the  component  which  urgea  particles 
towards  the  equator,  at  the  latitude  of  33°. 

Am.  (1)  0-09  ft.  per  sec.;  (2)  0-04  ft.  per  see. 

38.  A  railway  carriage,  weighing  13  tons,  is  moving 
along  a  circle  of  radius  730  yards,  at  the  rate  of  33  miles 
an  hour;  find  the  horizontal  pressure  on  the  rails. 

Ann.  0-38  ton,  nearly. 

39.  A  railway  train  is  going  smoothly  along  a  curve  of 
600  yards  radius  at  the  rate  of  30  miles  an  hour;  find  at 
what  angle  a  plumlj-line  hanging  in  one  of  the  carriages 
will  be  inclined  to  the  vertical.  Ans.  2°  18'  nearly. 

40.  The  attractive  force  of  a  mountain  horizontally  is/ 

and  the  force  of  gravity  is^;  show  that  the  time  of  vibra- 

y    a" 
tion  of  a  pendulum  will  be  rrw  — — _,;  «  being  the  length 

of  the  pendulum. 

41.  In  motion  of  a  particle  down  a  cycloid  prove  that  the 
vertical  velocity  is  greatest  when  it  has  completed  half  its 
vertical  descent 

42.  When  a  particle  falls  from  the  highest  to  the  lowest 
point  of  a  cycloid  show  that  it  describes  half  the  path  in 
two-thirds  of  the  time. 

43.  A  railway  train  is  moving  smoothly  along  a  curve  at 
rate  of  60  miles  an  hour,  and  in  one  of  the  carriages  a 

mdulum,  which  would  ordinarily  oscillate  seconds,  is 
Tved  to  oscillate  121  times  in  two  minutes.  Sho'H  tt«J, 
raJ'ms  ot  the  curve  is  vory  ueiirtj  a  (\uaT^x  ol  a-isSiS^H 


v  the  I 
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44.  One  end  of  a  string  ia  fixed ;  to  tlie  other  end  iM 
particle  ia  attached  which  describes  a  horizontal  circle  with  1 
uniform  velocity  so  that  the  string  is  always  incliDed  at  an  1 
angle  of  C0°  to  tiie  vertical;  show  that  the  reloeitj  of  the  J 
particle  ia  that  which  would  be  acquired  in  falling  freeljj 
from  rest  through  a  space  equiil  to  three-fourths  of  tbA 
length  of  the  string.  I 

45.  The  horizontal  attraction  of  a  mountain  on  a  partiukv 
At  a  certain  place  is  such  as  would  produce  in  it  an  ai'celera-* 

tion  denoted  by  -■     Show  that  a  seconds  pendnluia  at  thad 
a  day,  very  nearly.  H 

46.  In  Art.  301,  suppose  I  equal  to  "i  ft  and  m  to  be  3^| 
lbs.,  and  that  the  system  makes  10  revolutions  per  sec.,  and! 
[T  =  33;  find  fl  and  T.  ^ 

Ans.  8  =  cos-i  :^-,;  T  =.  SOOttS  pounds. 

47.  A  tube,  bent  into  the  form  of  a  plane  curve,  revolv« 
with  a  given  angular  velocity,  about  its  vertical  asis;  it  is 

'  required  to  determine  the  form  of  the  tube,  when  a  heavy 
particle  placed  in  it  remains  at  rest  in  all  parts  of  tht 
tube. 

(Take  the  vertical  axis  for  the  axis  of  tf.  and  the  axis  of  / 
horizontal,  and  let  u  =  the  constant  angular  velocitj). 
Ans.  3?<^  =  2gy,  it  x  =  0  when  y  =  0,  i.  e.,  the  curvi 
is  a  parabola  whose  asis  U  vertical  and  vertex  downwards. 

48.  A  particle  moves  in  a  smooth  straight  tnbe  which 
revolves  with  constant  angular  velocity  round  a  vortical 
axis  to  which  it  is  pci-pcndicular,  to  determine  the  cur;e 
traced  by  the  particle. 

Let  <•>  =:  the  constaTit  an^^ttlar  velocity;  and  (r,  6)  the 
position  of  the  particVcat  t^\ft  ' 
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/  =  0.     Then  since  the  motion  of   the  particle  is  due 
entirely  to  the  centrifugal  force,  we  have 

if  ^7  =  0,  when  r  =  a.    Hence  we  have 
at 

r  z=  ?  (e«<  +  6-"^). 


CHAPTER     IV. 


IMPACT. 


202.  An  Impulsive  Force. — Hitherto  we  bare  conJ 

eidered  force  only  as  eontinuovs,  i.  e.,  aa  acting  throogh  ■ 
definite  and  finite  portion  of  time,  and  producing  i 
change  of  velocity  in  that  time.    Such  a  force  is  measanil 
at  any  instant  by  the  maBs  on  which  it  acta  multiplied  b 
the  acceleration  which  it  causes.    If  a  particle  of  mass  w 
moving  with  a  velocity  v,  and  be  retarded  by  a  const* 
force  which  brings  it  to  rest  in  the  time  /,  then  the  meaauij 


of  this  force  it 


-  (Art.  20).     Now  suppose  the  ii/ite  I  ixw^ 


I 


iug  which  the  particle  is  bronglit  to  rest  to  be  made  nrj  I 
small;  then  the  force  required  to  bring  it  to  reat  must  be  ] 
very  large;  and  if  we  suppose  i  so  small  that  we  are  nnabb 
to  measure  it,  then  the  force  becomes  so  gi^eat  that  we  ai 
nnable  to  obtain  its  measure.  A  typical  case  is  the  blow  of 
a  hammer.  Hero  the  time  duriug  which  there  is  contact  I* 
apparently  infinitesimal,  certainly  too  small  to  be  measured 
by  any  ordinary  methods;  yet  the  effect  produced  is  con- 
siderable. Similarly  when-a  cricket  ball  is  driven  buck  lij 
a  blow  from  a  bat,  the  original  velocity- of  the  ball  is 
destroyed  and  a  new  velocity  generated.  Also  when  a  bul- 
let is  discharged  from  a  gun,  a  large  velocity  is  generated 
in  an  extremely  brief  time.  Forces  acting  in  this  way  art 
csWeiimpulsive  forces.  An  impulsive  force  way  tkerefarr 
be  defined  to  be  a  force  which  produces  a  finite  change  of 
molion  in  an  indefinitely  brief  time.  An  Impulse  is  ikr 
effect  of  a  blow. 

In  snch   cases  aa  these  it  is   imt>osBihle   accurately  ti< 
determine  the  torce  atti  time,  \i>3.^.  ■««  caa  ^s^aaauftL 
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tlieir  product,  or  Pt,  aince  this  is  merely  the  change 
in  velocity  caused  by  the  Ijlow  (Art.  30).  Hence,  in 
the  ease  of  blows,  or  impulsive  forces,  we  do  not  attempt 
to  measure  the  force  and  the  time  of  action  separately,  but 
simply  take  the  wlwle  immenhim  produced  or  destroyed,  as 
the  measure  of  the  impulse.  Because  impulsive  forces  pro- 
duee  their  effects  in  an  indefinitely  short  time  they  are 
sometimes  called  instantaneous  forces,  i.  e..  forces  requiring 
no  time  for  their  aetion.  But  no  such  force  exists  jn 
nature ;  every  force  requires  time  for  its  action.  There  is 
no  case  in  nature  in  which  a  finite  change  of  motion  is 
produced  in  an  infinitesimal  of  time  ;  for,  whenever  a 
finite  velocity  is  generated  or  destroyed,  a  finite  time  is 
occupied  in  the  process,  though  we  may  be  unable  to 
meiLSure  it,  even  approximately. 

203.  Impact  or  Collision. — When  two  bodies  in  rela- 
tive motion  come  into  contact  with  each  other,  an  impact 
or  collision  is  said  to  take  place,  and  pressure  begins  to  act 
between  them  to  prevent  any  of  their  parts  from  jointly 
occupying  the  same  space.  This  force  increases  from  zero, 
when  the  collision  begins,  up  to  a  very  large  magnitude  at 
the  instant  of  greatest  cunipression.  If,  as  is  always  the 
case  in  nature,  each  body  possesses  some  degree  of  elasticity, 
and  if  they  are  not  kept  together  after  the  impact  by 
cdhesion  or  by  some  artificial  means,  the  mutual  pressure 
bftweon  them,  after  reaching  a  maximum,  will  gradually 
liiniinish  to  zero.  The  whole  process  would  occupy  not 
irrcatly  more  or  less  than  un  hour  if  tbL-  bodies  were  of  such 
dimensions  as  the  earth,  and  such  degrees  of  rigidity  as 
copper,  steel,  or  glass.  In  the  case,  however,  of  globes  of 
Ihese  substances  not  exceeding  a  yard  in  diameter,  the 
whole  process  is  probably  finislie<i  within  a  thousandth  of 
a  second.* 

The  impulsive  forces  are  so  mnob  more  intense  than  the 

^  •  Tliniaioa  anil  Tiill'i.  THiil.  PUn.,v.'«\. 


^ 


I 


S73  DIRECT  AXB  CENTSAI,  UtP-ACT.  S 

ordinary  forces,  that  daring  the  brief  time  in  which  thtl 
former  act,  an  ordinary  force  does  not  produce  au  effectfl 
comparable  in  amount  with  that  produced  bj  an  impulsinl 
force.  For  example,  an  impulsive  force  might  generate  a1 
velocity  of  1000  in  less  time  than  one^  tenth  of  a  second,! 
while  gravity  in  oue-tenth  of  a  second  would  generate  %  1 
velocity  of  about  three.  Ilence,  in  dealing  with  the  eflecta  j 
of  impulses,  linite  forces  need  not  !>e  considered,  J 

204.  Direct  and  Central  Impact— When  two  hodiM 

impinge  on  each  other,  so  that  their  centres  before  impact  1 
are  moring  in  the  same  straight  line,  and  the  common  tan- 
gent at  the  point  of  contact  is  perpendicular  to  the  line  of 
motion,  the  impact  is  said  to  he  dirtct  and  central.  When 
these  conditions  are  not  fulfilled,  the  impact  is  said  to  bs, 
oblique. 

When  two  bodies  impinge  directly,  one  upon  the  othei 
the  mutual  action  hetween  them,  at  any  instant,  must 
in  the  lino  joining  their  centres;   and  by  the  third  lai 
(Art.  166),  it  must  he  equal  in  amount  on  the  two  Iwdisa*; 
Hence,  by  Law  II,  they  must  experience  equal  changes  oT 
motion  in  contrary  directions. 

We  may  consider  the  impact  as  consisting  of  two  parte 
during  the  first  part  the  bodies  are  coming  into  closer  con- 
tact with  each  other,  mntually  displacing  the  particlea  in 
the  vicinity  of  the  point  of  contact,  producing  a  eomprc»- 
Bion  and  distortion  about  that  point,  which  increases  till  it 
reaches  a  maximum,  when  the  molecular  reactions,  thu' 
called  into  play,  are  sufficient  to  resist  further  compression 
and  distortion.  At  this  instant  it  is  evident  that  ttic 
points  in  contact  are  moving  with  the  same  velocity 
body  in  nature  is  perfectly  iiivlaitlic;  and  hence,  iit  tbi 
instant  of  greatest  compression,  tbo  ela4ic  forces  of  reati- 
iiition  are  brought  into  action  ;  and  during  the  second  part 
of  the  impact  the  mutuid  \M'eaaure,  produced  by  the  ela^tii; 
forces,  whicli  were  btong\^t  \ii\.w  -itiUtiw  ^.-j  fci 


!ncc,  lit  tbi' 
■ea  of  reati- 
second  part 
'  the  ela^tii;    J 
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during  tlie  lirst  piirt  of  the  impacl.,  tend  to  scjiaratf  the 
two  bodies,  and  to  restore  them  to  their  originnl  form. 

205.  £:iastdcity  of  Bodies.— Coefficient  of  Resti- 
tntion. — It  appeai'8  from  exfKiriment  tiiitt  bodies  may  be 
conipresaed  in  various  dugrees,  and  recover  more  or  leas 
their  original  forma  after  the  conipreasing  force  has  ceased, 
this  property  is  termed  elaxlicily.  The  force  urging  tha 
approach  of  bodies  is  called  the  force  of  compression  ;  the 
force  causing  the  bodies  to  separate  again  is  called  the 
force  of  reHiiiulmi.  Elastic  bodies  are  such  as  regain  a 
part  or  all  of  their  original  form  when  the  compressing 
force  is  removed.  The  ratio  of  tlie  force  of  restitution  to 
that  of  compression  is  called  the  Coefficknl  of  Restilution,* 
It  bus  been  found  that  this  ratio,  in  the  same  bodies,  ia 
constant  whatever  may  be  their  velocities. 

When  this  ratio  is  unity  the  two  forces  are  equal,  and  the 
body  is  said  to  he  perfectly  elastic;  when  the  ratio  is  zero, 
or  the  force  of  restitution  ia  nothing,  the  body  is  said  to  be 
non-elastie ;  when  the  ratio  is  greater  than  zero  and  less 
than  unity,  the  body  is  said  to  be  imperfecily  elastic.  There 
are  no  bodies  either  perfectly  elastic  or  perfectly  iion-elaa- 
tic,  all  being  more  or  less  elastic. 

In  the  cases  discussed  the  bodies  will  be  suppoaed  spher- 
ical, and  in  the  case  of  direct  impact  of  smooth  spheres  it 
is  evident  that  they  may  be  considered  aa  particles,  since 
they  are  symmetrical  with  respect  to  the  line  joining  their 
centres. 

The  theory  of  the  impact  of  bodies  is  chiefly  due  to 
Newton,  who  found,  in  his  experiments,  that,  provided  the 
impact  is  not  ao  violent  aa  to  make  any  sensible  indentation 
in  either  body,  the  relative  velocity  of  separation  after  the 
impact  bears  a  ratio  to  the  relative  velocity  of  approach 
before  th(<  impuct)  which  is  constant  for   the  same   two 


*  eomeUnier  ctlliil  Ciieiathnt  ufEta^acMj.    'tDiltaiittct''B  1 
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IjodieB.     Ill  Newton's  experinicutB,  however,  the  two  bodiw 
seem   always   to   have   been    formed    of    the    game   shIj- 
staiice.     He  found  that  the  value  of  this  ratio  (the  coeffi- 
eienl  of  restitution),  for  balls  of  compressed  wool  waa  ahoot 
4,  steel  about  the  same,  cork  a  little  less,  ivory  J.  glass  ^. 
The   resnlta    of   more    recent   experiment*!,    made    by    Mr. 
Hodgkinson,  and  recorded  in   the  Report  of  the  Briludi 
Associafwn  for  1834^  show  that  the  theory  may  be  received  J 
as  satisfactory,  with  the  exception  that   the  value  of  tbtl 
ratio,  instead  of  being  quit*  constant,  diniiiiisbes  when  IhtB 
velocities  are  very  large. 

206.  Direct  Impact  of  Inelaatie  Bodies. — J  apher 
of  mass  M,  moving  loUk  a  velocity  v,  overtakes  and  imping 
directly  on  another  sphere  of  mass  M',  moving  in  the  samt  1 
direction  with  velocity  V,  and  at  the  instant  of  greats  ] 
mutual  compression  the  spheres  are  moving  with  a  cotnmm 
velocity  V.     Determine  the  motion  after  impact,   and  llif 
impulse  during  the  compression. 

Let  R  denote  the  impulse  during  the  compreseion,  which 
acts  on  each  body  in  opposite  directions  ;  and  let  as  sujv  1 
pose  the  bodies  to  be  moving  from  left  to  right.     Then.  ■ 
since  the  impnlso  is  measured  by  the  amonnt  of  momentiini 
gained  by  one  of  the  impinging  bodies  or  lost  by  the  other 
(Art  203),  we  have 


Momentum  lost  hy  M  ■=  M{v  —  V)  = 
"       gained  by  M'  ^  M'  {V  ~~  r') 

.-.   «-(>. -r)  =  .!/'( F -,■■)■ 

Solving  (3)  for  V  we  get 


w/iieb  iu  (1)  or 


H. 


(II 
(il 
(SI 


r  = 

Mr  +  MV 

w 

M+M'  • 

m 
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_  MM'  (.  -  .') 
"  -  ^+"T^  '  ' 

Hence  the  common  velocities  of  the  two  bodies  after  impact 
is  equal  to  the  algebraic  sum  of  their  mome^nta,  divided  by 
the  sum  of  their  masses,  and  also,  from  (4),  the  whole 
momentum  after  impact  is  equal  to  (he  sum  of  the  momenta 
before. 

CoE.  1. — Had  the  balls  been  moying  in  opposite  direc- 
tions, for  example  had  M'  been  moving  from  right  to  left, 
v'  would  have  been  negative,  in  which  eaae  wc  would  have 

^^       Mv  -  M'v'  ,      „       MM-  (r  +  v') 

T=^T^'    ""^     "^^-M+M-^--       ^''^ 

From  the  first  of  these  it  follows  that  both  balls  will  be 
reduced  to  reet  if 

Mv  =  Mv'; 

that  is,  if  before  impact  they  have  equal  and  opposite 
momenta. 


^ 


Cor.  2 

.—If  M'  is  r*t  rest  before  impact,  v  =  0,  and  (4) 

Mv 

^       M+M--                              ^^> 

the  m 

ssea  are  equal  we  havf  from  (4)  and  (6) 

v  +  v'             v-v' 

(8) 

according  as  they  move  in  tlie  same  or  in  opposite  direc- 
tions. 

207.  XHirect  Impact  of  Elastic  Bodies.— When  the 

balls  are  elastic  the  probli'm  is  tin-  sumc,  uy  Ui  I'ftft  \ttAa.v\x. 

^l  groiiteft  compivanioii.  as  if  t\ii.'y  were  \i\n\'i6\.\'i ',  V\sX  ^i^ 


this  instant,  tlie  force  of  restitution,  or  that  tendency  whicfa 
elaBtic  bodies  liave  to  regain  their  original  form,  begins  to 
throw  one  bail  forward  with  the  same  momentum  that  it 
throws  the  other  back,  and  this  mutual  pressure  is  propor- 
tional to  R  (Art.  205). 

Let  e  he  the  coefficient  of  restitution;  then  during  the 
second  part  of  the  impact,  an  impulse,  eB,  acts  ou  eacli 
ball  in  the  same  direction  respectively  as  R  acted  daring 
the  compression.  Let  v,  and  i;/  be  the  TClocities  of  the 
balls  jtf  and  M'  when  they  are  finally  separated.  Then  *e 
Lave,  as  before. 


Momentum  lost  by  4/"^=  M{V  — 
"        gained  by  M'  ^  M'  {v,'  - 
From  (1)  we  have 
V,  =  V~  "" 


eR, 
=  eR. 


M 

Mv  +  M'v 
'    M  +  M' 


J/ 


by  (4)  and  (5)  of  Art  a 


=  v^^~^,{i  +  c)(v-vy 


M+  M 

Similarly  from  (3)  we  havi 


M_ 

~  M+  M' 


{l  +  e){v-v-); 


{*) 


which  are  ike  velocities  of  the  balls  when  finally  sejxirattd. 

These  results  may  be  more  easily  obtained  by  the  con- 
sideration  that  the  whole  impulse  is  (I  +  e)  R  ■  for  tbi« 
gives  at  once  the  whole  momentum  lost  by  3f  or  gained  by 
M'  during  compression  and  restitution  as  follows: 


M(v- 


v^  =  \^^^^. 
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and  M'  {v,'  -  v')  =  (1  +  f)  Ji.  (1) 

Substituting  in  (5)  and  (6)  tlie  value  of  R  from  (5)  of  Art. 
aOO,  we  have  the  values  of  v  and  v,'  immediately. 

Cor.  1. — If  the  balls  arc  moving  io  opposite  directiona, 
('■  becomes  negative.  If  the  balls  are  non-elastic,  6  =  0, 
and  (3)  and  (4)  reduce  to  (4)  of  Art.  201),  as  they  ehould. 

Cob.  2. — If  the  balls  are  perfectly  elastic,  e  =  1,  and  (3) 
and  (4)  become 

•■■  =  '- MTV  ^'-''^-  *" 

"■■  =  "'  +  rf^  <"-«■)■  («) 

Cor.  3. — Subtiitcting  (4)  from  (3)  and  reducing,  we  get 

«,  -  .,'  =  ,  - ..'  -  (1  + .)  {,  -  .0, 

=  -.(.-,•').  (9) 

Hence,  the  relative  velocity  after  impact  in  — e  times  the 
relatice  velocity  before  impact. 

Cor.  4. — Multiplying  (3)  and  (4)  by  M  and  M',  respect- 
ively, and  adding,  we  get 

Moy  +  M'vt'  =  Mv  +  M'v'.  (10) 

Hence,  as  in  Art.  206,  the  algebraic  sum  of  the  momenta 
after  impact  in  the  same  as  before;  i.  e.,  there  is  no  mo- 
mentum loet,  which  of  course  is  a  direct  consequence  of  the 
third  law  of  motion  (Art.  1G9). 

Con,  S. — Suppose  v'  =  0,  BO  that  the  body  of  mass  M, 

moving  with  velocity  u,  impingeB  on 'a  bod^  ot  tR»»a  11'  «i^ 

K«^  then  (3)  and  (4)  bccum«  * 


toss  ttf  KtysTip  SySBsr. 


M+M' 


atid 


'  M  +  M' 


(11) 


Hence  the  body  which  is  struck  goes  onwards ;  and  tliu 
Btriking  body  goes  onwards,  or  stops,  or  goes  backwurd;, 
accoi'ding  as  M\f,  greater  than,  equal  to,  or  legg  than  eM'. 
If  M'  =  eM,  then  (11)  becomes 


.  =  (1- 


e)v 


(l^). 


Cob.  0.— If  M  =  M  and  «  =  1 ;  that  is,  if  the  balls  J 
are  of  equal  mass,  and  perfectly  elastic,*  then  (7)  and  (9)| 
become,  respectively, 

(?!  =  v',    and    Vi   =  v;  (13)  ' 

that  is,  the  balls  interchange  their  velocities,  and  the 
motion  ia  the  same  as  if  they  had  passed  through  one 
another  without  exerting  any  mutual  action  whatever. 

Cor.  7. — If  M'  be  infinite,  and  v'  ^  0,  we  have  the  can 
of  a  ball  impinging  directly  upon  a,  fixed  surface;  substi- 
tuting these  values  in  (3)  it  becomes 


that  18,  the  baU  reiownda  frmn  the  fixed  siirfare  wilh  a  veli 
ity  e  times  that  wilh  which  it  impingetj. 

208.  Loss  of  Kinetic  Energy  f    in  the  Impact  of 

Bodies,— Squaring;  (fl)  of  Art.  207,  and  multiplying  it  (tv 
JUM',  we  have 


I 


MM'  (r, 
:  MM'  (i.  - 


-  «/)'  =  MM'  (>  (o  —  v'y 

!.■)'  -  (1  -  <»)  MM'  (,.  -  v')>. 


■  Tbig  Ig  ttu>  usntl  \\atMtAos3,  tml  mltkadlng,  Bncj.  Biil..  Vol.  XV  J 
t  See  Art.  IW. 
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Squaring  (10)  of  Art.  20',  we  liave 

{Mv,  +  M\\'f  =  {Mv  +  M'v'f.  (2) 

Adding  (1)  and  {i),  we  get 

(.V  +  M')  (M','  +  J/'r,'»)  =  {M  +  M')  {Mv*  +  JfV») 
-(\-L'>)MM'{v-vJ; 


>M+M" 

the  laat  term  of  which  is  the  loss  of  kinetic  ener^  by 
impact,  since  e  can  never  bo  greater  than  nnity.  Hence, 
there  is  always  a  loss  of  kinetic  energy  by  impact,  except 
when  e  =  1,  in  which  case  the  lose  is  zero ;  (.  e.,  when  the 
coefficient  of  restitution  is  unity,  no  kinetic  energy  is  lost. 
.When  e.^  0  the  Joss  Ja  the  greatest,  and  equal  to 


From  (3)  we  see  that  during  compression  kinetic  energy 
to  the  amount  of  J  ..  ■  i.,  (v  —  v'}^  is  lost ;  and  then 
during  restitution,  e'  times  tbis  amount  is  I'egained. 

Eem. — From  the  theory  of  kinetic  energy  it  appears 
that,  in  every  case  in  which  energy  is  lost  by  resistance, 
heat  ia  generated ;  and  from  Jonle's*  inyestigations  we 
learn  that  the  quantity  of  heat  so  generated  is  a  jicrfectly 
definite  equivalent  for  tlie  energy  lost;  and  also  that,  in 


Bee  "The  OorrelutloD  (nil  Cmneryation  of  Poreot,"  by  H.e\nito\vi,T«»6Kj , 
etc. ;  ■IM  ■■  Hmi  u  ■  Mode  at  Hollan,"  bj  Pn>t.T'!l^4tfV.  ti«>,Vfln™?5» 

of  Energy,'*  " 


I 

I 
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iuiy  Tiahii-iil  action,  there  is  never  a  development  of  energy 
which  cannot  be  accounted  for  by  the  disappearance  of  an 
equal  amount  elsewhere  by  means  of  some  known  physical 
agency.  Hence,  the'  kinetic  energy  which  appears  to  lie 
lost  in  the  above  cases  of  impact,  is  only  transformed, 
partly  into  heating  the  bodies  and  the  snrronnding  air,  and 
partly  into  sonorous  vibrations,  as  iu  the  impact  of  a  ham- 
mer on  a  bell. 

209.  Oblique  Impact   of  Bodies. — The  only  other  J 
case  which  ive  shall  treat  of  is  that  of  oblique  impact  when 
the  bodies  are  spherical  and  perfectly  smooth. 

A  particle  impinges  with  a  given  velociip,  and  in  a  girtH 
direction,  on  a  stnoolh  plane;  required  to  determine  tht 
motion  after  impact. 

Let  AC  represent  the  direc- 
tion of  the  velocity  before  im- 
pact, meeting  the  plane  at  C, 
and  CB  the  direction  after  _ 
im])act.  Draw  CD  perpen- 
dicular   to  the  plane  ;    then 

since  the  plane  is  smooth  its  impulsive  reaction  will  be 
along  CD. 

Jjet  V  and  i\  denote  the  velocities  before  and  afttr 
impact,  respectively;  and  let  tt  and  /)  denote  the  angles 
ACD  and  BCD. 

Resolve  v  along  the  plane  and  perpendicular  to  it.  Th* 
former  will  not  bo  altered,  since  the  impulsive  force  acts 
:  'I'rpendiciilar  to  the  plane ;  the  latter  may  be  treated  as  in 
L'l.'  case  of  direct  impact,  and  will  therefore,  after  impact. 
'lo  e  times  what  it  was  before  (Art.  SO?,  Cor.  7),  Henre. 
resolving  Vi  along,  and  pei'pendicular  to  the  plane,  we 
have 

V,  Bin  /J  =  «  sin  «,  (1) 

Vl  COS  P   = 


ni.S7 
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Dividing  (3)  by  (1),  ki.:  get 

pot  (3  =  —  e  cot  a.  (3) 

f  Squaring  (1 )  and  (2),  and  adding,  we  get 

«f=^{,hi'„  +  e'co,',c).  (4) 

Thoa  (3)  determines  the  direclioii,  and  (4)  the  magnilude 
of  the  velocity  after  impact. 

The  angle  ACD  ia  called  the  angle  of  incidence,  and  the 
angle  BCD  the  angk  of  reflexion. 

Coa.  1.— If  the  elasticity  be  perfect,  or  e  =  1,  we  have 
from  (3)  and  (4), 

cot  j3  =  —  cot  «,  or  3  =  —  « ;  (5) 

and  r,'  =  v",  or  v,  =  v.  (G) 

Hence,  i?i  perfectly  elastic  balls  the  angles  of  incidence 
and  reflexion  are  numerically  equal,  and  the  velocities  before 
and  after  impact  are  equal.  This  ia  the  ordinary  rale  in 
the  case  of  a  hilliard  ball  striking  the  cnshion. 

Cor.  2. — Suppose  e  =  0;  then  from  (3),  (3  =  90°. 
Thus,  if  there  ia  no  elasticity,  the  body  after  impiu-t  moves 
along  the  plane  with  the  velocity  v  sin  «. 

If  «  :=  0,  ao  that  the  impact  is  direct,  we  have  from  (4), 
I'l  =  ev;  i.  e.,  after  the  impact  the  body  rebounded  along 
its  former  course  with  e  times  its  former  velocity. 

If  «  =  0,  and  0  =  0,  then  from  (4),  v,  =  0,  and  the 
body  ia  brought  to  rest  by  the  impact. 

Sen. — Of  courae  tlie  results  of  this  article  are  applicable 
to  cases  of  impact  on  any  smooth  surface,  by  bhW\,\WotvJj 
for  the  jJttifl  on  which  the  impact  \i8a  \wft\i  racr 
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lake  place  the  plane  which  is  tangent  ta  the  anriace  at  the 
point  of  impact. 

210.  Oblique  Impact  of  Two  Smooth  Spheres.— 

Two  smooth  spheres,  moving  in  given  directions  and  mlh 
given  velociUes,  impinge  ;  to  determine  the  imptittie  and  (hi 
suiaeqtient  motion. 

Let  the  masses 
of  the  spheres  be 
M,  M' ;  their  cen- 
tres C,  C;  their 
velocities  before 
impact  V  and  r', 
and  after  impact 
v,  aod  Vy.  Let  ED  be  the  lino  which  joins  their  centres  ■ 
the  instant  of  impact  (called  the  line  of  impact): 
CB  the  directions  of  motion  of  the  impinging  sphere,  J/. 
before  and  after  impact ;  and  C'A'  and  CB'  those  of  the 
other  sphere;  let  «,  o'  be  the  angles,  ACD  and  A'C'D, 
■which  the  original  directions  of  motion  mate  with  the  line 
of  impact;  0,  fi'  the  angles,  BCD  and  B'C'D,  which  their 
directions  make  after  the  impact. 

It  is  evident  that,  since  the  spheres  are  smooth,  tlie 
entire  mutual  impulsive  pressure  takes  place  in  the  lini' 
joining  the  centres  at  the  instant  of  impact.  Let  E  be  th« 
impulse,  and  e  the  coofScient  of  restitution.  Resolve  all 
the  velocities  along  the  line  of  impact  and  at  right  angles 
to  it ;  the  latter  will  not  be  affected  by  the  imnact.  and  the 
former  will  be  affected  exactly  in  the  same  way  as  if  the 

pact  had  been  direct.  Hence,  since  the  velocities  in  the 
line  of  impact  are  v  cos  a,  v'  cos  «'.  v,  cos  /3,  v,'  cos  ff,  vv 
have,  by  substituting  in  (3)  and  (4)  of  Art.  207, 


the  velocities ! 
to  it ;  the  latt 

I  former  will  b 
impact  had  be 
line  or  impact 
have,  by  snbst 
V,  COB  0  =  V  c 


M' 
"M+M' 


t,\-\-e^^,^*w»"^— ^  »WA»%0 
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«,'  cos  3'  =  v'co6a'+      'j^,  (1  +  e)  (u  cos  a—v'  cos  «'),  (S) 

wAiWi  are  the  final  velocities  of  (he  Iwo  spheres  alomj  lln:  Hue 
of  impael  ED. 

AIbo,  from  (5)  of  Art.  200,  wo  obtiiin  liy  sniistitiit.ion, 


1 


(Bee  Tait  and  Steele's  Dynamics  of  a  Particle,  p.  323.) 

Con.  1.— Multiplying  (1)  by  M,  auJ  (%)  by  J/',  and  add- 
ing we  get 

Mvi  cos  (3  +  itf'ij,'  cos  3'  =  ^i'  COB  a  +  M'v '  COS  a',  {4) 

which   shows  that  the  momentum  of  the  system  resolved 
along  the  line  of  impact  is  the  same  after  impact  as  before. 

CoK,  2. — Subtracting  (3)  from  (1)  we  obtaio, 

P  —  V,'  cos  J3'  =  —  e  (i>  cos  a  —  r'  C08.«').     (5) 

That  is,  the  relative  velocity,  resolved  ahng  Ike  line  of 
iparf,  after  imjmct  is  —  e  times  its  value  before. 


B>i 


1.  A  body*  weigliing  3  Iba.  moving  with  n  velocity  of 
10  ft.  jxjr  second,  impinges  on  a  body  weighing  2  lbs.,  and 
moving  with  a  velocity  of  3  ft.  per  second ;  find  tho  coTn- 
mon  velocity  after  impact.  Ana.  7^  ft-  per  second. 

2.  A  body  weighing  7  lbs.  moving  U  ft.  per  secnnd. 
impinges  on  another  at  rest  weighing  lH  lbs.;  finil  the  cnni- 
mon  velocity  after  impact.  Aiis.  3|  ft,  per  second. 

__  •  n^  bodhi  ire  laebuitlc  naletii  othervilKo  stuted.   T\io  ta*\. m  oliio.-s'w*  v 
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3.  A  body  weighing  4  lbs,  moving  9  ft.  jwr  sccoud, 
impinges  on  another  body  weighing  2  lbs.  and  moving  in 
the  opposite  direction  with  a  velocity  of  5  ft.  per  second; 
find  the  common  velocity  sifter  impact. 

An6.  4^  ft.  per  second. 

4.  A  body,  M',  weighing  5  lbs.  moving  7  ft.  per  second, 
is  impinged  upon  by  a  body,  M,  weighing  6  lbs.  and  ninr- 

in  the  same  direction ;  after  impact  the  velocity  of  M'  i 
ia  doubled :  find  the  velocity  of  M  before  impact. 

An&.   19f  ft.  per  second. 

5.  Two  bodice,  weighing  2  lbs.,  and  4  lbs.,  and  moving  in 
the  same  direction  with  the  velocities  of  6  and  9  ft.  respec- 
tively, impinge  upon  each  other ;  find  their  common 
velocity  aft«r  impact  Am.  8  ft.  per  sMond. 

6.  A  weight  of  2  lbs.,  moving  with  a  velocity  of  20  ft, 
per  second,  overtakes  one  of  5  lbs.,  moving  with  a  velocity 
of  5  ft,  per  second ;  find  the  common  velocity  after  impact. 

Ans.  94  ft.  per  second. 

7.  If  the  same  bodies  met  with  the  same  velocities  find 
the  common  velocity  after  impact, 

Ans.  2^  fL  per  second  in  the  direction  of  the  first. 

8.  Two  bodies  of  different  masses,  are  moving  towards 
each  other,  with  velocities  of  10  ft.  and  12  ft.  per  second 
respectively,  and  continue  to  move  after  impact  with  a 
velocity  of  1-  2  ft.  per  second  in  the  direction  of  the  grcattir; 
compare  their  masses.  Ana.  Ag  3  to  2. 

9.  A  body  impinges  on  another  of  twice  its  mass  at  rest: 
show  that  the  impinging  body  loses  two-thirds  of  its 
velocity  by  the  impact. 

10.  Two  bodies  of  nnefjual  masses  moving  in  opposite 
directions  with  momenta.  T\wTOer\ft'a\\^  >ittj).a.l  meet ;  show 
tha,t  the  momenta  ate  nvvmcri.ca.W'j  e-v^A  vA\!«  \lSL^llri^„ 
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11.  A  body,  M,  weighing  10  lbs.  moving  8  ft.  jier  socond, 
impinges  on  M',  weighing  6  lbs.  and  moving  in  the  aamo 
direction  5  ft.  per  second ;  find  tlieir  velocities  after  impact, 
supposing  e  =:  I. 

Ans.  Velocity  of  J/  =:  5J  ;  velocity  of  M '  ^  8|. 

I'i.  A  body,  M,  weighing  4  lbs.  moving  6  ft.  per  second, 
meets  M'  weighing  8  lbs,  and  moving  4  ft.  per  second; 
find  their  velocities  after  impact,  e  =  1. 

Ans.  Each  body  is  reflected  back,  .tfwitb  a  velocity  of 
7^  and-V  with  a  velocity  of  3J. 

13.  Two  balls,  of  4  and  C  lbs.  weight,  impinge  on  each 
other  when  moving  in  the  same  direction  with  velocities  of 
9  and  10  ft.  respectively  ;  find  their  velocities  afttr  impact, 
supposing  e  =  f  Aiis.  10-08  and  9-38. 

14.  Find  the  kinetic  energy  lost  by  impact  in  example  5. 

Ans.  f^j. 

15.  Two  bodies  weighing  40  and  60  Iba.  and  moving  in 
the  same  direction  with  velocities  of  16  and  26  ft  respec- 
tively, impinge  on  each  other:  find  the  loss  of  kinetic 
energy  by  impact.  Ans.  37-3. 

16.  An  arrow  shot  from  a  bow  starts  off  with  a  velocity 
of  130  ft  per  second;  with  what  velocity  will  an  arrow 
twice  as  heavy  leave  the  bow,  if  sent  off  with  three  times 
the  force?  Ans.  180  ft.  ]>er  second. 

17.  Two  balls,  weighing  8  ozs.  and  6  oza.  respectively, 
are  simnltaneously  projected  upwards,  the  former  rises  to  a 
height  of  324  ft.  and  the  latter  to  256  ft. ;  compare  the 
forces  of  prnjrction.  Ans.  As  3  to  2. 

18.  A  freight  train,  weighing  200  tons,  and  traveling  20 
niiles  per  hr.  runs  into  a  passenger  train  of  50  tons,  stand- 
ing on  the  same  track;  find  the  velocity  at  which  the 
remainH  of  the  passenger  train  will  he  propelled  u.Un?;  VW 
tmck,  euppoaiag  e  =  ^.  An*.  Yi-%  mAfc^^tV-s. 
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19.  'riiere  is  a  row  of  ten  (lertectly  elast.ic  bodies  wiio^e 
masses  increase  geometricuilj  ljy  tlie  constant  ratio  3,  and 
the  first  impinges  on  the  secoml  with  the  velocity  of 
5  ft.  per  second ;  find  the  velocity  of  the  last  body. 

Ans.   j\g  ff,  per  second. 

20.  A  body  weighing  5  lbs.  moving  with  a  velocity  of  H 
ft.  per  second,  (mpinges  on  a  body  weighing  3  lbs.,  ami 
moving  with  a  velocity  of  8  ft.  per  second ;  find  the  veloci- 
ties after  impact  supposing  c  =  ^.  Ans.  11  and  13, 

21.  Two  bodies  are  moving  in  tbe  same  direction  with 
the  velocities  7  and  5  ;  and  after  impact  their  velocitiu 
ai'e  5  and  (j ;  find  e,  and  the  ratio  of  their  masses. 

Ans.  e  =  i;  M'  =  2M. 

'4%  A  body  weighing  two  lbs.  impinges  on  a  body  weighing 
one  lb.;  e  jb^,  show  that  v,  =  |(r  +  ;;'),  and  that  r,'  =.  v. 

33.  Two  bodies  moving  with  numerically  equal  velocitiea 
in  opposite  directions,  impinge  on  each  other;  the  result  is 
that  one  of  them  turns  back  with  its  original  velocity,  and 
the  other  follows  it  with  half  that  velocity;  show  that  one 
body  is  four  times  as  heavy  as  the  other,  and  that  (>  :=  J. 

24.  A  strikes  B,  which  ia  at  rest,  and  after  impact  the 
velocities  are  numerically  equal;  if  r  be  the  ratio  of  B's 

masB  to  A'fl  mass,  show  that  e  ia  -  ~^,  and  that  B's  mass 

r  —  1 
is  at  least  three  times  A's  mass. 

26.  A  body  impinges  on  an  equal  body  at  rest ;  show 
that  the  kinetic  energy  before  impact  cannot  be  grealor 
than  twice  the  kinetic  energy  after  impact. 

2C.  A  scries  of  perfectly  elastic  balls  are  arranged  in  the 

same  straight  line;   one  of  them  impinges  on  the  next, 

J  then  this  on  the  next  and  6ci  ^>^^^  show  that  if  their  i 

fform  a  geometric  ^trogressww  o^  wVvOi  "Oftft  w 


is  ;■,  Hiuir  velocities  aiter  imjijict  fonu  :i  guometrie  progres- 
sioa  of  which  the  commou  ratio  is  -- ~  -• 

27.  A  ball  fulls  from  rest  at  a  height  of  20  ft.  above  a 
fixed  horizontal  plane;  find  the  height  to  which  it  will 
rebound,  e  being  J,  and  j  being  35.  Arts,  llj  feet. 

28.  A  ball  impinges  on  an  equal  ball  at  rest,  the  ela?;- 
ticity  being  perfect;  if  the  original  direction  of  the  strik- 
ing ball  is  inclined  at  an  anglo  of  45"  to  the  straight  line 
joining  the  centres,  determine  the  angle  between  the 
directions  of  motion  of  tiie  striking  hall  before  and  after 
impact.  Atis.  45 ^ 

29.  A  ball  falls  from  a  height  h  on  a  horizontal  plane, 
and  then  rebounds;  find  the  height  to  which  it  rises  in  its 
ascent.  A  lis.  M. 

30.  A  ball  of  mass  M,  impinges  on  a  ball  of  mass  M',  at 
reet ;  show  that  the  tangent  of  the  angle  between  the  old 
and  new  directions  of  the  motion  of  the  impinging  body  is 

H  1  +  e  M'  Bin  2a 

■  2      '  M  +  M'  (sin'  «  —  fi  coa^  «) ' 

31.  A  ball  of  miiaa  (If  impinges  on  a  ball  of  mass  Jf' at 
rest;  find  the  condition  in  order  that  the  directions  of 
motion  of  the  impinging  ball  before  and  after  impact  may 
be  at  right  angles,  .     a     _  ''^^^  ~  ^ 


An. 


33.  A  ball  impinges  on  an  equal  ball  at  rest,  the  anglo 
between  the  old  and  new  directions  of  motion  of  the 
impinging  bail  ia  60° ;  find  the  velocity  after  impact,  e 
being  1.  Am.  v  sin  30". 

33.  A  Iwll  impinges  on  an  equal  ball  at  rest,  e  being  1 ; 
tind  the  couditioa  under  wljich  the  velocitvaa  "«\\\  V*  cis^'A 

A  11.8.    tt  —  '^^i" 
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34.  A  ball  is  projected  from  the  middle  point  of  one  side 
of  a  billiard  table^  so  as  to  strike  first  an  adjacent  side^  and 
then  the  middle  point  of  the  side  opposite  to  that  from 
which  it  started ;  find  where  the  ball  must  hit  the  adjacent 
side,  its  length  being  h, 

Ans,  At  the  distance  - — ■ —  from  the  end  nearest  the 

1  +  e 

opposite  sida 


CHAPTER    V. 


WORK    AND    ENERGY. 


211,  Definition  and  Measure  of  Work. —  Work  is 

//le  production  of  motion  against  resisiance.  A  force  is  said 
to  do  work,  if  it  moves  the  body  to  which  it  is  applied ; 
aud  the  work  done  by  it  is  measured  by  the  product  of  the 
force  ioto  the  epjice  through  which  it  moves  the  body 
(Art.  101,  Kcm.)- 

Thus,  the  work  done  in  lifling  a  weight  through  a  ver- 
tical distance  in  proportional  to  the  weight  lifted  and 
tlie  vertical  distance  through  which  it  is  lifted.  The  vnii 
of  work  used  in  England  and  in  this  country  is  that  which 
is  required  to  overcome  the  weight  of  a  pound  through  the 
vertical  height  of  a  fool,  aud  is  called  a  foot-pound.  For 
instance,  if  a  weight  i)f  10  lbs.  ia  raised  to  a  height  o'. 
5  ft.,  or  5  lbs.  raised  to  a  height  of  10  ft.,  50  foot-pouuds  o' 
work  must  have  been  expended  in  overcoming  the  resist- 
ance of  gravity.  Similarly,  if  it  requires  a  force  of  50  lbs., 
to  move  a  loud  on  a  horizontal  plane  over  a  distance  of 
l')0  ft.,  50O0  foot-pounds  of  work  must  have  been  done. 
If  ti  carpenter  iirgcs  forward  a  jilane  through  3  ft.  with  a 
force  of  Vi  lbs,,  ho  docs  38  foot-pounds  of  work  ;  or,  if  a 
weight  of  7  Ibn.  lioscenda  through  10  ft.,  gi-avity  does 
70  foot-pounds  of  work  on  iu 

Iloiicc,  the  number  of  units  of  work,  or  foot-pounde, 
neecBsary  to  overcome  n  cuustant  resistance  of  P  pounds 
through  a  distance  of  .S'  feet  is  c(|ual  to  the  ])roduct  /"iV. 

From  this  it  appears  tliat,  if  tho  point  of  upplicution 
move  always  perjwndicnlar  to  the  direction  in  which  the 
foR'c  acts,  such  a  foree  does  no  work.  T\\w&,  ■no  ^o\V  Sa 
dmw  by  gravity  in    tho   case  of   a  {HixtVtAia  mafva^  ^ii^  ^ 
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Lurizonta!  plane,  aud  wlieu  a  particle  moves  on  any  smoo^ 
surface  no  work  is  done  by  the  force  which  the  eurfaoe 
eserts  upon  it 

Neither /orce  nor  motion  alone  is  gufGcient  to  constitute 
work ;  so  that  a  niau  who  merely  aupports  a  load  without 
moving  it,  does  no  wort,  in  the  Bense  in  which  that  term  ig 
used  mechanically,  any  more  than  a  column  does  which 
sustains  a  heavy  weight  upon  its  summit. 

If  a  body  is  moved  in  the  direction  opposite  to  that  in 
which  ita  weight  acts,  the  agent  raising  it  does  work  upoa 
it,  while  the  work  done  by  the  earth's  attraction  is  nega- 
tive. When  the  work  done  by  a  force  is  negative,  i.  e., 
when  the  point  of  application  moves  in  the  direction  oppo- 
site to  that  in  which  the  foi-ce  acts,  this  is  frequently 
expressed  by  saying  that  work  is  done  against  the  force. 
In  the  above  case  work  is  done  by  the  force  lifting  the 
body,  and  against  the  earth's  attraction. 

212.  Gteneral  Case  of  Work  done  b7  a  Force. — 

When  eithtT  the  magnitude  or  direction  of  a  force  varies,  or 
if  hotli  of  them  vary,  the  work  done  by  the  force  during  any 
finitti  displacement  cannot  be  defined  as  in  Art.  211.  In 
tliis  case  the  work  done  during  any  indelinitely  small  dis- 
placement may  be  found  by  supposing  the  magnitude  anJ 
direction  of  the  force  constant  during  the  displacement,  and 
finding  the  work  done  as  in  Art.  211 ;  then  taking  the  sum 
of  nil  such  elements  of  work  done  during  the  consecutive 
small  displacements,  which  together  make  up  the  finite 
displacement,  we  obtain  the  whole  work  done  by  the  foroe 
during  such  finite  displacement. 

Thus  U't  a  force,  P,  act  at  a  point.  0.  in  tlie  direction  OP  (Fig.  S0|, 
will  let  us  suppose  tbe  point,  0,  to  move  iotii  bdj  other  [loeltiun.  .1, 
very  Dear  O.  If  B  \te  the  angle  betwi^en  tlie  direction.  OP,  i.r  th« 
force  and  the  direction,  OA,  of  the  diBplaeenient  of  thu  point  of  appll. 
cation,  then  the  product,  P  ■  0-1  cos  fl.  Is  called  the  work  done  by  the 
form  If  we  drop  a  perpi^ndicular,  AN,  on  OP,  the  work  done  by  iIi* 
Torec  is  altiu  equal  lo  lliu  vr'"^^'^^  p.ON.vtVusTB  <)1S  vt 'uoN*- vw^- 
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mated  bh  podUve  when  in  the  direction  of  tlie  lorce.  If  Bevem!  forces 
act,  the  work  done  by  each  can  be  fuund  in  the  game  way  ;  uiid  tho 
sum  of  all  Iheae  is  the  work  done  by  the  whole  Bystem  of  lorces. 

It  apjiearH  from  thi9  that  the  watk  done  by  any  fiirce  during  an 
infiniteeiniul  diajitBcement  nt  the  point  of  application,  is  the  product 
of  the  resolved  part  of  the  force  in  the  direction  of  the  displacement 
into  the  displacement ;  and  this  is  the  same  us  the  virluid  moment  of 
the  force,  which  has  been  deecribed  in  Art.  101.  In  Statics  we  are 
concerned  imly  with  the  small  hypothetical  displacement  nhicli  we 
give  the  point  of  application  nf  the. force  in  applying  the  principle  of 
virtual  velocitiue.  Bnt  in  Kinetics  the  bodies  are  in  motion  ;  the 
force  aetuaSy  displaces  its  jwint  of  application  in  such  a  manner  that 
the  displacement  has  a  projcclion  along  the  direction  of  the  force.  If 
d»  denote  the  projection  of  any  elementary  arc  of  a  curve  along  the 
direction  of  P,  the  work  done  by  P  in  this  displacement  is  Pdx.  The 
sum  of  all  these  elements  of  work  done  by  P  in  its  motion  over  a 
finite  space  is  the  whole  work  found  by  taking  the  integral  of  Pda 
between  proper  limits. 

Hence  generally,  if  8  be  an-  arc  of  the  path  of  a  particle.  P  the 
tangential  component  of  the  forces  whielt  act  on  it,  the  work  done  on 
the  particle  between  any  two  points  of  Its  path  is 

fP1$.  (!) 

the  integral  being  taken  between  limits  corresponding  to  the  initial 
and  final  positioua  of  the  particle. 

213.  Work  on  an  Inclined  Plane. — Let  c  be  tlie 
indiimtion  of  the  plane  to  the  liorizoii,  W  the  weight 
moved,  s  the  distance  along  the  plane  through  which  the 
weight  is  moved.  Resolve  W  into  two  components,  one 
along  the  plane  and  the  other  perpendicular  to  it ;  the 
fDrnier,  W  sin  a,  is  the  component  which  resists  motion 
along  the  plane.  Hence  the  amount  uf  work  re<iuired  to 
draw  the  weight  up  the  plane  =  IV  sin  « ■  a  ^  TTx  the 
vertical  height  of  the  plane ;  i.  e.,  Hie  ammnt  of  work 
i-vqiiirvd  i»  unchanged  hj  Ihe  anislititlion  of  (he  obUi/ue  patk 
for  the  vertical.  Hence  the  work  in  moving  a  body  vp  an 
inclined  plane,  without  friction,  is  equal  to  the  prodvct  of 
the  weight  of  the  iody  iy  the  vertical  height  (ftrowgfi  \v(v\efv 
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Cor.  1. — If  the  plane  be  roiigb,  let  it  =  the  coefficient 
of  friction ;  then  since  the  normal  component  of  the  weiglii 
is  W cos  a,  the  resiatance  of  friction  is  /i  If  cob  «  (Art.  99). 
The  work  required  consists  of  two  parts,  (1)  raising  ilie 
weight  along  the  plane,  and  (3)  overcoming  the  resistaiiw 
of  friction  along  the  plane,  the  former  ^  FT  Bin  «  •  g,  acil 
the  latter  is  /i  W  coa  «  •  s.  Hence  (he  whole  work  necesxary 
to  move  the  weight  up  the  plane  is 


]r(sin  «  +  /I  cos  a)  s. 


W  (fi  cos  ft 


«„)» 


(ii 


Since  s  sin  a  represents  the  vertical  height  through 
which  the  weight  is  raised,  and  s  cos  a  the  horizoiUal  s{iBce 
through  which  it  is  drawn,  this  result  may  he  stated  thns : 
The  work  expended  is  the  same  as  that  which  would  bt 
required  to  raise  the  weight  through  the  verlical  height  of 
the  plane,  together  with  that  which  would  be  required  to 
draw  the  body  along  the  base  of  the  plane  horizontally 
aga  in  st  frict  ion. 

Cor.  2. — If  a  body  be  dragged  through  a  space,  s,  down 
an  inclined  plane,  which  is  too  rough  for  the  body  to  slide 
down  by  itself,  the  work  done  is 


m 


Con.  3. — If  A  =  tlie  height  of  the  inclined  jilanc,  mid 
b  =  its  horizontjil  hase,  then  the  work  done  against  graiitv 
to  move  the  body  up  the  plane  =  II'A  ;  and  the  work  done 
against  friction  to  move  the  body  along  the  plane,  suppo»- 
ing  it  to  be  horizontal,  ^  iibW.  Hence  (Cor.  1)  the  total 
work  done  ia 

Wh  +  ttbW.  (3) 

If  the  body  be  drawn  down  the  plane,  the  total  work 
expended.  (Cor.  < 

'  -Wli  -V\l1.\\'. 
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If  in  (4)  the  former  term  is  gi'euter  than  the  latter, 
grayity  does  more  work  than  what  is  expended  oe  friction, 
and  the  body  ehdes  down  the  plane  with  accelerated 
velocity. 

ScH,  1. — If  the  inclination  of  the  plane  is  small,  aa  it  is 
in  most  cases  which  occur  in  practice,  as  in  common  roiids 
and  railroads,  cos  «  may  withont  any  important  error  be 
taken  as  equal  to  unity,  and  the  expression  for  the  work 
becomes  (Cora.  1  and  3) 

Wijis±ssma),  (5) 

the  npper  or  lower  sign  being  taken  according  as  the  body 
is  dragged  up  or  down  the  plane. 

ScH,  2. — If  the  inclination  of  the  plane  is  small,  as  in 
the  case  of  railway  gradients,  the  pressure  upon  the  plane 
will  he  very  nearly  equal  to  the  weight  of  the  body ;  and 
the  total  work  in  moving  a  body  along  an  inclined  plane 
will  be  from  (3)  and  (4), 

f>.lW±  Wh,  (G) 

where  {ilW  is  the  work  due  to  friction  along  the  phme 
of  length  I,  and  Wh  is  the  work  due  to  gravity,  the  proper 
sign  being  taken  as  in  (5). 


1.  How  much  work  is  done  in  lifting  160  and  ^00  Ibe, 
tbrongh  the  heights  of  80  and  120  ft.  respectivt-ly. 

The  work  done  =  150  x  80  +  200  x  120 
=  3G0O0  foot-pounda,  Anx. 

2.  A  body  weighing  500  lbs.  slides  on  a  rough  horizontal 
]ilanp,  the  coefficient  of  friction  being  0. 1 ;  how  miicli  work 
moBt  be  done  agiunst  fiiotiuu  to  move  tku  Viu^  ^i*^^ 
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Here  tho  friction  is  o.  force  of  50  lbs.  acting  directK 
opposite  to  the  motion  ;  hence  the  work  done  against  fric- 
tion to  move  the  body  over  lOO  ft  is 

50  X  100  =  5000  foot-pounds,  Aiis. 

3.  A  train  weighs  100  tons;  the  total  resistance  is  8  Iba. 
per  ton;  how  much  work  must  be  expended  in  raising  il 
to  tlie  top  of  an  inclined  plane  a  mile  long,  the  inclinatioD 
of  the  plane  being  1  vertical  to  1Q  horizontal. 

Here  the  work  done  against  friction  (Sch.  3) 

=  800  X  5380  =  4334000  foot-pounds, 
and  the  work  done  against  gravity 

=  324000*  X  5280  X  tV  =  ISSOfiOOO  foot-ponnds, 
BO  that  the  whole  work  =  31130000  foot-pounds. 

4.  A  train  weighing  100  tons  moves  30  miles  an  hour 
along  u  horizontal  road;  the  resistances  are  8  lbs.  per  ton; 
find  the  quantity  of  work  expended  each  hour. 

Ans.  136720000  foot-pounds. 

5.  If  85  cnhic  feet  of  water  are  pumped  every  5  minutes 
from  a  mine  140  fathoms  deep,  required  the  amount  of 
work  expended  per  minute,  a  cubic  foot  of  water  weighing 
63^  lbs.  Ans.  262S0O  foot-pounds. 

C.  How  much  work  is  done  when  an  engine  weighing 
10  tons  moves  half  a  mile  on  a  horizontal  road,  if  the 
total  reaistaneo  is  8  lbs.  per  ton. 

Ans.  311300  foot-poaads. 

7.  If  a  weight  of  1120  lbs.  be  lifted  up  by  20  men,  20  ft. 
high,  twice  in  a  minute,  how  much  work  does  each  man 
do  per  hour?  Ana.  134400  foob-pounds. 
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8.  A  body  falls  down  the  wholu  length  of  au  inclincii 
plane  oa  whicli  the  eoefficieat  of  friction  is  0.3.  The 
height  of  the  plane  ia  10  ft.  and  tlie  base  30  ft.  On  reach- 
ing the  bottom  it  rolls  horizontally  on  a  plane,  having  the 
eame  coefficient  of  friction.     Find  how  far  it  will  roll. 

An3.  20  ft. 

9.  How  much  work  will  be  required  to  pump  8000  cubic 
feet  of  water  from  a  mine  whose  de^ifch  is  500  fathoms. 

Ans.  1500000000  foot-pounda. 

10.  A  horse  draws  loO  lbs.  out  of  a  well,  by  means  of  a 
rope  going  over  a  fixed  pulley,  moving  at  the  rate  of 
21  miles  ao  hour;  how  many  units  of  work  docs  tliia  horse 
perform  a  minute,  neglecting  friction. 

Ans,  33000  unita  of  work. 

214.  Horse  Power. — It  would  be  inconvenient  to 
express  the  power  of  an  engine  in  foot-pounds,  since  this 
unit  is  so  small ;  the  term  Horse  Power  is  therefore  used 
in  measuring  the  performauce  of  steam  engines.  From 
experiments  made  by  Boulton  and  Watt  it  was  estimated 
tlmt  a  horse  eouM  raise  33000  lbs.  vertically  through  one 
foot  in  one  minute.  This  estimate  ia  probably  too  high  on 
the  average,  but  it  is  still  retained.  Whether  it  is  greater 
or  leas  thuu  the  power  of  a  horse  it  matters  little,  while  it 
is  a  [TOwer  so  well  defined.  A  Horse  Power  therefore  means 
n  power  which  can  perform  S3000  fool-pounds  of  work  in  a 
iiiiiniie.  Thus,  when  wo  say  that  the  actual  horse  power 
i)f  an  en^ne  ia  ten,  we  mean  that  the  engine  is  able  to  per- 
form 330000  foot-pounds  of  work  per  minute. 

It  lias  been  ealimateii  that  f,  nt  tlie  38000  fool -poundB  would  be 
i.IkiuI  the  work  of  a  horae  of  avern^  slrfn(rt!i.  A  mule  will  perform 
-  tilt"  work  of  a.  haree.  An  ass  will  jierforin  about  J  llie  work  of  n 
l,.>rw.  A  miin  will  do  about  ,',  tlie  »»rk  o(  a  horee.  or  about  3800 
iiKJTa  of  work  per  tuliiut49.  Sm  Even'  A^yUtsd  lilwU'6',  B.W  '%'jxvtft''b 
Pnii.-ti««)  * 
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WOSK  OF  BATSIKG  A  8TSTEM  OF  WEIGBTS, 


I 


215.  "Work  of  Raising  a  System   of  Weights.— 

Ijet  P,  Q,  R,  be  any  three  weights  at  the  distunces,  ;j.  7. 
r,  respectively  above  a  fixed  horizontal  plane.  Then  [An. 
59  (3)]  or  (Art.  73,  Oor.  3),  the  distanrc  of  the  centre  n/ 
gravity  of  P,  Q,  R,  above  tliis  fixed  horizontul  plane  is 


Pp  +  Qq  +  Rr 
P+Q  +  E 


(1)  1 


Now  Buppoge  that  the  weights  are  raised  Terticall] 
through  the  heights  a,  b,  c,  respectively.  Then'  the  di 
tance  of  the  centre  of  gravity  of  the  three  weights,  in  tbi 
new  position,  above  the  same  fixed  liorizontiil  plane  ii 


P[p  +  a)-i-Q{q  +  b)  +  R  (r  +  c) 


Sahtraeting  (1)  fi-om  (2),  we  have 


(*) 


Pa+  Qb  +  Re 
P+  Q  +  R   ' 

for  the  vertical  distance  between  the  two  positions  ot 
centre  of  gravity  of  the  three  bodies. 

Now  the  work  of  raising  vertically  a  weight  equal  to 
sum  of  P,  Q,  R,  through  the  space  denoted  by  (3)  is 
product  of  the  sum  of  tiie  weights  into  the  space,  which 

Pa  +  Ql>  +  Re,  (i 

but  (4)  is  the  work  of  raising  the  three  weights  P,  Q, 
through  the  heights  a,  b,  e,  respectively.  In  the  same  1 
this  may  be  shown  for  any  number  of  weights. 

Hence  lehen  sevf-ral  weigklH  an  raised  verticalli/  tkm 
different  heiglita,  the  whole  work  done  is  the  same  as  ifial 
raising  a  ireigiil  equal  to  Ike  swn  of  the  weights  vertic 
from  the  first  poeilion  n/  ihm  vmy-n  of  gravity  to  tH 
'j>osition.     (See  To4\wutcV4"5\ti-Vs,'i.^^'*>,'^       ^g 


EXAMPLES. 


1.  How  many  horse-power  would  it  take  to  raise  3  cwt 
of  coal  a  minute  from  a  pit  whose  depth  is  110  fathoms  ? 

Depth  =  110  X  G  =  660  feet. 

3  cwt.  =  112  X  3  =  336  lbs. 

Hence  the  work  to  be  dons  in  a  minute 

=  660  X  336  =  291760  font-pounds. 

Therefore  the  horae-power 

=  321760  -E-  33000  =  6.?2,  Ana. 

3.  Find  how  many  cubic  feet  of  water  an  engine  of 
40  horse-power  will  raise  in  an  hour  from  a  mine  80 
fathoms  deep,  supposing  a  cubic  foot  of  water  to  wei^h 
1000  ozs. 

Work  of  the  engine  per  hour  =  40  x  33000  x  60  foot- 
pounds. 

Work  expended  in  raising  one  cubic  foot  of  water 
through  80  fathoms  =  t^«  x  80  x  6  =  30000  foot- 
pounds. 

Hence  the  number  of  cubic  feet  raised  in  an  hour 

=  40  X  33000  X  60  ^  30000  =  2640,  Ani. 

3.  Find  the  horse-power  of  an  engine  which  is  to  move 
'  at  the  rat«  of  30  miles  an  hour  up  an  incline  which  rises 
'   1  foot  in  100,  the  weight  of  the  engine  and  load  being 

00  tons,  and  the  resistance  from  friction  12  lbs.  per  ton. 
;       The  horizontal  space  passed  over  in  a  minute  =  17C0  ff. ; 

llic   vertical  space  is  one-hundredth   of  this  =  17.60  ft. 

Ilcnce  from  (6)  of  Art.  313,  we  have 

^?(i:e0xCO  +  ff(Jx2340x  17.6=1700  x^ftft^^wV-^««rai5a- 
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Tlicrefort'  Uie  !iuraf-po\v<;r 

=  i;(iO  X  2064  ~  33000  = 

4.  A  well  ia  to  be  dng  20  ft,  deep,  and  4  ft.  iu  dianieli?r; 
find  the  work  in  raieiug  the  material,  supposing  that 
cubic  foot  of  it  weigha  140  lbs. 

Here  the  weight  of  the  material  to  be  raised 

=  4::  X  aO  X  140  —  140   x  SOtt  lbs. 

The  work  done  is  eqiiiTaleot  to  raisiug  this  through  ths, 
height  of  10  ft.  (Art.  215).     Hence  the  whole  work 

=  140  X  SOtt  X  10  =1  112000T  foot-pounds.  Am. 

5.  Find  the  horse-power  of  an  engine  that  would  raise 
T  tons  of  coal  per  hour  from  a  pit   whose  depth 
fathoms. 

c  2240  X  rt  X  6 


Work  per  minute  - 


--—  =  224a  T; 


the  horae-powcr  = 


33000^ 


Ans. 


6.  Required  the  work  in  raising  water  from  three  difTerei 
levels  whose  depths  are  a,  b,  c  fathoms  respectively  ;  froi 
the  first  A,  from  the  second  B,  from  the  third  0,  cul 
feet  of  wnter  are  to  be  raised  per  minute. 

Work  in  raising  water  from  the  first  level 

=  62.5,1  X  fl  X  6  =  S75A.a; 

and  so  on  for  the  work  hi  the  othur  Jovels  ; 

.-.    work  per  min.  =  375  (.1  ■a+  lii-^-C-c)  foot-pound& 

7.  Find  tlie  horse-power  of  an  engine  which  dniws 
load  of  T  tons  along  a  \e'(e\  toaia.l%>;vft-mfc  >&  «^ 


an  hour,   the  frictiuji   being  p  pouods  per  too,  all  other 
resistiinces  being  neglected. 
Work  of  the  engine  per  minnte 


8.  Required  the  number  of  borse-power  to  raise  2300 
cubic  ft.  of  water  an  hour,  from  a  mine  whose  depth  is  63 
fathoms.  Ans.  36f 

9.  What  weight  of  coal  will  an  engine  of  4  horse-power 
raise  in  one  hour  from  a  pit  whose  depth  ia  200  ft.  ? 

Ans.  39600  lbs. 

10.  In  what  time  will  an  engine  of  10  horse-power  raise 
5  tons  of  material  from  the  depth  of  133  ft.? 

Ans.  i-  48  minutes. 

11.  How  many  cubic  feet  of  water  will  an  engine  of  36 
horse-power  raise  in  an  hour  from  a  mine  whoso  depth  is  40 
fathoms  ?  Ans.  4753  cubic  feet. 

12.  The  piston  of  a  steam  engine  is  15  ins.  in  diameter  ; 
its  stroke  is  3^  ft.  long;  it  makes  40  Btrokes  per  minute ; 
the  mean  pressure  of  the  steam  on  it  is  15  lbs.  per  square 
inch;  what  number  of  foot-pounds  is  done  by  the  steam 
per  minute,  and  what  is  the  horse-power  of  the  engine  ? 

Atis.  265073.5  foot-pounds  ;  8-03  H.-P. 

13.  A  weight  of  Ifc  tons  is  to  be  raised  from  a  depth  of 
50  fathoms  in  one  minnte;  determine  the  horae-power  of 
the  engine  capable  of  doing  the  work. 

Ans.  30^  U.-P. 

^h  •  Tliehllvni  n.-P.  Bre  often  Baud  m  abbrevlBlions  ot  ttie  '«QT4«tmtte-vi'"'«- 


*Otr  MODULUS  OF  A  XACBINS. 

14.  Tlie  resistance  to  the  motion  of  a  certain  body  i? 
440  lbs.;  Jiow  many  foot-poimda  must  be  espcoded  iii 
making  this  body  move  over  30  milee  in  one  hour?  What 
must  be  the  horse-power  of  an  engine  that  does  the  eame 
number  of  foot-pounds  in  the  same  time  ? 

Alts.  69696000  foot^poaDda;  35J  H.-P. 

15.  An  engine  draws  a  load  of  60  tons  at  the  rate  of  30 
milea  an  hour;  the  resistances  are  at  the  rate  of  8  lbs.  per 
ton  ;  find  the  horse-power  of  the  engine.  Am,  25-6. 

16.  How  many  cubic  feet  of  water  will  an  en^ne  of  250, 
liorae-power  raise  per  minute  from  a  depth  of  200  fathoms? 

Ana.   110  cubic  ft. 

17.  There  ia  a  mine  with  three  shafta  which  are  respeo- 
tively  300,  450,  and  500  ft.  deep ;  it  is  reqaired  to  raise 
from  the  first  80,  from  the  second  60,  from  the  third  40' 
cubic  ft.  of  water  per  minute ;  find  the  horse-power  of  the 
engine.  Ati^.  134|^. 

216.  ModnlaB*  of  a  Machine-^The  whole  work  per- 
formed by  a  machine  consists  of  two  parts,  the  use/til  work' 
and   the  losi  work.     The  useful  work  is  that  which  thw 
machine  is  designed   to   produce,  or  it  is  that  which  i8> 
employed  in  overcoming  nsefnl  resistances ;   the  lost  work 
is -that   which  is  not  wanted,  but  which   is  unavoidably 
produced  or  it  is  tliat  which  is  spent  in  overcoming  waste- 
ful resistances.    For  instance  in  drawing  a  train  of  cars,  t1 
useful  work  is  performed  in  moving  the  train,  but  the  1< 
work  is  that  which  ia  done  in  overcoming  the  friction 
the  train,  the  resistance  of  gravity  on  up  grades,  the  resieUl 
ance  of  the  air,  etc.      The  work  applied  to  a  machine 
equal  to  the  whole  work  done  by  the  machine,  both  neefi 
and  lost,  therefore  the  nsefnl  work  is  always  less  than  ti 
.   vork  applied  to  the  machine. 
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The  Modulus  of  a  machine  is  tlie  rntio  of  the  uxefiil  work 
done  to  the  work  applied.  Thus,  if  the  work  applied  to  aa 
engine  be  iO  horae-power,  aud  the  engine  delivors  only  30 
horse-power,  the  modalus  is  J,  i.  e.,  one-quarter  of  the  work 
applied  to  the  machine  is  lost  by  friction,  etc. 

Let  ir  be  the  work  applied  to  the  machine,  IF.  the  ose- 
fnl  work,  and  m  the  modulus.  Then  we  have  from  the 
above  definition 

If  a  machine  were  perfect,  i.  e.,  if  there  were  no  lost  work, 
the  modulus  would  be  unity;  but  in  every  machine,  some 
of  tbe  work  is  lost  in  overcoming  wasteful  resistances, 
BO  that  the  modulus  is  always  leas  than  unity  ;  and  it  is  of 
course  tbe  object  of  inventors  and  improvera  to  bring  this 
fraction  as  near  to  unity  as  possible. 


1.  An  engine,  of  -V  effective  horse-power,  is  found  to 
]>ump  A  cubic  ft.  of  water  per  min.,  from  a  mine  a  fathoms 
deep ;  find  the  modulus  of  the  pumps. 

Work  of  the  engine  per  min.  =  33000  N  H.-P. 

The  useful  work,  or  work  expended  in  pumping  water, 

=  C2-5  A  X  G«  =  375  A. a; 

hence  from  (1)  we  have 

L-  „       375  A- a        A-rt      , 

1  ^^=3-3000lV=8Or'-^"^- 

2.  There  were  A  cubic  ft.  of  water  in  a  mine  whose  depth 
is  a  fathoms,  when  an  engine  of  JV  horse-power  began  \o 
work  the  pump:  the  water  continued  to  flow  into  the  mine 

■■»  the  rate  ot  B  cubic  ft.  pei-  miimUij  Tft(\uwii&.  ^X\ii  V 
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c  ck'iiruil  iif  water,  the  modulus 


in  whinli  tlie  luiue 
of  the  pump  being  vi. 

Let  X  =  the  number  of  mlnutoa   to  clear  the   : 
water.     Theo 


b 


weight  of  water  to  bo  pumped  =.  C3-5  {A  +  Ba:)  ; 

work  in  pomping  water  =  375«  (A  +  Bi)  foot-poands; 

effective  work  of  the  engine  =^  m  •  N-  33000:c ; 

33000  mNx  =  S'J'Sfl  (A  +  Hx)  ; 


A-rt 
'  88mjV  — B-a' 


Alls. 


I 


3.  An  engine  has  a  C  foot  cylinder;  the  shaft  makes  30' 
revolutions  per  minuto,  the  average  steam  pressure  is  25 
lbs.  per  square  inch  ;  required  the  hoi-se-power  when  the 
area  of  the  piston  is  1800  square  inches,  the  modulus  of 
the  engine  being  ^. 

Work  done  in  one  minute  =  1800  x25>:6x2x30 
foot-pounds.  Wo  multiply  by  twice  the  lengtli  of  the 
stroke,  because  the  piston  ia  driven  both  up  and  down  in 
one  revolution  of  the  sliaft. 

The  effective  horsc-powpr  =  ^^^^ilJ^*-^  x  \\ 

=  450,  Alls. 

4.  The  diameter  of  the  piston  of  a  steam  engine  is  60 
ins.;  it  makes  11  strokes  per  minute;  the  length  of  each 
stroke  ia  8  ft. ;  the  mean  pressure  per  square  in.  is  16  lbs.;. 
required  the  number  of  cubic  ft.  of  water  it  will  raise  per 
hour  from  a  depth  of  50  fathoms,  the  modnlue  of  the 
engine  being  0-G5. 

The  uDinber  of  foot-pounds  of  nselul  work  done  in  one  bour  M>d: 
I  Spent  in  taislng  wftter  =  irxSO'i'Sx  15x11  •  60 k 0 •  55.  therefore,  elii 
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5.  All  fiigiim  is  rtjiiuired  to  [lum])  1000000  gallons  of 
water  every  12  honra,  from  a  mine  133  futboms  deep  ;  find 
the  horse-power  if  the  modulus  be  {^,  and  a  gallon  of 
water  weighs  10  lbs.  Atis.  363^  II--P. 

6.  What  must  be  the  horse-power  of  au  engine  working 
e  hours  per  day,  to  supply  ?i  families  witb  g  gallons  of 
water  each  per  tlay,  aupiwsing  the  water  to  be  raised  to  the 
mean  height  of  A  feet,  and  that  a  gallon  of  water  weighs  10 
Ibe.,  the  modulus  being  m.  ,  ngh        „   p 


7.  Water  is  to  be  raised  from  a  mine  at  two  different 
levels,  viz.,  60  and  80  fathoms,  from  the  former  30  cubic  ft., 
and  from  the  latter  15  cnbic  ft.  per  minute  ;  find  the  horse- 
power of  the  machinery  that  will  be  required,  aeeuming 
the  niodolus  to  be  0-  6.  Ans.  51  - 14  H.-P. 

8.  The  diameter  of  the  piston  of  an  engine  is  80  ins.,  the 
mean  pressure  of  the  steam  is  13  lbs.  per  sqnure  inch,  the 
length  of  the  stroke  ia  10  ft,,  the  number  of  strokes  made 
per  minute  is  11 ;  how  many  cubic  ft.  of  water  will  it  raise 
per  minut«  from  a  depth  of  250  fathoms,  its  modulus  being. 
O-G?  AnK.  42-40  cubic  ft. 

9.  If  the  engine  in  the  hist  example  had  raised  55  cubic 
ft.  of  water  \Kr  minnte  from  a  depth  of  250  fathoms,  what 
would  have  been  its  modulus?  Ans.  0-(7?l, 

10.  Uow  many  strokes  per  minute  must  the  engine  m 
Ex.  8  make  in  order  to  raise  15  cubic  ft.  of  water  per 
n)inut«  from  the  given  depth?  Ans.  4. 

11.  What  must  be  the  length  of  the  stroke  of  an  engine 
whose  modulus  is  0-  65,  aud  whose  other  dimensions  and 
conditions  of  working  are  liie  samio  as  in  ¥.x,  %,\V'Oft«'j\«i'^ 
do  the  same  la&ixtity  of  useful  work'f  Auk.  ^-"ttl^" 
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217.    Kinetic    and    Potential    Energy.       Stored 

Work.— Mfl  energy  of  a  body  means  its  power  of  doimj 
work)  and  the  total  amount  of  energy  possessed  by  the  body 
is  measured  hy  tiie  total  amount  of  work  which  it  ia  capable 
of  doing  in  passing  from  its  present  condition   to  aom»   t 
standard  condition. 

Every  moving  body  posBesses  energy,  for  it  can  be  made 
to  do  work  by  parting  with  ita  velocity.  The  Telocity  of 
tlie  body  may  be  used  for  causing  it  to  asceud  vertically- 
BgaiEst  tbe  attraction  of  the  earth,  i,  e.,  to  do  work  agaiust 
the  resistance  of  gravity.  A  cannon  ball  in  motion  can 
penetrate  a  resisting  body;  water  flowing  against  a  water- 
wheel  will  turn  the  wheel ;  the  moving  air  drives  the  ship 
through  tlie  water.  Wherever  we  find  matter  in  motion 
we  have  a  certain  amount  of  eiiei^y. 

Energy,  as  known  to  us,  belongs  to  one  or  the  other  of 
two  Classen,  to  which  the  names  h'netic*  energy  and 
potential  energy  are  given. 

Kinetic  energy  is  energy  that  a  body  possesses  in  virtue  of 
its  being  in  motion.  It  ia  energy  actually  in  use,  energy' 
that  is  constantly  being  spent.  The  energy  of  a  bullet  ia 
motion,  or  of  a  fly-wheel  revolving  rapidly,  or  of  a  pile- 
driver  just  before  it  strikes  the  pile,  are  examples  of  hinelie 
energy.  The  work  done  by  a  force  on  a  body  free  to  move, 
exerted  tli  rough  a  given  distance,  is  always  equal  to  the 
corresponding  increase  of  kinetic  energy  [Art.  189  (3)].  If 
a  mass,  m,  is  moving  with  a  velocity,  v,  its  kinetic  energf 
is  Jmc'  [(3)  of  Art.  189],  If  this  velocity  be  generated  by  a 
constant  force,  P,  acting  through  a  sjiace,  s.  we  have,^ 
(Art.  211) 

Ps  =  Iniifi,  (I) 

that  is,  tiie  work  done  on  the  body  is  the  exact  equivalent 
k  of  the   kinetic  energy,   and   the  kinetic  energy  is  recon* 

^^^^^^^^^BjUtod  nlBo  (u:!!!!!!  energy,  at  tncrn  of  * 
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vertible  into  the  work;  and  the  exact  amount  of  work 
which  the  mass  m,  with  a  velocity  v,  can  do  against  resist- 
ance  before  its  motion  is  conapletely  destroyed  is  jwi^, 
Thia  is  called  stored  work,*  and  ia  the  amount  of  work  that 
auyoppoaing  force,  P,  will  have  to  do  on  the  body  before 
bringing  it  to  rest.  Thus,  when  a  iieavy  fly-wheel  ia  in 
rapid  motion,  a  considerable  portion  of  the  work  of  the 
engine  mnst  have  gone  to  produce  this  motion  ;  and  before 
the  engine  can  come  to  a  state  of  rest  all  the  work  stored 
up  in  the  Ily-whetl,  as  well  as  in  the  other  parts  of  the 
machine,  ranst  be  destroyed.  lu  thia  way  a  fly-wheel  acta 
as  a  reservoir  of  work. 

If  a  body  of  mass  m,  moving  thi-ougb  a  space  s,  change 
its  velocity  from  u  to  f^  the  work  done  on  the  body  aa  it 
moves  through  that  space,  (Art,  189),  is 

im{f~v,^).  (2) 

If  the  body  is  not  perfectly  free,  i.  e.,  if  there  is  one  force 
urging  the  body  on,  and  another  force  resisting  the  body, 
the  kinetic  energy,  ^mt^,  gives  the  excess  of  the  work  done 
by  the  former  force  over  that  done  by  the  latter  force. 
Thns,  when  the  resistance  of  friction  ia  overcome,  the 
moving  forces  do  work  in  overcoming  tlile  resistance,  and 
all  tlie  work  done,  iu  excess  of  that,  ia  stored  in  the  moving 
mass. 

Potential  energy  is  energy  that  a  hody  possesses  in  virtue 
of  its  position.  The  energy  of  a  bent  watch-spring,  which 
does  work  in  nncoiling;  the  energy  of  a  weight  raised 
above  the  earth,  as  the  weight  of  a  clock  which  does  work 
in  falling  ;  the  energy  of  compressed  air,  as  in  the  air-gun, 
or  in  an  air-brake  on  a  locomotive,  which  doea  work  in 
exjiandiog;  the  energy  of  water  stored  in  a  mill-dam,  and 
uf  steam  in  a  boiler,  are  all  examples  of  potential  energy. 
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yiic-li  energy  may  ur  may  not  be  Ciillocl  into  action,  it  maj 
lie  dormant  for  years ;  the  power  exists,  but  the  action  wil! 
begin  only  when  the  weight,  or  the  water,  or  the  st^am  a 
released.  Kence  the  word  potential,  is  significant,  as 
expreBsing  that  the  energy  is  in  existence,  and  that  a  new 
power  has  been  conferred  upon  it  by  the  act  of  raising  or, 
confining  it. 

For  example  suppose  a  weight  of  1  lb.  be  projected 
vertically  upwards  with  a  velocity  of  32-2  ft  per  Becond. 
Tlie  energy  imparted  to  the  body  will  carry  it  to  a  height 
of  16-1  ft.,  when  it  will  ceaee  to  have  any  velocity.  The 
whole  of  its  kinetic  energy  will  have  been  expended ;  but 
the  body  will  have  acquired  potential  energy  instead  ;  j.  &■ 
the  kinetic  energy  of  the  body  will  aU  have  been  converted 
into  potential  energy,  which,  if  the  weight  be  lodged  for 
any  time,  is  stored  np  and  ready  to  he  freed  whenever  th9 
body  shall  be  permitted  to  fall,  aud  bring  it  back  to  its 
starting  point  with  the  veloci  ty  of  33  ■  2  ft  per  second ;  and 
thus  the  body  will  reacquire  the  kinet'.c  energy  which  it 
originally  received.  Hence  kinetic  energy  and  potential 
energy  are  mutually  convertible. 

Let  A  be  the  height  through  which  a  body  must  fall  to 
acquire  the  velocity  v,  m  and  W  the  mass  and  weight* 
respectively.  Then  since  v^  =  2gk,  we  have,  for  the  stored 
work, 

*"«'  =  I"  =  «V '»*="■  •'> 

Hence  we  may  say  that  the  work  stored  in  a  moving  Iwdy 

is  measured  5i/  the  product  of  the  weight  of  the  body  into  Ihl 
height  through  which  it  must  fall  to  acquire  the  velocity. 


1.   Let  a  bullet  leave  the  bwccl  of  a.  ^un  with  the  velocit] 
[  of  1000  ft.  per  second,  and  euv?o«^  '^^  '^  ■««\^  % ' 


examplbs. 


I 


th(!  work  stored  ujj  iu  the  bullet,  ami  the  height  from  which 
it  mnat  fall  to  acquire  thut  velocity. 
Here  we  have  from  (3)  for  the  stored  work 


:  1941  foot-poundB. 
A  =  15528  feet. 


2,  A  hall  weighing  w  Ihs.  is  projected  along  a  horizontal 
piano  with  the  velocity  of  v  ft.  per  second  ;  what  space,  s, 
will  the  bail  more  over  before  it  comes  to  a  state  of  rest, 
the  coefficient  of  friction  being/? 

Here  the  resistance  of  friction  is  fio,  which  acts  directly 
opposite  to  the  motion,  therefore  the  work  done  by  friction 
while  the  body  moves  over  s  feet  =  fws ;  the  work  stored 

up  in  the  ball  ^  J?n«'  ^  —  ;  therefore  from  (1)  we  ha^e 
.       MJU*  _  _  _    v^ 

^3.  A  railway  train,  weighing  T  tons,  has  a  velocity  of  v 
ft,  per  second  when  the  steam  is  turned  off ;  what  distance, 
s,  will  the  train  have  moved  on  a  level  rail,  whose  friction 
is  p  lbs.  per  ton,  when  the  velocity  is  v^  ft.  per  second  ? 

Here  the  work  done  by  friction  =^  pTs;  hence  from  (S) 
we  have 


4.  A  tTMn  of   T  tons  descends  an   incline  of  «  ft  in 

length,  havingatotal  rise  of /*  ft.;  what  wiUbeHveiftXoKA.'^, 

^Mcquired  bj  the  tj-ain,  the  friction  bcrog  p  'fca,  ■jet  "ift^"*- 
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Here  we  liave  (Art.  313,  Sell.  2),  the  work  done  on  tlie 
train  t=  tlie  work  of  gravity  —  tlie  work  of  friction 

=  ^-ZiQTh—pnx 

which  is  equal  to  the  work  stored  up  iu  the  train.     Hence 


5.  If  the  velocity  of  the  train  in  the  last  example  be 
Dj  ft.  per  second  when  the  steam  is  turned  off,  what  will  1* 
itB  velocity,  v,  when  it  reaches  the  bottom  of  the  incline? 
Ana. 


-.  -v/fo*  +  3 


-ThegP"- 


6.  A  hody  weighing  40  lbs,  is  projected  along  a  roogh 
horizontal  plane  with  a  velocity  of  150ft.  per  sec.;  the 
coefUcient  of  friction  is  ^;  find  the  work  done  against 
friction  in  five  seconds.  An-^.  3500  foot-pounda. 

7.  Find  the  work  acenmulatfid  in  a  body  which  weighi 
300  Iba.  and  has  a  velocity  of  G4  ft.  per  second. 

Ans.  10200  foot-ponnds. 

218.  Kinetic  Energy  of  a  Rigid  Body  revolving 
round  an  Axis. — Let  m  be  the  mass  of  any  particle  of 
tlie  body  at  the  distance  r  from  the  axifl,  and  let  w  be  ilio 
angular  velocity,  which  will  be  the  same  for  every  particlO) 
since  the  hody  ia  rigid;  then  the  kinetic  energy  of  m  = 
\m  {rtS)\  The  kinetic  energy  of  the  whole  body  will  h*^ 
found  by  taking  the  sum  of  tliese  expressions  for  eroij 
particle  of  the  body.     Hence  it  may  be  written 
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S  mr^  ia  calleil  the  moment  ofiner/in  of  tin;  body  about  the 
axis,  and  will  be  explained  in  the  next  chapter. 

Hence  llie  kinetic  energy  of  any  rotating  body  =  -ilu^, 
where  I  is  the  moment  of  inertia  round  the  axis,  and  w  the 
angular  velocity. 

In  the  ease  of  a  fly-ivhsel,  it  is  enfficient  in  practice  to 
treat  the  whole  weigbt  as  distribntcd  uniformly  along  the 
circumference  of  the  circle  described  by  the  mean  radius 
of  the  rim.  Let  r  be  this  radina ;  then  the  moment  of 
inertia  of  any  particle  of  the  wheel  =  m.r*,  and  tbe  moment 
of  inertia  of  the  whole  wheel  =  J/V,  where  M  is  the  total 

mass.     Hence,  substituting  in  (1)  we  have  —  Mi'^,  which 

Pis  the  kinetic  energy  of  the  fly-wheel. 
EXAMPLES. 
1.  Two  equal  particles  arc  made  to  revolve  on  a  vertical 
axis  at  the  distances  of  a  and  b  feet  from  it ;  required  the 
point  where  the  two  particles  must  be  collected  so  that  the 
work  may  not  he  altered. 

Let  m  ^  the  mass  of  each  particle,  i  =  the  distance  of 
the  required  point  from  the  axis,  and  w  =  the  angular  veloc- 
ity;  then  we  have 

Work  stored  in  both  particles  =  |m  {nu)^  -|-  \m  (bi^y ; 

Work  stored  in  both  particles  collected  at  point  =  m  {kuY; 

.-.    m{kwY=.im{au>f^  t'«  (H'J 

.-.  k  =  VVW+^)- 

This   point   is   called    tht-   centre   of  gi/rn/ion.     {See  next 

Kajiter.) 
2.  The  weight  of  a  fly-wheel  is  w  lbs.,  the  wheel  uvA.V.ft* 
nvoiations per  mi}iute,  the  diamclei  '\a  'ir  Iftft't, 'ix's.xnsi'yet 
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of  axle  a  inches,  and  the  coefficient  of  friction  on  the  a 
/;  how  many  revolutions,  x,  will  the  wheel  make  before  it! 
stops  ? 


Work  stored  in  the  wheel  - 


h 


Work  done  by  frieMoa  in  x  rcYoliitionB 
,    Id 


and  wlien  the  wheel 


3.  Required  the  number  of  strokes,  3",  which  the  fly-whed 
in  the  kst  example,  will  give  to  a  forge  hammer  whose 

weight  is  W  lbs.  and  lift  A  feet,  suppoHing  the  hi 
make  one  lift  for  every  revolution  of  the  wheel. 


Here  the  work  due  to  raiaiDg  hammer  =  WAx. 


^^"  ■      ~  150j/  (121FA  +  na/io) 

i.  The  weight  of  a  fiy-wheel  is  8000  lbs.,  the  diameter 
20  feet,  diameter  of  axle  14  inches,  coefficient  of  frictioa 
0.2 ;  if  the  wheel  is  separated  from  the  engine  when  mak> 
ing  27  revolntiona  per  minute,  find  how  many  reTolntiou 
it  wiU  make  before  it  8tov&  (,i|  taken  =  82.3). 
Aus.  \%.Si 


)f  frictioa 
hen  mak>  j 
eTolntiou  1 
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219.  Force  of  a  Blow.— In  order  to  pxpress  tlm 
amount  of  force  between  the  I'aee  of  a  hiimmer,  for  in- 
stiiiice,  and  the  head  of  a,  nail,  we  niiiat  consider  what 
weight  must  be  Inid  upon  the  head  of  the  nail  to  force  it 
into  the  wood.  A  nail  i-eqiiires  a  large  force  to  pull  it  out, 
when  friction  alone  is  retaiuidg  it,  and  to  force  it  in  must 
of  course  require  a  still  larger  force. 

Now  tho  head  of  the  hammer,  when  it  deliYers  a  hlow 
upon  the  head  of  the  nail,  must  be  capable  of  developing  a 
force  equal  for  a  short  time  to  the  continued  preaaure  that 
would  be  produced  by  a  very  heavy  load.  Hence,  the  effect 
of  the  hammer  may  be  explained  by  the  principles  of  energy. 
When  the  hammer  is  in  motion  it  has  a  quantity  of  kinetic 
energy  stored  op  in  it,  and  when  it  comes  in  contact  with 
the  nail  tliis  energy  is  instantly  converted  into  work  which 
forces  the  nail  into  the  wood. 

EXAMPLES. 

1.  Suppose  that  a  hammer  weighs  1  lb.,  and  that  it  is 
impelled  downwards  by  the  arm  with  considerable  foi'ce,  so 
that,  at  the  instant  the  head  of  the  hammer  reaches  the 
niiil,  it  is  moving  with  a  velocity  of  30  ft.  per  second  ;  find 
the  force  which  the  hammer  exerts  on  the  nail  if  it  is 
driven  into  the  wood  one-tenth  of  an  inch. 

Let  P  bo  the  force  which  the  hammer  exerts  on  the  nail, 
then  the  work  done  in  forcing  the  nail  into  the  wood  = 
P  X  "riij,  and  the  energy  stored  up  in  the  hammer 

=  i».  =  M'  =  e... 

Since  the  work  done  in  forcing  the  nail  into  the  wood 
must  lie  equal  to  all  the  work  stored  in  the  hammer,  (Art. 
ai?),  we  have 

"i  =  6.2|    .-.     P=14|.\ 
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Hence  the  force  whict  tlie  liamaier  exerts  on   the  head  of 
the  nail  is  at  least  744  lbs. 

2.  If  the  hammer  in  the  last  etample  forces  the  nail  into 
the  wood  only  0.01  of  an  incJi,  find  tlie  force  exerted  on 
the  nail.  Ans.  7440  lbs. 

Hence,  we  see  tliat,  according  as  the  wood  is  harder,  i.  e.,  acoord- 
ing  as  the  nail  enWra  Ipas  at  each  Btroke,  tlie  torce  of  the  blow 
becomes  g;r<.'ater.  So  that  when  we  speak,  of  the  "  force  of  a  blow." 
we  must  Bpecifj  how  Eoon  the  body  giving  the  blow  will  come  to 
rest,  otherwise  the  l^roi  is  moBDingleea.  Thus,  eappoee  h  boll  of 
100  lbs.  weight  haye  a  velocity  that  will  cause  it  to  ascend  1000  ft.; 
if  the  ball  la  to  be  Etopped  at  tiie  end  of  lOOO  ft.,  a  force  of  100  I  be. 
will  do  it ;  but  if  it  ia  to  he  stopped  at  the  end  of  one  foot,  it  will 
need  a  force  of  100000  ll».  to  do  it ;  and  to  stop  it  at  the  end  of  one 
inch  will  require  a  force  of  1300000  llis.,  and  bo  on. 

220.  Work  of  a  Water-FalL— When  water  or  any 
body  falls  from  a  given  height,  it  is  plain  that  the  work 
which  is  stored  up  in  it,  and  which  it  is  capable  of  doing,  is 
etjual  to  that  which  would  be  required  to  raise  it  to  the 
height  from  which  it  has  fallen ;  i.  e.,  if  1  lb.  of  water 
descend  tlirough  1  foot  it  mnst  accumulate  as  much  work 
as  would  he  required  to  raise  it  through  1  foot.  llenc« 
when  a  fall  of  water  is  employed  to  drive  a  water-wheel,  or 
any  other  hydraulic  machine,  whose  modulus  is  given,  the 
work  done  upon  the  machine  is  equal  to  the  weight  of  the 
water  in  pouuds  x  its  fall  in  feet  x  the  modulus  of  the 
machine. 


I  1.  The  breadth  of  a  stream  is  b  feet,  depth  a  feet,  mean 
1  Telocity  v  feet  per  minute,  and  the  height  of  the  fall  h  feci; 
find  (1)  the  horse-power.  Jf.  of  the  water-wheel  whose 
moduloa  is  w,  and  (3)  find  the  nnmher  of  cubic  feet.  A, 
Fvhich  the  wheel  will  pamp  per  minute  from  the  bottom 
He  &//  to  the  height  of  /t,  teel. 


BXAMPLES. 


413 


Weight  of  water  going  over  the  fall  per  min.  =  62.6  abv. 
.-.    Work  of  wheel  per  min.  =  C2.5  abvhm.  (1) 

3.5  abvhm 


N:z 


(2) 


33000 

Work  in  pumping  water  per  min.  =  62.5  Ah, ; 

which  must  ~  the  work  of  the  wheel  per  min. ;   hence 
from  (1)  we  have 


2.5  Afi, 


:  63. 5  abvhm ; 
_  abvhm 
~  ~h, 


(») 


¥ 


2.  The  mean  eection  of  a  stream  is  5  ft.  by  2  ft.;  ita 
mean  velocity  is  35  ft.  per  muiute  ;  there  is  a  fall  of  13  ft, 

this  stream,  at  which  is  erected  a  watei-wheel  whose 
modulus  is  0,65  ;  find  the  horse-power  of  the  wheel. 

Ans.  5.6  H.-P. 

3.  lu  how  many  hours  would  the  wheel  in  Ex.  a  grind 
8000  bushels  of  wheat,  supposing  each  horse-power  to  grind 
1  bushel  per  hour?  Ans.  1428^  hours. 

4.  How  many  cubic  feet  of  water  must  be  made  to 
descend  the  fall  per  minute  in  Es.  2,  that  the  wheel  may 
grind  at  the  rate  of  28  bushels  per  hour  ? 

Am.  1750  cu.  ft. 

5.  Given  the  stmtm  in  Ex.  2,  what  must  be  the  height 
of  the  fall  to  grind  10  bushels  per  hour,  if  the  modulus  of 
""     wheel  is  0.4?  ,-I»s.  37.7  feet. 

,  Find  the  useful  horse-power  of  ;i  water  wheel,  sup- 
)iosing  the  stream  to  be  5  ft.  broud  and  2  ft.  deep,  and  to 
How  with  a  velocity  of  30  ft.  per  minute ;  the  height  of  the 
full  btiug  14  ft.,  and  the  modulus  of  the  mi&icV\\\^a  v^.<i:&. 


W. 


I 
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221.  The  Duty  of  an  Engine. —  Tlie  duty  of  an  entfiiu 
is  the  mimber  of  units  of  work  which  it  is  capabh  of  doing 
by  burning  a  given  quantity  of  fuel. — It  has  been  found  by 
experiment  that,  whatever  may  be  the  pressure  at  whith 
the  ateiim  is  formed,  the  quantity  of  fuel  necessary  ta 
evaporate  a  given  vohiine  of  water  is  always  nearly  the 
same;  hence  it  is  most  advantageous  to  employ  steam  of 
high  pressure.* 

In  good  ordinary  engines  the  daty  varies  between  SOOOGO  «nd 
600000  unite  of  work  foi  a  ib.  of  cobI.  The  extent  to  wLkh  As 
econiimy  of  fuel  may  be  carried  ia  well  iUuetrated  by  the  engines 
ployed  to  drain  the  uiineB  in  Cnmn-Bll.  England.  In  1815,  tUe 
average  duty  of  tli(.«o  engines  was  30  million  unite  of  work  for 
baslielf  of  coal ;  in  1848,  by  reaHoii  of  BBccPBslve  improvements,  the 
uTernge  dnty  bad  become  SO  millions,  efTepiing  a  saving  of  £85000 
per  annum.  It  is  Btated  that  in  the  case  of  one  engine,  the  duty  ww 
raised  to  lS5mi]1ions.  The  duty  of  the  engine  depends  largely  on 
the  conBtrnction  of  the  boiler;  1  lb.  ot  coal  in  the  Comiab  bolli 
ovaporatea  llj  lbs.  of  water,  while  in  a  differently-ahaped  boiler  8,7 


iathe 
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1.  An  engine  burns  2  Iba.  of  coal  for  each  horse-powe 
per  hour  ;  find  the  duty  of  the  engine  for  a  lb,  of  cosl. 


=  60  X  33000  foot-ponnds;. 

therefore  the  duty  of  tlie  engine  =  30  x  33000  footpounds, 
=  990000  foot-pounds. 

3,  How  many  bushels  of  coal  must  be  exjiended  in 
[  ilay  of  24  hours  in  raising  150  cubic  ft.  of  water  per  minats 
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from  a  depth  of  100  fathoms ;   the  duty  of  the  engine 
being  60  mill  ions  for  a  buflhel  of  coal  ? 

Alls.  135  bushels. 

8.  A  steam  engine  is  required  to  raise  70  cubic  ft.  of 
wuter  per  minute  from  a  deptii  of  800  ft, ;  find  how  many 
tona  of  coal  will  be  required  per  day  of  2i  hours,  supposing 
the  duty  of  the  engine  to  be  350000  for  a  lb.  of  eoal. 

A  US.  9  tons. 

222.  Work  of  a  Variable  Force.— When  the  force 
which  performs  work  through  a  given  space  varies,  the 
work  done  may  be  determined  by  multiplying  the  given 
space  by  the  mean  of  all  the  variable  forces. 

Let  AG  represent  the  space  in  units 
of  feet  through  which  a  variable 
force  is  exerted.  Divide  AG-  into 
six  equal  parts,  and  suppose  P^,  Pg, 
/*j,  etc.,  to  be  the  forces  in  pounds  "  °  ^r"ai^ 
applied  at  the  points  A,  B,  C,  etc., 
respectively.  At  these  points  draw  the  ordinates  y^,  i/g,  y^, 
etc.,  tc  represent  the  forces  which  act  at  the  points  A,  B, 
C,  etc.  Then  the  work  done  from  A  to  B  will  be  equal  to 
the  space,  AB,  multiplied  by  the  mean  of  the  forces  P^ 
and  /*,,  L  e.,  the  work  will  be  represented  by  the  area  of 
the  surface  AafiR  In  like  manner  the  work  done  from 
B  to  0  will  be  represented  by  the  area  BScC,  and  bo 
on  ;  so  that  the  work  done  through  the  whole  space,  AG, 
liy  a  force  which  varies  continuously,  will  be  represented  by 
Ihe  area  Aai/G.  This  area  may  be  found  approximately  by 
the  ordinary  rule  of  Mensuration  for  the  area  of  a  curved 
surface  with  etjuidistant  ordinates,  or  more  accurately  by 
Simpson's*  rule,  the  proof  of  which  wo  shall  now  give. 

223.  SimpHon'B   Rcle.— Let  y,,  y^,  y,,  etc.,  bo   the 

^  •  Allbuagh  J(  was  uol  luvuiilcd  by  aioiiwon.    ftBtliiffliiaiVei.  ^D 
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eqiiiclistant  oiiJitiatea  (Fig.  89)  and  I  the  distance  between 

any  two  consecutive  ordinates;  then  by  taking  the 

the  trapezoids,  AnSB,  BficO,  etc.,  we  have  for  the  area  of 

AagQ, 

¥(j/i  +  y>)  +  ii  (Vi  +  Vz)  +  II  (ys  +  y^)  +  etc. 
=  ¥  (yi  +  2y.  +  23/3  +  2^4  +  2i/»  +  -^t  +  y-,)  \  (0 

which  ia  the  oi'dinary  formula  of  mensuration. 

Now  it  is  evident  that  when  the  curve  is  always  coneava 
to  the  line  AG  (1)  will  give  too  small  a  result,  and  if  con- 
vex it  will  give  too  largo  a  resnlt. 

Let  Fig.  90  represent  the  space  between  any  two  odd 
couBecutive  ordinates,  as  Cc  and  Ee  (Fig.  89) ;  divide  CK 
into  three  equal  pi.rts,  CK  =  KL  =  LE, 
and  erect  the  ordinates  "KJc  and  L/,  dividing 
the  two  trapezoids  CcrfD  and  D(/eE  into  the 
three  trapezoids  Cci-K,  KiiL,  and  U«E. 
The  sum  of  the  areas  of  these  three  trapezoids  Fig.H 

=  iOK  (Cc  +  3Ki  +  aU  +  Ee) 

=  ^l  (Cc  +  -iKk  +  %U  +  Ee),  (since  iCK  =  JCD  =  f) 

=  \l{Gc  +  4Do  +  Ee).  (since  2Ei-  +  3U  =  4Do),       (2) 

which   is  a  closer  approximation   for  the  area  of  C«K 
than  (1). 

Now  when  the  curve  is  concave  towards  CE.  (S)  ia 
smaller  than  the  area  between  CE  and  the  curve  cJcdlr:  If 
we  substitute  for  Do,  the  ordinate  Drf,  which  is  a  littlfl 
greater  ihan  Do  and  which  is  given,  (3)  becomes 

il  (Cc  +  4D(/  +  !■>), 

wbicll  is  a  still  closer  ayvvoxivinvvww  VWii, 
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Siniilarlj  we  have  for  the  areas  of  Aa^C  and  Ef^G, 

il  (Aa  +  4BJ  +  Oe),  aad  it  (Ee  +  IF/  +  Gg).      (4) 

Adding  (3)  and  (i)  together,  we  have  for  an  approximate 
value  of  the  whole  urea, 

wfiich  is  Simpson's  Formvla,  Hence  Simpson's  rale  for 
finding  the  area  approximately  is  the  following:  Divide  the 
abscissa,  AG,  into  an  even  number  of  equal  parts,  and  erect 
ordinales  at  the  points  of  division;  then  add  together  the 
first  and  last  ordinates,  twice  the  sum  of  all  the  other  odd 
ordinates,  avdfour  times  the  sum  of  all  the  even  ordinates  ; 
multiply  the  sum  by  07ie-third  of  the  commoti  distance 
between  any  two  adjacent  ordinates.  (See  Todhunter'a 
Mensuration,  also  Tate's  Geometry  and  Mensuration,  also 
Morin's  Mech'a,  by  Bennett. ) 

EXAMPLES, 

1.  A  variaWe  force  has  acted  through  3  ft.;  the  value  of 
the  force  taken  at  seven  Buccessive  equidistant  points, 
including  the  first  and  the  last,  is  in  lbs,  189,  151.2,  126, 
108,  94.S,  84,  7fi.6  ;  find  the  whole  work  done. 

Atis.   346.4  foot-jTounds. 

3.  A  Turiahle  force  has  acted  through  0  fl.;  llie  vnhii:  uf 
the  force  taken  at  seven  sueeeBsive  etjuidistiint  poinis, 
int^luding  the  first  and  the  last,  is  in  lbs.  3,  8,  15,  24,  35, 
48,  63  ;  find  the  whole  work  done. 

Ans.  Ica  fcot-ponnds. 

3.  A  variable  force  has  acted  through  9  ft.;  the  value  of 
the  force  taken  at  seven  successive  equidistant  points, 
including  the  first  and  the  last,  is  in  lljs.  G.082,  G.164, 
6.245,  e.335,  6.403,  fi.481,  0.557;   find  the  whole  wotk.do&».. 

Am.    rjli.fldl   fodVfO'Mtftl.MM 
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Should  any  of  the  ordinnteB  hccomt'  zero,  it  will  not  pre- 
vent the  aae  of  Simpson's  rule. 

SimpHon'a  rule  is  applicable  to  other  investigationB  w 
well  as  to  that  of  work  done  by  a  Tariable  furee.  For 
example,  if  we  waut  the  velouity  generated  in  a  given  tinw 
in  u  particle  by  a  variable  force,  let  the  straight  line 
represent  the  whole  time  daring  which  the  force  act^unA 
let  tlie  straight  lines  at  right  angles  to  AG-  represent  the 
force  at  the  corresponding  instants ;  then  the  area  will 
represent  the  whole  space  described  in  the  given  time. 


1.  The  ram  of  a  pile-driving  engine  weighs  half  a  ton,* 
and  has  a  fail  of  17  ft. ;  how  many  units  of  work  are  per- 
formed in  raising  tliis  rum  'i        Ans.   190iO  foot-pounds. 

2.  How  many  \inits  of  work  are  required  to  raise  7  cwt 
of  coal  from  a  mine  whose  depth  is  13  fathoms  ? 

Ans.  61152  foot-ponnda. 

3.  A  horse  is  used  to  lift  the  earth  from  a  trench,  whifh 
he  does  by  means  of  a  cord  going  over  a  pulley.  He  pulU 
up,  twice  every  5  minntes,  a  man  weighing  130  Ibs^  and  a 
barrowful  of  earth  weighing  360  lbs.  Each  time  the  horat 
goes  forward  40  ft. ;  find  the  units  of  work  done  by  tbo 
horse  per  hour.  Ans.   374400. 

4.  A  railway  train  of  T  tons  ascends  an  inclined  plan* 
which  has  a  rise  of  e  ft.  in  100  ft,,  with  a  uniform  speed  of 
m  miles  per  hour;  find  the  horse-power  of  the  engine,  the 
friction  being^  lbs.  per  ton. 

An,   ^T{p  +  ^%M 

375  "■"^• 

5.  A  railway  train  of  80  tons  ascends  an  incline  whidi 
s  one  foot  in  50  ft.,  with  the  uniform  rate  of  15  mik* 
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per  hour;  tiad  the  horse-power  of  tlie  engine,  the  frictioii 
being  8  lbs.  per  too.  A?is.  168.96  H.-P. 

(i.  If  11  horse  exert  a  traction  of  I  Iha.,  what  weight,  w, 
will  he  pull  up  or  down  a  hill  of  small  inclination  which 
has  a  rise  of  s  in  100,  the  coefficient  being/? 

.  IQOl 

^"^-   '"  =  100r±e- 
7.  From  what  depth  will  an  engine  of  33  horse-power 
raise  13  tons  of  coal  in  an  hour  ?  .■ly^e.  1496  ft. 

S.  An  engine  ia  observed  to  raise  7  tons^f  material  an 
hour  from  a  mine  whose  depth  is  85  fathoms;  find  the 
horse-power  of  the  engine,  supposing  ^  of  its  woik  to  be 
lost  in  tranamisBion.  Ans.  4.S46o  IL-P. 

9.  Required  the  horse-power  of  an  engine  tliat  would 
supply  a  city  with  water,  working  13  honrs  a  day,  the 
water  to  be  raised  to  a  height  of  50  ft, ;  the  unniber  of 
inhabitants  being  130000,  and  each  person  to  use  5  gallons 
of  water  a  day,  the  gallon  weighing  8|  lbs.  nearly. 

Ans.   11.4  H.-P. 

10.  From  what  depth  will  an  engine  of  20  horse-power 
Tiiise  600  cubic  feet  of  water  per  hour  ?     Ans.  1056  feet. 

11.  At  what  riito  \wr  hour  wi!l  an  engine  of  30  horse- 
power draw  a  train  weighing  90  tons  gross,  the  resistance 
being  8  lbs.  per  ton  ?  Ans.  15.635  miles. 

13.  What  is  the  grofs  weight  of  n  train  which  an  engine 
of  25  horse-power  will  draw  at  ihe  rate  of  35  miles  an 
hour,  resistances  I>eing  8  lbs.  per  ton? 

Am.  40.875  tons. 

13,  A  train  whose  gross  weight  is  80  tons  travels  at  the 
rate  of  20  miles   an   hour;    if  the   resistance   ia   8  lbs. 
r  ton,  what  ia  Un)  horBe-iwwer  ol  the  ei\g\\\v;'i 

■       "  Alia,  -i^^^a--^. 
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14.  Whiit  must  be  tlie  length  of  the  stroke  of  a  pisUm 
of  an  engine,  the  surface  of  which  ia  1500  Brjuare  Inches 
which  makes  !J0  Btrokes  per  minute,  so  that  with  a  i 
pressure  of  13  lbs.  on  eucli  square  ineh  of  the  piston,  tlu 
engine  may  be  of  80  horse-power  ?  Anif.   VJ  fL 

15.  The  diameter  of  the  piston  of  an  engine  is  IH 
the  length  of  the  stroke  is  10  ft,  it  makes  11  strokes  pef 
minute,  and  the  mean  pressnre  of  the  steam  on  the  piston 
is  13  lbs.  per  square  inch  ;  what  is  the  horee-power  ? 

An.%  301-06  H.-P. 

16.  The  cylinder  of  a  steam  engine  has  an  intern^ 
diameter  of  3  ft.,  the  length  of  the  stroke  ia  (J  ft.,  it  maiiM 
6  strokes  per  minute;  under  what  effective  prcstsare  per 
square  inch  would  it  have  to  work  in  order  that  75  horse- 
power  may  be  done  on  the  piston?  Ana.  67-541b& 

17.  It  is  said  that  a  horse,  walking  at  the  rate  of  2^  mile! 
un  hour,  can  do  1B50000  unite  of  work  iu  an  hour;  whit 
force  in  [wunds  does  he  continually  exert  ? 

Am.    125  lb«. 

18.  Find  the  horse-power  of  au  engine  which  is  to  mora 
at  the  rate  of  30  miles  an  hour,  the  weight  of  the  engiii» 
and  load  being  50  tons,  and  the  resistance  from  frictiott 
10  lbs.  iier  ton.  Ans.  64  H.-P. 

19.  Thci'e  were  <J000  cubic  ft.  of  water  in  a  mine  whow 
depth  is  60  fathoms,  when  an  engine  of  50  horse-powa 
began  to  work  the  pump  ;  the  engine  cootinned  to  work  3 
hours  before  the  mine  was  cleared  of  the  water  ;  required 
the  number  of  cubic  ft  of  water  which  had  run  into  tbt 
mine  during  the  5  hours,  supposing  J  of  the  work  of  th* 
engine  to  bo  lost  by  ti'unsmission.       Ans.  10500  enbio  ft. 

3(1.  Find  the  horse-ixiwer  of  a  steam  engine  which  wil 
r  Foise  30  cubic  IU  ol  vtftWt  ^^  ww^t^  £tom  a  mino  440  t 
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21.  If  a  pit  10  ft.  dee],  with  an  area  of  4  a<iiiaiv  ft.  l>o 
excavated  aud  the  earth  thrown  up,  how  much  work  will 
have  heen  done,  supposing  a  cnbic  foot  of  earth  to  weigh 
90  lbs.  Ans.  18000  fL-lba. 

22.  A  well-shaft  300  ft.  deep  and  5  ft.  in  diameter  is  full 
of  water;  how  many  units  of  work  muat  be  expended  in 
getting  this  water  ont  the  well ;  (/.  e.,  irrespectively  of  any 
other  water  flowing  in)?  A/is.  55223363  ft.-lbfl. 

23.  A  shaft  a  ft.  deep  is  full  of  water;  find  the  depth  of 

the  snrface  of  the  water  when  one-quarter  of   the  work 

required  to  empty  the  Bhai't  has  been  done.  .         a  „ 

Ans.   ^  it. 

24.  The  diameter  of  the  cylinder  of  an  engine  is  80  ins., 
the  piston  makes  per  minute  8  strokes  of  lOJ  ft.  under  a 
mean  pressure  of  15  lbs.  per  sijuare  inch  ;  the  modulus  of 
the  engine  is  0-55;  bow  many  cubic  ft.  of  water  will  it 
raise  from  a  depth  of  113  ft.  in  one  minute  ? 

Arts.  485.78cab.it. 

25.  If  in  the  last  example  the  engine  raised  a  weight  of 
C6433  lbs.  through  90  ft.  in  one  miunte,  what  must  be  the 
mean  presaure  (wr  square  inch  on  the  piston  ? 

Ans.  26.37  lbs. 

26.  If  the  diameter  of  the  piston  of  the  engine  in  Ex.  24 
had  been  85  ins.,  what  addition  in  horse-power  would  that 
make  to  the  useful  power  of  the  engine  ? 

Ans.  13-28  II.-P. 
2".  If  an  engine  of  50  horse-power  raise  2800  cub.  ft.  of 
water   j)er  hour   from  a  mine  00  fathoms  deep,  find  the 
modulus  oE  the  engine.  Ans.  -05. 

38,  Find  at  what  rate  an  engine  of  30  horse-power  could 
draw  a  train  weighing  50  tons  up  an  incline  of  1  in  380, 
the  nfHialtHice  from  friction  being  'i'  lbs.  \ier  tua. 
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3'J.  A  forgi'  lianimci-  weigliiiig  300  l!ie.  luaki-ri  lOO  liftal 
minute,  tiiu  jwrpendiculur  height  of  each  lift  being  2  lu 
what  is  the  horae-power  of  the  engine  that  gives  motion  ti 
30  snoh  haraiDers ?  Ans.  36-36  H.-P.  J 

30.  An  engine  of  10  horse-power  raises  4000  lbs,  of  caM 
from  a  pit  1200  ft.  deep  in  an  hour,  and  also  gives  mudoH 
to  a  hammer  which  makes  50  lifts  in  a  minute,  each  lid 
having  a  perpendicular  height  of  4  ft.;  what  ia  the  wei^d 
of  the  hamnior  ?  --Ins.   1250  lbs.   I 

31.  rind  the  horse-power  of  the  engine  to  raise  T  tons  <rf 
coal  per  hour  from  a  pit  whose  depth  is  n  fathoms,  and  iti 
the  same  time  to  give  motion  to  a  forge  hammer  weighinj; 
w  lbs.,  which  makes  n  lifts  per  minute  of  A  ft.  each. 

224ar  -f-  jiAj 


-'Iks, 


33000 


-  H.-P. 


32.  Find  the  useful  work  done  by  a  fire  engine  per 
Becond  which  dischargea  every  second  13  lbs.  of  water  wiih 
i\  velocity  of  50  11.  jier  second.  An.i.  508  nearly. 

33.  A  railway  truck  weighs  m  tons ;  a  liorae  draws  il 
along  horizontiiUy,  the  resistance  being  it  Iba.  jier  ton  ;  in 
passing  over  a  space  s  the  velocity  changes  from  «  to  r; 
find  the  work  done  by  the  horse  in  this  space. 

2240w  ,  , 
'  ~2«'  '  *  "'■  '""*■ 

34.  The  weight  of  a  ram  is  GOO  lbs,,  and  at  the  end  c 
the  blow  has  a  velocity  of  32^  ft.;  what  work  hiia  beJ 
done  in  raising  it  ?  Am.   0650.  { 

35.  Bwiuircd  the  work  stored  in  ft  cunnon   ball    \vh<i«  ^ 
weight  is  32^  lbs.,  and  velocity  160(1  fi.       Ans.   1125000. 

36.  A  ball,  weighing  20  lbs.,  is  ijrojected  with  a  veltx 
of  60  ft.  a  second,  on  a  bowlinit-greeii ;  what  space  will  t 
bnU  move  over  belote  \t  cciwv*;^  v.i  \e6t,  allowing  the  frictit 
to  i>e  ^  the  weight  «!  l\ieVi\V:  *-i^*.  \WX.'i.«^^ 
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'•it.  A  train,  weighiug  191!  tons,  has  a  velocity  of  30 
miles  an  honr  when  the  steam  is  turned  ofE;  how  far  will 
the  train  move  on  a  level  rail  before  coming  to  rest,  the 
friction  being  h\  lbs.  per  ton  ?  An«.   13356  ft. 

38.  A  train,  weighing  60  tons,  has  a  velocity  of  40  miles 
an  hour,  when  the  steam  is  turned  off,  how  far  will  it 
ascend  an  incline  of  1  in  100,  taking  friction  at  8  Iba.  a  ton  ? 

Ans.  39i2J  ft. 

39.  A  carriage  of  1  ton  moves  on  a  level  rail  with  the 
speed  of  8  ft.  a  second;  through  what  space  must  the 
carriage  move  to  have  a  velocity  of  2  ft.,  supposing  friction 
to  be  6  lbs.  a  ton?  Ans.  348  ft. 

40.  If  the  carriage  in  the  last  example  moved  over  400 
feet  before  it  comes  to  a  stiite  of  rest,  what  is  the  resistance 
of  friction  per  ton  ?  Am.  5.57  lbs. 

41.  A  force,  P,  acts  upon  a  body  parallel  to  the  plane; 
find  the  space,  s,  moved  over  when  the  body  has  attained  a 
given  velocity,  v,  the  coefficient  of  friction  being/,  and  the 
body  weighing  lo  lbs. wv^ 

'""■  •'  -  8?  (/■-/»)■ 
43.  Suppose  the  body  in  the  last  example  to  be  moved 
for  t  seconds  ;  required  (1)  the  velocity,  v,  acquired,  and 
(2)  the  work  stored. 

43.  A  body,  weighing  40  lbs.,  is  projected  along  a  rough 
horizontal  plane  with  a  velocity  of  150  ft.  per  second  ;  the 
coefficient  of  friction  i^  i  ;  find  the  work  done  against  frio- 
lion  in  fi  seconds.  Anx.  3500  foot-pounds. 

+4.  A  body  weighing  50  lbs.,  is  projected  along  a  rough 
horizontal  plane  with  the  velocity  of  40  yai-ds  [ht  second  ; 
tiiid  the  work  expended  when  the  body  corner  to  ';t;AV. 
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45.  If  a,  train  oi'cars  weighiug  100000  lbs.  ia  moTing  lU 
a  horizontal  track  with  a.  velocity  of  40  miles  an  hour  when 
the  steam  is  tamed  off ;  through  what  spaoe  will  it  move 
before  it  is  brouglit  to  rest  by  friction,  the  friction  being 
8  lbs.  per  ton  ?  .-Uts.  13374.8  ft. 

46.  What  amount  of  energy  ia  acquired  by  a  body  weigh- 
ing 30  lbs.  that  falls  through  the  whole  length  of  a  rou^ 
inclined  plane,  the  height  of  which  ia  30  ft.,  and  the  base 
100  ft.,  the  coefficient  of  friction  being  \  ? 

Ans.  300  fL-lbfl. 

47.  If  a  train  of  cara,  weighing  T  tons,  ascend  an  incliM 

having  a  raise  of  e  ft.  in  100  ft.,  with  the  velocity  v,  ft  pel', 
second  when  the  steam  is  turned  off;  through  what  space, 
it,  will  it  move  before  it  comes  to  a  state  of  rest,  the  friction 
beingjj  lbs.  per  ton  ?  a  ~       liaotr,' 

^'^-  ^  —  g  CiiAe  +p)' 

48.  Suppose  the  train,  in  Ex.  4,  Art.  217,  to  be  attached 
to  a  rope,  passing  round  a  wheel  at  the  top  of  the  incline, 
which  has  an  empty  train  of  T^  tons  attached  to  the  olhrt 
extremity  of  the  rope;  what  velocity,  v,  will  the  train 
acqaire  in  descending  s  ft  of  the  incline  ? 

■""■"  =  \/^''TfT\-^- 

49.  An  engine  of  35  horse-power  makes  20  revoliitiont 
per  minute,  the  weight  of  the  fiy-wheel  is  20  tons  and  the 
diameter  is  20  ft.;  what  is  the  accumulated  energy  ia  foot- 
pounds? .J«c.  307054. 

60.  If  the  fly-wheel  iu  tlie  last  example  lifted  a  weight  of 
4000  lbs.  through  3  ft.,  what  part  of  its  angular  velocity 
would  it  lose?  Ana.  Jj. 

51.    If  the  axis  o?  \,\\<i  sfoo\e  ?i"5-"«Vw\  he  G  ins. 
diameter,  the  eoefficicHt  o^  Itwtww  ti-Ql^,-«Vf&,  VraK-as 


i-vn-M 


ftpproximutoly,  of  tlio  35  ho rw- power  is  expended  in  tinn- 
ing tlie  flj-wheei  ?  Ans.  ^. 

52.  In  pile  driving,  38  men  raised  a.  mm  13  times  in  an 
liour ;  the  weight  of  the  ram  was  12  cwt.,  and  the  height 
thi-ongh  which  it  was  raised  140  ft.;  find  the  worlc  done  by 
one  man  in  a  rainnte.  Ans.  990  ft.-lbs. 

53.  A  battering-ram,  weighing  2000  lbs.,  strikes  the 
head  of  a  pile  with  a  velocity  of  20  ft.  per  second ;  how  far 
will  it  driTe  the  pile  if  the  constant  resistance  is  10000  lbs.? 

Avis.  1.25  ft 

54.  A  nail  3  ins.  long  was  driven  into  a  block  by  buc- 
cessive  blows  from  a  monkey  weighing  5.01  lbs,;  after  one 
blow  it  was  fonnd  that  the  head  of  the  nail  projected  0-8 
of  an  inch  above  the  aurface  of  the  block  ;  the  monkey  was 
tlien  raised  to  a  height  of  1.5  ft.,  and  allowed  to  fall  upon 
the  head  oE  the  nail;  after  this  blow  the  head  of  the  nail 
was  0.4fi  of  an  inch  above  the  sni-faee;  find  the  force  which 
the  monkey  exerted  upon  the  head  of  the  nail  at  this  blow. 

Ans.  266.24  lbs. 

55.  The  monkey  of  a  pile-driver,  weighing  500  Iba.  is 
raised  to  a  height  of  20  ft.,  and  then  allowed  to  fall  upon 
tlie  head  of  a  pile,  which  is  driven  into  the  ground  1  inch 
by  the  blow;  find  the  force  which  the  monkey  exerted 
upon  the  head  of  the  pile.  Aug.  130000  lbs. 

5fi.  A  steam  hammer,  weighing  500  lbs.,  falls  through  a 
height  of  4  ft.  under  the  action  of  its  own  weight  and  a 
steam  pi-essiire  of  1000  lbs.;  find  the  amount  of  work 
which  it  can  do  at  the  end  of  the  fall. 

Ans.  6000  ft.-lb8. 

57.  The  mean  section  of  a  stream  is  8  sqnure  ft.;  it« 
mean  velocity  is  40  ft.  per  minute ;  it  has  a  fall  of  ITJ  ft.; 
it  is  required  to  raise  water  to  a  height  of  .300  ft.  by  means 
of  a  water-wheel  whose  modulus  is  0.7  -,  Ivjw  wxaw^  cvAixttt. 
will  it  raise  per  minute  ?  Aiis.  \'i.ft1  <;:\^1^H 


58.  To  what  lieiglit  wOulil  Uie  wlieel  in  the  last  e:saniple 
raise  3J  cub.  ft  of  water  per  minute  ;■•         Aus.   17421  ft. 

59.  The  mean  section  of  u  stream  is  1^  ft,  by  1 1  ft. ;  iU 
mean  velocity  is  3J  miles  an  hour  ;  there  is  on  it  a  fall  o(, 
6  ft.  on  which  is  erected  a,  wheel  whose  modulus  is  0-7 ;  tUia, 
wheel  is  employed  to  raise  the  hummers  of  a  foi-ge,  each  of 
which  weighs  i  tons,  and  hus  ti  lift  of  l^ft. ;  how  iuuaj~ 
lifts  of  a  hammer  will  the  wheel  yield  per  minute? 

Ans.   142  nearly. 
tiO.  In  the  last  example  determine  the  mean  depth  of 
the  stream  if  the  wheel  yields  135  lifts  per  miuute. 

Ans.  :.43ft. 

61.  Ill  Ex.  69,  how  many  cnbic  ft.  of  water  must  descend 
the  fall  per  minute  t-o  yield  97  lifla  of  the  hammer  pff, 
minute?  Ans.  2483  cub.  ft. 

62.  A  stream  is  m  ft.  broad  and  &  ft.  deep,  and  flows  at 
the  rate  of  c  ft  per  hour;  there  is  a  fall  of  A  ft ;  tho  water 
turns  a  machine  of  which  the  modulus  is  e ;  find  the  nnm- 
her  of  bushels  of  corn  which  the  machine  can  grind  in  ao 
hour,  supposing  that  it  requires  m  uuit^  of  work  per 
minute  for  one  hour  to  trrind  a  bushel.      ,       lOOOnbchc 

03.  Down  11 14-ft  fall  20U  cub.  ft.  of  water  descend  every 
'lute.  and  turn  a  wheel  whose  modulus  is  0.6.  'fill 
wheel  lifts  water  from  the  bottom  of  the  fall  to  a  height  o^ 
54  ft;  (1)  how  many  cubic  ft  will  be  thus  raised  pur 
minute?  (2)  If  the  water  were  raised  from  the  tup  of  the 
fall  to  the  same  point,  what  would  the  numlKT  of  cubic  fL 
theu  be?  Aus.  (1)  31.1  cub.  ft.;  (2)  34.7  cub.  fV, 

Id  tlie  seconit  case  tbe  number  of  cub.  ft.  nf  water  laki^n  frrnu  tbi 
L   top  (if  tlie  fall  Wing  r,  tbe  number  of  Ft.  tlml.  vW  turn  the  wheel  wil 

Si.  Find  how  maiij  »i\\\.6  ot  -wm^V  «it  %\ttx<i\  i^j  x^ 
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mill-pond  wluL'li  is  100  ft.  long,  yO  ft.  hroatl,  and  3  ft.  deep, 
aud  has  a  fall  of  8  ft.  Ans.  7500000. 

Go.  Tiiore  are  three  distinct  levels  to  be  pumped  in  a 
miiie,  the  first  100  fathoms  deep,  tlie  second  120,  the  third 
150  ;  30  cub.  ft.  of  water  are  to  come  f  I'om  the  fii-st,  40  fi-om 
the  second,  and  60  from  the  third  per  minute  :  the  duty  of 
the  engine  is  70000000  for  a  bushel  of  coal.  Determine  {1) 
its  working  horse-power  and  (8)  the  consumption  of  coal 
per  hour.  Ans.   (1)  191  H.-P. ;  (3)  5.4  bushels. 

66,  In  the  last  example  suppose  there  is  another  level  of 
160  fathoms  to  be  pumped,  that  the  engine  does  aa  much 
work  as  before  for  the  other  levels,  and  that  the  utmost 
power  of  the  engine  is  2T5  H.-P. ;  lind  the  greatest  number 
of  cnb.  ft.  of  water  that  can  bo  raised  from  the  fourth  level. 
A}ts.  46i  cnb.  ft. 

G7.  A  variable  force  has  acted  through  8  ft.;  the  value 
of  the  force  taken  at  nine  successive  equidistant  points, 
including  the  first  and  the  last,  is  in  lbs.  10.204,  9.804, 
9.434,  9.090,  8.771,  8.475,  8.197,  7.937,  7.692;  find  the 
whole  work  done.  Ans.   70.641  foot-pounds. 

68.  The  value  of  a  variable  force,  taken  at  nine  succes- 
sive equidistant  points,  inclnding  the  first  and  the  last 
points,  is  in  lbs.  2.4849,  3.5649,  8.6391,  3.7081,  3.7736, 
2.8333, 2.8904,  2.9444,  2.9957,  the  common  distance  between 
the  points  is  1  ft, ;  find  the  whole  work  done. 

Ans.  32.0957  foot-potiTids. 

69.  A  train  whose  weight  is  100  tons  (including  the 
engine)  is  drawn  by  an  engine  of  150  horse-power,  the  fric- 
tion being  14  lbs.  per  ton,  and  all  other  resistances  neglect- 
ed ;  find  the  maximum  speed  which  the  engine  is  capable 
of  snataining  on  a  level  rail.     Ans.  40,^  miles  perhonr. 

70.  If  the  train  described  in  the  lost  oxo.mijk  \va  -vawvi^ 
Ht  a  particular  iitatniit  willi  a  volocAty  o?  \b  iB\\es  \*:t  Vaxw, 
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and  the  engine  working  at  full  power,  what  is  the  accelera- 
tion  at  that  instant  ?    (Call  g  =  32.)  Arts.  ^, 

71.  Find  the  horse-power  of  an  engine  required  to  drag  a 
train  of  100  tons  up  an  incline  of  1  in  50  with  a  velocity  of 
30  miles  an  hour,  the  friction  being  1400  lbs. 

Ans.  The  engine  must  be  of  not  less  than  470f  horse- 
power. This  is  somewhat  above  the  power  of  most  locomo- 
tive engines. 

72.  A  train,  of  200  tons  weight,  is  ascending  an  incline 
of  1  in  100  at  the  rate  of  30  miles  per  hour,  the  friction 
being  8  lbs.  per  ton.  The  steam  being  shut  oflE  and  the 
break  applied,  the  train  is  stopped  in  a  quarter  of  a  mile. 
Find  the  weight  of  the  break-van,  the  coeflScient  of  fric- 
tion of  iron  on  iron  being  ^.  An8.  ll-f^  tolia. 


MOMENT    OF     INERTIA.* 

224.  Moments  of  Inertia. — The  quantity  S.mt"'  in 
which  m  is  the  mass  of  an  element  of  a  body,  and  r  its 
distance  from  an  axis,  occurs  frequently  in  problems  of 
rotation,  bo  that  it  becomea  necessary  to  consider  it  in 
detail ;  it  is  called  i/ie  momeiit  of  inertia  of  the  body  about 
the  axis  {Art.  318).  Hence,  "  moment  of  inertia"  may  be 
defined  aa  follows :  If  the  mass  of  evert/  particle  of  a  body  be 
multiplied  by  the  square  of  its  distance  from  a  straight  line, 
the  sum  of  ike  products  no  formed  is  called  the  Moment  of 
Inertia  of  the  body  abovt  thai  live. 

If  the  mass  of  every  particle  of  a  body  be  multiplied  by 
the  square  of  its  distance  from  a  given  plane  or  from  a 
given  point,  the  sum  of  tlie  products  so  formed  ia  called  the 
moment  of  inertia  of  the  body  with  reference  to  that  plane 
or  that  point. 

If  the  body  be  referred  to  the  ascs  ni'  x  and  y,  and  11  the 
mass  of  each  particle  be  multiplied  by  its  two  co-ordinates, 
■X,  y,  the  sum  of  the  products  so  formed  is  called  the 
product  of  inertia  of  the  body  about  those  two  axes. 

If  dm  denote  the  mass  of  an  element,  p  its  distance  from 
the  a\ia,  and  /  tlie  moment  of  inertia,  we  have 


/  =  V^"' 


(1) 


If  the  body  be  referred  to  rectangular  axes,  and  x,  y,  x, 
be  the  co-ordinates  of  any  element,  then,  according  to  the 
definitions,  the  momenta  of  inertia  about  the  axes  of  x,  y, 
■  *,  respectively,  will  be 
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The  moraeDts  of  inertia,  witli  resiiect  to  tho  planes  yz,  u, 
xy  respectively,  ai'e. 


s  a^dm,    2  fdm,    S  Mm. 


The  products  of  inertiu 
s  aad  r,  x  and  y,  are 


'ith  respect  to  the  i 


s  y  aaii 


i;  yzdii),    S  zxdiii,     1  rydm.  (4) 

Tiie  moment  of  inertia  with  reaiiect  to  the  origin  is 

^  (■^■^  +  y"  +  2^)  dm  =  1  rt^Mi,  (3) 

where  T  is  the  distance  of  the  particle  from  the  origin. 

The  moment  of  iaertia  of  a  lamina,  when  the  axis  lies  iii 
it,  is  called  a.  rectangular  moment  nf  inertia,  and  when  it  is 
perpeiidienlur  to  the  lamina  it  ia  called  a  polar  mottient  of 
inertia,  and  the  corresponding  axia  is  called  the  rectangular 
or  ih.^  polar  axis. 

The  process  of  finding  moments  and  products  of  inertia 
is  merely  that  of  integration  ;  bat  after  this  has  been  accom- 
plished fur  the  simplest  axes  possible,  they  can  be  found 
without  integration  for  anv  other  axes. 


1.  Find  the  moment  of  inertia  of  a  uniform  rod,  of  r 
tn,  and  length  /,  about  an  axis  through  iiti  centre  at  righfc 
angles  to  it. 

Let  X  he  tiie  distance  of  any  element  of  the  rod  from  tbi 
«ntre,  and  ^  the  mass  of  a  unit  of  length  ;  then  dm  =z  [id 
'  which  in  (1)  gives  for  the  moment  of  inertia  S  fii^dx,  or 
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rL'nK'nilx'ridg  thnt  tlic  wymbo!  of  siimiiiatiun,  H,  iiidiitlL'S 
integrudon  in  tbu  casus  wliereiu  the  body  is  a  continuous 
mass. 

Hence  /  =  -^ii-P  —  -,^))il-. 

If  the  axis  be  drawn  through  one  end  of  the  rod  and 
perpendicular  to  its  length  we  shall  have  for  the  moment 
of  inertia 

/  =  ^mP. 

2.  Find  the  moment  of  inertia  of  a  rectangular  lamina* 
about  an  axis  through  its  centre,  parallel  to  one  of  its  sides. 

Let  b  and  d  denote  the  breadth  and  depth  respectively  of 
the  rectangle,  the  former  being  parallel  to  the  axie.  Im- 
agine the  lamina  composed  of  elementary  strips  of  length  b 
jiarailel  to  the  axis.  Let  the  distance  of  one  of  tliem  from 
the  axis  be  y,  and  its  breadth  dy  ;  then,  denoting  the  mass 
of  a  unit  of  areu  by  //,  we  have  dm  =  I'^'i^i/.  which  in  (1) 
gives 

If  the  axis  be  drawn  through  one  end  of  tlie  rectangle,  we 
sliall  have  for  the  moment,  of  inertia 

/  =  |»i(P. 

I  3.  Find  the  moment  of  inertia  of  a  circular  lamina  with 
respect  to  an  axis  through  its  centre  and  perpendicidar  to 
its  surface. 

Ijet  the  radius  =  a,  and  li  the  mass  of  a  unit  of  area  as 
before,  then  we  have 


in 


PARAtLgT,  AXES. 


i.  Find  the  moment  of  inertia  of  ii  circular   platp'H) 
iibout  a  diumeter  as  on  axis,  aad  (2)  about  a  tangent. 

Ans.  (1)  iint^;  (2)  jm«>. 

5.  Find  Uie  moment  of  inertia  of  a  square  plate,  (1] 
about  an  axis  through  its  cnntro  and  perpendicular  to  i 
plane,  (2)  about  un  iixis  which  joins  the  middle  points 
two  oppoeite  sides,  iind  (S)  about  an  asig  passing  throii| 
an  angular  point  of  the  plat«,  and  perpendicular  to  i 
plane.  Let  a  '=■  the  side  of  the  plate  and  ft  the  ma^  of  I 
unit  of  area, 

(1)  I  =  /Iflf  (»■  +  !/•)  dyl'  =  '-I*  =  f  «■; 

(3)  i^ma^;   (3)  \ma\ 

6.  Find  the  moment  of  inertia  of  an  isosceles  triangul 
plate,  (1)  about  an  axis  through   its  vertex   and   perpO^ 
diculur  to  its  plane,  and  (2)  ahont  an   axis  which  passet 
through  its  vertex  and  bisects  the  base- 
Let  2S  ^  the  base  and  a  =  the  altitude,  then 

b 

I  =  ^fjj^"  !<■  {-^  +  ^)  'I'J'f'^  =  f  (3"»  +  ?'')  :   (2)  \m\K 

225.    Moments   of  Inertia   relattve   to    Parallel 

Axes,  or  Planes, —  Tke  moment  of  inertia  of  a  body  alumt 
any  axis  is  equal  to  its  momenl  of  inertia  about  a  paralltl 
axis  through  the  centre  of  gravity  of  the  body,  plus  tht 
product  of  the  mass  of  the  body  info  the  square  of  (be  di»- 
,   tance  between  the  axes. 

Let  the  plane  of  the  paper  jmsa 
through  the  centre  of  gravity  of  the 
Iwidy,  and  be  perpendicular  to  the  two 
parallel  axee,  meetin.g  them  iu  0  and 
G,  and  let  P  be  the  pvo^ectxoti  oi  «k^ 
element  on   the  p\auc   ol  Uw  ^-^Kt. 
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Tako  till'  wntre  of  gravity,  G,  ns  origin,  the  fixed  asi:^ 
Uirougli  it  perpeudicular  t«  tlie  plaiio  of  the  paper  as  the 
axis  of  z,  and  the  pUne  tlirongh  this  and  the  parallel  axis 
for  that  of  ix  ;  and  let  /,  be  the  moment  of  inertia  about 
the  axis  through  G,  /  that  for  the  parallel  axis  throngh  0, 
n  the  distance,  OG,  between  the  axes,  and  (x,  y)  any  point, 
P.    Then  we  shall  have 

/,  =  X  (:^  +  ^)  dm ;  I=Z[{.v  +  <,y  +  f]  dm. 

Hence        /—  /,  =  2ii  ^xtlvt  +  ii^:iidM  =  rthn. 

since  ^xdm  =  0,  as  (he  centre  of  gmvity  is  iit  tlie  origin. 


which  is  calleil  the  formuJa  of  reduction. 

Hence  the  mumont  of  inertia  of  a  body  relative  to  any 
axis  can  be  found  when  that  for  the  parallel  axis  throngh 
its  centre  of  gravity  is  known. 

COE.  1. — The  moments  of  inertia  of  a  body  are  the  same 
fi>r  all  parallel  axes  situated  at  the  same  distance  from  its 
<rntre  of  gravity.  Also,  of  nil  piinillel  axeB,  that  which 
passes  through  the  centre  of  gravity  of  u  l)ody  has  the  least 
moment  of  inertia. 

Cor.  3.^It  is  evident  that  the  same  theorem  holds  if  the 
moments  of  inertia  be  taken  witli  respect  to  jiarallel  planes, 
instead  of  parallel  axes. 

A  similar  projwrty  also  connocta  the  moment  of  inertia 
relative  to  any  point  with  that  relative  to  the  centre  of 
gravity  of  the  body. 


1.  The  moment  of  inerliii  of  a  rectangle*  in  reference 
lo  an  axis  throiigli  its  centre  and  parallel  to  one  end  is 

•  ftee  Nole  lo  Ei.  ».  Art,  SM  ;  itrlEIly  micaldiig.aa  aKci\u«anuh™io 
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-^mit- :  find  tlie  iiKiinent  of  iucrtiit  iu  reference  to  a  panillel 
axiB  throngh  one  end. 
From  (1)  we  have 

3.  The  moment  of  inertia  of  uii  isosceles  triiiugle  abuul 
an  axis  through  ite  vertex  and  perpendicular  to  its  plane 
is  |m  (3«*  +  4=),  (Art.  224,  Ex.  fi) ;  find  its  moment  aUrat 
a  parallel  iisis  through  the  centre. 

From  (1)  we  have 


.  jrm  (3«=  +  J')  -  itih 


^i'"(K+^)- 


3.  Find  the  moment  of  inertia  of  a  circle  about  an  asis 
through  its  circiimfei'enee  and  perpendicular  to  its  plains 
(See  Ex.  3,  Art.  224).  Ans.  jma». 

4.  Find  the  moment  of  inertia  of  a  square  about  an  axis 
through  the  middle  point  of  one  of  its  sides  and  perpen- 
dicular to  its  plane  (Ex.  5,  Art  224).  .ins.  -fjmaK 

226.  Radius  of  Gyration.— Let  k  be  such  a  quantity 
tliat  the  moment  of  inertia  =  mi-^,  then  we  shall  have 


/  =  S?^rfm  =  HiR 


(I) 


The  distance  k  is  called  the  radius  of  gyration  of  the 
body  with  respect  to  the  fixed  axis,  and  it  denoteti  Lim 
distance  from  the  asis  to  that  point  into  which  if  the  whole 
muss  were  concentrated  the  moment  of  inertia  would  not  Iw 
altered.  The  point  into  which  the  hody  might  be  concen- 
trated, without  altering  its  moment  of  inertia,  is  called  the 
centre  of  fjyration.  When  the  fixed  axis  passes  throngh  tha 
centre  of  gravity,  the  leiujlh  k  and  the  point  of  coiioentra- 
I  arc  called  jtrinciyul  radius  &ud  \irirusiyai  eatUr* 
syraiion. 
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Let  k^  =  the  principal  I'lulius  of  gynitiou  and  i\  tlie 
distance  of  an  element  from  the  axis  through  the  centre  of 
gravity ;  then  from  (1)  we  have 

=  S  ri^dm  +  ma%  [by  (1)  of  Art.  225] 

.-.    ¥  =  ki^-\-a\  (2) 

from  which  it  appears  that  the  principal  radius  of  gyration 
is  the  least  radius  for  2Jarallel  axes,  which  is  also  evident 
from  Cor.  1,  Art.  225. 

ScH. — In  homogeneous  bodies,  since  the  mass  of  any  part 
varies  directly  as  its  volume,  (1)  may  be  written 

I.r^dV=  Vk%  (3) 

where  ^F  denotes  the  element  of  volume,  and  V  the  entire 
volume  of  the  bodv. 

Hence,  in  homogeneous  bodies,  the  value  of  k  is  inde- 
l)endeut  of  the  density  of  the  body,  and  depends  only  on  its 
form;  and  in  determining  the  moment  of  inertia,  we  may 
take  the  element  of  volume  or  weight  for  the  element  of 
mass,  and  the  total  volume  or  weight  of  the  body  instead 
of  its  mass. 

Also  in  finding  the  moment  of  inertia  of  a  lamina,  since 
k  is  independent  of  the  thickness  of  the  lamina,  we  may 
take  the  element  of  area  instead  of  the  element  of  mass, 
und  the.  total  area  of  the  lamina  instead  of  its  mass. 

From  ( 1 )  we  have 

*8  =  -.  (4) 

Similarly,  *»'=m'  ^^ 
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hence,  Ihe  sq'iarc.  of  ihe  radius  of  gyration  u-Uh  re.s/ierl  I: 
any  axis  equals  Ike  moment  of  inertia  with  respect  to  lii 
same  axis  divided  iy  the  mass. 


1.  Find   the  priiicipal  radius  of  gyration  of  a  straiglit 
iue. 
From  Ex.  1,  Art.  224,  we  have 


therefore  from  (5)  we  have  l-j' 


-^- 


2.  Find  the  priucipal  radius  of  gyration  of  a  circle  (1)  ] 
with  respect  to  a  polar  axis,  and    (2)    with   respect  t<i  a 
roctaogular  axis.  Ans.  (l)^"*;  C"^)  i"*- 

3.  Find  the  principal  radius  of  gyration  of  a  rectangli' 
witli  respect  to  a  rectangular  axis,  Ans.  -ff<P. 

4.  Find  tlie  principal  radius  of  gjTation  (I)  of  a  BqTla^ 
with  respect  to  a  polar  axis,  and  (S)  of  an  isosceIe.s  triaiigl'' 
with  respect  to  a  polar  axis. 

,4m  (i)K;  ^AiW  +  i^)- 

227.  Polar  Moment  of  Zaertia.— If  any  thin  plat«,  oc 

lamina,  be  reftrri'd  to  two  rectangular  axes  and  x,  y  lie  the 
eu-ordinaten  of  any  eleniciU,  then  (Art  224)  the  niomeut)! 
of  inertia  about  the  axes  of  x  and  y  respectively,  are  S  y*f/ri 
and  I.3^diit;  and  therefore  the  moment  of  inertia  wilh 
respect  to  tlie  axis  drawn  perpendicular  to  the  plane  at  lliv  i 
intersection  uf  the  axes  of  x  and  y  is  j 

S  {j:«  +  ff=)  dm. 

Ilenoe  /he  polar  tnottient  of  inertia  of  any  lamina  is  n/ual 
to  the  Slim  of  the  moments  of  inertia  with  reaped  to  anj/  (m 
ifc/ajiffular  axes,  lying  in  i}i'. 'g\a-e^ 
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Cor. — For  every  two  rectangular  axt^^  in  the  plane  of 
the  lamina,  at  any  point,  we  have 

S  x^dm  +  1.  yhlii)  =  const. 

that  is,  ike  sum  of  the  moments  of  imriia  mtk  resj)ect  to  a 
pair  of  rectangular  axes  is  constant.  Hence,  if  oue  be  a 
maximum,  the  other  is  a  minimum,  and  vice  versa. 


1.  Find  the  moment  of  inertia  of  a  rectangle  with  respect 
to  an  axis  tbrongh  its  centre  and  perpeudiculur  to  its  plane. 

From  Ex.  2,  Art.  234,  the  rectangular  moments  of 
inertia  are 

-^aVtiP  and  -^nib^ ; 

therefore  the  polar  moineiit   of  inertia  ^  -^m  {(P  +  fi*) ; 

'•.■  =  A('^  +  »')- 

3.  Find  the  moment  of  inertia  of  an  iaoscelos  triuugle 
with  respect  to  an  axis  through  its  centre  parallel  to  its 
base,  a  being  the  altitude  and  and  2b  the  hasc. 

Ans.  -^ma!';  ki^  =  -^rt=. 

228.  Moment  of  Inertia  of  a  Solid  of  Revolutian, 
\7ith  respect  to  its  Q^ometric  Axis. — Lit  the  axis  he 
iliiit  of  .(■;  and  lot  the  equation  of  the  generating  curve 
he  y  =f(x),  Let  the  sulid  he  divided  into  an  infinite 
number  of  circular  plates  perpendicular  to  the  axis  of 
revolution ;  let  the  density  Ite  uniform  and  ^  the  mass  of  a 
unit  of  volume ;  and  denote  by  x  the  distance  of  the  centre 
of  any  circular  plate  from  Ihe  origin,  y  its  radius,  and  <ix 
i(s  thickneas  ;  tlion  the  moment  of  inertia  of  this  circular 
plate  about  an  axis  through  its  eenta-  ami  perpendicular  to 
ijjJsflf,  hy  (Ex.  3,  Art.  ^34),  ia 


» 
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tb(.Tefore  the  moment  of  inert.iii  of  tlie  whole  eohd  is 
the  integration  being  taken  between  proper  limits. 


1.  Find  the  moment  of  inertia  of  ii  right  circular  ctme 
It  bunt  its  axis. 

Let  /(  =  the  height  and  b  =  the  radius  of  the  batf 
then  the  equation  of  the  generating  curve  is  y  =  jZ, 
which  in  (1)  gives  for  the  moment  of  inertia, 

■'  -   2A*  Jo  ^'"^  ~  ^0^ 

=  ^vilfi,  (since  m  =  ^iiTilA- 

Therefore    l\'  =  ^. 

3.  Find  the  moment  of  inertia  (1)  of  a  solid  cylinde; 
about  itB  axis,  5  being  its  radius  and  A  its  height,  and  (2) 

of  a  hollow  cylinder,  b   and  b'   being  the   external  aud 
internal  radii.  Am.   (1)  ^wi';  {2)  iw  (S»  +  i''), 

3.  Pi'  d  the  moment  of  inertia  of  a  paraboloid  about  iU 
axis,  h  tiMng  its  altitude  aud  6  the  radius  of  the  baae. 

Ang.  --—- 

229.  Moment  of  Inertia  of  a  Solid  of  Revolution, 
with  respect  to  an  hias.  ■per^e.^Aicular  to  its 
metric  Axis.— TiiVt;  ^\ni  ov\gi\i  i:k.\  v\\«  w\r^ 
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axis  of  revolution  with  the  axis  about  which  the  moment 
of  inertia  is  required ;  and  denoting  by  x  the  distance  of 
the  centre  of  any  circular  plate  from  the  origin,  y  its 
radius  and  dx  its  thickness,  we  have  for  the  moment  of 
inertia  of  this  circular  plate,  about  a  diameter,  by  Ex.  4, 
Art.  224, 

therefore  (Art.  225)  the  moment  of  inertia  of  this  plate 
about  the  parallel  axis  at  the  distance  x  from  it  is 

-~-dx  +  TTfiy^a^dx; 

therefore  the  moment  of  inertia  of  the  whole  solid  is 


TTfi 


f(t  +  y2^'j  dx,  (1) 


the  integration  being  taken  between  proper  limits. 

EXAM  PLES. 

1.  Find  the  moment  of  inertia  of  a  right  circular  cone 
about  an  axis  through  its  vertex  and  perpendicular  to  its 
own  axis. 

Let  h  =  the  height  and  b  =  the  radius  of  the  base,  then 
the  moment  of  inertia  from  (1) 

2.  Find  the  moment  of  inertia  of  a  cone,  whose  altitude 
=  A,  and  the  radius  of  whose  base  =  b,  about  an  axi? 
through  its  centre  of  gravity  and  perpc^ndicular  to  its  own 
axJA  Ans.  -^m^^  \  ^\ 


I 
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3.  Find  the  moment  of  inertia  of  a  paraboloid  of  revola- 
tiofl  about  an  axis  through  its  vertex  and  periwudicular  to 
its  own  axis,  the  altitude  being  h  and  the  ludius  of  the 

230.  Moment  of  Inertia  of  Various  Solid  Bodies. 


1.  Find  the  moment,  of  inertia  of  a  reetingnlar  parallfl- 
opiped  abont  an  axis  through  its  centre  of  gravity  and  par- 
allel to  an  edge. 

Let  the  edges  be  a,  J,  c;  ainoc  a  parallelopiped  muj  be 
conceived  as  consisting  of  an  infinite  number  of  rectangular 
lamina,  each  of  which  has  the  same  radius  of  gyration 
relative  to  an  asia  perpeudieulai'  to  its  plane,  it  follows 
that  the  i-adius  of  gyi-ation  of  the  parallelopiped  is  the 
same  as  that  of  the  laniinffi.  Hence,  the  moments  of 
inertia  relative  to  three  axea  through  the  centre  and  par- 
allel to  the  edges  a,  b,  e,  respectively,  are  by  Ex.  1,  Art 
827,  ~^m  (i»  +  c»),  i,m  (a»  +  (?),  ^m  (a»  -t-  IJ^). 

3.  Find  the  moment  of  inertia  of  a  rectangular  parallel- 
epiped about  an  edge. 

This  may  be  obtained  immediately  from  the  last  exam- 
jile  by  uising  Art.  3^5,  or  otherwise  iiidejicndently  aa 
follows : 

Take  the  three  edges  a,  i,  c  for  the  ajtca  of  x,  y,  t, 
res]iectiTely ;  let  f<  be  the  mass  of  a  unit  of  volume,  then 
the  moment  of  inertia  relative  to  the  edge  a  is 


I 


•  'a  ■'0  ''o 
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1 


and  similarly  far  the  momeute  of  iuertia  ubwut  the  edges 
b  and  c. 

The  moment  of  inertia  of  a  cube  whose  edge  is  a  with 
respect  to  one  of  its  edges  i%  j;i«'  =  |;ho'. 

3.  Find  the  moment  of  inertia  of  a  segment  ol'  a  sphere 
relative  to  a  diameter  parallel  to  the  plane  of  section,  the 
radius  of  the  epherc  being  n  and  the  distance  of  the  plane 
section  from  the  centre  b. 

Ans.  ^Tr,i  (16a»  +  15«*6  +  lOd'S"  —  it^). 

231.  Moment  of  Inertia  of  a  Iiamina  with  respect 
to  any  Axis. — When  the  moment  of  iniTiia  of  a  jilane 
figure  about  any  nxia  is  knoivn,  we  e-asily  fiud  the  moment 
of  inertia  about  any  jwrallel  asis  {Art.  22o);  also,  when 
the  moments  of  inertia  about  two  rectangular  axes  in  the 
plane  of  the  figure  are  known,  the  moment  of  inertia  about 
the  straight  line  at  right  angles  to  the  plane  of  these  axes 
lit  their  intersection  is  known  immediately,  {Art.  227) ;  we 
LOW  proceed  to  find  the  moment  of  inertia  about  any 
straight  line  iu  the  plane  inclined  to  these  iixes  at  any 

Throagh  any  point,  0,  a-s 
origin,  draw  two  rectangular 
axes.  OX,  OY,  in  the  jjkne  of 
the  lamina ;  and  draw  any 
straight  line,  Ox,  iu  the  jdaue. 
It  is  required  to  find  the  mu-  "    Fig.si 

ment  of  inertia  about  Ox    in 
terms  of  the  moments  of  inertia  about  OX  and  OY. 

Let  Pbe  any  point  of  the  lamina,  x.  y,  its  rectangular, 
and  r,  6,  its  polar  co-ordinates,  p  =  PM,  and  n  the  angle 
arOX.  Then  if  /  he  the  moment  of  inertia  of  the  lamina 
relative  to  Ox,  a  and  5  the  moments  of  inertia  i-elative  to 
the  axes  of  x  and  y  respectively,  and  ft  the  product  of 
iiiertiii  relative  to  the  same  axes,  we  \\avc 
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/  =  S  fdm  =  S  r»  sin'  {0  —  «)  dm 
=  S  (y  eo8  a  —  X  sm  «)'  dm 

=  cob'  «  1  y(/«i  +  aio'  a  £  a^ofm  —  3  siu  «  cos  a  S  j^yt/ni 
=  «  cos'  B  +  fi  sill'  a  —  3A  £in  «  cos  «.  (1) 

If  we  ciioose  tlie  axes  so  that  the  term  A  or  E  xydm  =  II, 
the  expression  for  /  becomes  much  simpler.  The  par  ol 
axes  so  chosen  ure  called  the  principal  axes  at  the  point; 
and  the  correaponding  moments  of  inertia  are  called  the 
principal  moments  of  inertia  of  the  lamina,  relative  to  the 
point. 

If  A  and  B  represent  these  principal  momenta  of  inertia, 
(1)  becomes 

1  =.  A  cos'  a  +  B  sin'  a.  (3) 

Hence,  the  moment  of  inertia  of  a  lamina  with  reaped  to 
any  axis  though  a  point  may  &e  found  w/wn  the  prindptA 
moments  with  respect  to  the  point  are  deiertiiined. 


232.  Principal  Axes  of  a  Body.- 
rigid  body  and  in  any  plane  there  is  i 


■At  any  point  of  a 
pair  of  principA 


Let  OX,  OY  (Fig-  92),  be  any  rectangular  axes  in  the 
plane;  let  0^,  Oy,  be  unother  set  of  rectangalar  axes  in 
the  same  plane,  inclined  to  the  former  at  an  angle  a;  let 
a,  ft,  and  h,  as  before,  denote  the  moments  and  product  of 
inertia  about  OX,  OY,  and  let  (y,  y')  be  any  point,  P, 
referred  to  the  axes  Ox,  Oy.  Then,  UHing  the  notatiuQ  of 
the  last  article,  wo  have 

x'  =  r  cos  (0  —  «) ;    y'  =  r  sin  (9  —  «) ; 

S  x'y'dm  =  ^'^  '■=  sin  2  (9  —  «)  dm 

=  cos  3«  E  H  sin  9  cos  S  dm 
—  \  sin  a«  S  r»  (coa»  6  —  sin'  0)  dm. 
'Patting  this  =  0,  an*V  soVw^  ^ot  «,  'Kt  o\i'^to3 
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22  r'  sill  B  cos  B  dm 
'  2  r'  (cos'  f)  -~  Bill'  &)  dm 

2S  xi/  dm       _     Zh 
'  1  (a^  —  y*)dm       b  —  a 


(1) 


As  the  tangpnt  of  an  Jtngle  may  have  any  vahie,  positive 
or  negative,  from  0  to  cc,  it  follows  that  (1)  will  always 
gi»e  a,  real  value  for  3«,  so  there  is  always  a  set  of  piinci- 
piil  axes ;  that  is,  at  every  paint  in  a  body  there  exists  one 
pair  of  rectangular  axes  for  which  the  quantiiy  h  or 
S  xy  dm  =  0. 

Cob. — It  may  also  be  shown  that  at  every  point  of  a 
rigid  body  there  are  three  axes  at  right  angles  to  one 
another,  for  which  the  products  of  inertia  vanish.* 


■  Let  a.  b.  c.  be  tbe  momeuW  of  inertia  about  three 
ase*,  OX,  OT,  OZ,  at  right  angles  to  one  anollier ;  d,  e,             j 
f.  Uie  pn-dncta  of  inertia  (Em»ii,  Unsr,  Em^B.  re- 
rprcHvelyl.    Let  Ox  be  anj  Hue  drawn  through  ibt: 
origin,  makiug  angles  ",  S,  j.  ""h  the  co-ordlnaltf 

V 

Let  OL.  LM,  MP,  be  the  co  ordinales  x.  y,  z.  of  anj           y' 

fitaatea.    Draw  PN  perpemHcnUr  in  Oi-.                              / 

Projecting  tbe  broken  line,  OLMP,  on  ON,  (Art.    / 
loa),  we  baye 

ON  =  ;K:ni.«+¥eosfl*z™e,! 

Fia-Bia 

K 

.ilHc.                0!"  =  a^' t  ^' +  I',    and    1  =  cue- a  +  cos- j9  •■ 

»8'f. 

■n.e  niument  of  luerlla  I  ibont  Oj;  =  SmPN- 

=  i™tOP'-ON') 

=  an  [r> +  »■*,■- (r  cos  ,  m  COB  fl  +  z  cos  ,1*1 

=  I«[l^'.lf  +  !'K':os'a4.co«'j?-i-co«',Mi'fw>* 

BtmP* 

C"  ,)K 

=  Sm<j'  +  s"lcoe>  a +  &«(«•  +a')eoB'5  +  >:m(4.- 

--VJCM 

r 

-  iZmyt  cos  f?  coe  r-  -  S^mu-  cob  >  cos  «  -  aim  ttof 

COBfl 

I 
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THESE  PBIHOIPAL  AXKS. 


ScH. — In  mauy  caeee  the  position  of  the  principal 
cuii  be  seen  at  once.  Suppose,  for  example,  we  wish  1I10 
principal  axis  for  a  rectangle  when  the  given  point  is  ths 
centre.  I>ntw  througli  the  centre  straight  lines  i>ar!i11el  U 
the  sides  of  the  rectangle  ;  then  fheso  will  be  the  principsil 


Tberef  ore  (1)  becomei 

a^.'  *  ^.'  *  oz.'  -Sdv. 

,-^'.«.-V^.l>, 

Bui  thi.'  equstiun 

a^.'^!'t/.'*'^.'->tdS.z. 

iel.x.-!tf^.y,  =  l. 

fl 

^  npc(w>«rily  pocUMt^ 


I  =  i:mPN'  =  -,: 


This  I^  atlod  the  momenlal  elOpioid,  and  ma  flr^t  und  1>;  Cau 
italli..  Fol.H.  It  has  no  pbfplcsl  existence,  bat  U  an  artificu  tt 
methods  of  geonietiy  the  propmtien  of  momenla  itt  inprtta.  The 
Boidhws  dedaite  form  (Orfver;  point  of  a  rigid  bod;. 

Now  every  ellipioid  has  three  aisB.  lo  which  if  it  ie  rererrcd.  i: 
ire,  zr,  ly  laaieh,  lad   Ihfi-rfore  (.'!|,  wbi'ti  Irausfurmed  to  thee 


and  heDCo  (I)  or  (S)  when  releired  M 


10  Ihree  plruiei  thtouHh  any  ti 


lipal  momiMt  1^ 

If  (be  three  p 

elKpMid  (4)  )iec 

Inertia  about  ovc 


ise  ixe«,  becomes 

lCOBM-fCcO«*J:. 

ia  of  tlu.i  bod;  about  the ew  exv> 
o  culled  the  pHitipal  am  n 


fshodyartnioiil 
=  C-.ma  Iherefi 
B,  fur  (5)  lieconu'B 
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axes ;  liecanse  for  every  element,  dm,  on  one  Hide  of  tlio 
axis  of  X  at  tlio  point  (x,  y),  there  is  another  element  of 
equal  mass  on  the  other  side  at  the  point  {x,  — y).  Hence, 
S  xydm  consists  of  terms  whieli  may  he  arranged  in  pairs, 
so  that  the  two  terms  in  a  i>air  are  nnmerically  equal  bnt 
of  o])posite  signs ;  and  therefore  S  a-i/  dm  =  0. 

Again,  if  in  any  uniform  hody  a  straight  line  can  he 
drawn  with  respect  to  which  the  body  is  exactly  symmetri- 
cal, this  must  be  a  principal  axis  at  every  point  in  its 
length.  Any  diameter  of  a  uniform  circle  or  sphere  or  the 
axis  of  a  parabohi  or  ellipse  or  hyperbola  is  a  principal  axis 
at  any  poiut  in  its  line;  but  the  diagonal  of  a  rectangular 
plat«  is  not  for  this  reason  a  principal  axis  at  its  middle 
point,  for  every  straight  line  drawn  perpendicular  to  it  ia 
not  equally  divided  hy  it. 

Let  the  body  he  symmetrical  about  the  plane  of  ccy,  then 
for  every  elemeut  dm,  on  one  side  of  the  plane  at  the  point 
{x,  y,  z),  there  ia  another  element  of  equal  mass  on  the 
other  side  at  the  poiut  [x,  y,  —z).  Hence,  for  such  a  body 
2  xz  dm  =  0  and  £  yz  dm  =  0,  If  the  body  be  a  lamina  in 
the  plane  of  zy,  then  e  of  every  element  is  zero,  and  we 
liave  again  S  xz  dm  ==  0,  S  yi  dm  ^  0. 

Thus,  in  the  case  of  the  ellipsoid,  the  three  principal 
sections  are  all  planes  of  symmetry,  and  therefore  the  three 
axes  of  the  ellipsoid  are  principal  axes.  Also,  at  every 
poiut  in  a  lamina  one  principal  axis  is  the  perpendicular  to 
the  plane  of  the  lamina. 


I 


(^  M  PI.BS. 


Find  the  moment  i>f  inertia  of  a  rectangular  lamina 
il»out  a  diagonnJ, 

From  Ex.  3,  Art  324,  the  moments  of  inertia  ahont  two 
lines  through  the  centre  parallel  to  the  sitka  (stvas\i^' 
momenta  of  inertia)  arc 
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yWf/s    iind    ^jMji'; 


where  b  and  d  are  the  breadth  and  depth  reapectirely. 

Also,  if  «  be  the  angle  which  the  diagonal  makes  nitli 
the  side  b,  we  have 


Substituting  these  valiien 
Art.  231,  we  have 

1  =  .^""?'^ 


for  A,  ] 


.   (2)  of 


=  ¥>i 


¥  +6 


\ 


2.  Find  the  moment  of  inertia  of  an  isosceles  trinognlar 
plate  about  an  axis  through  its  centre  and  inclined  at  an 
angle  k  to  ita  axis  of  symmetry,  «  being  its  altitude  and  Si 
its  base.  Ans.  \m  (\a^  cos*  «  +  fi*  sin'  «). 

3.  Kind  the  moment  of  inertia  of  a  square  plate  about 
(diagonal,  a  being  a  side  of  the  anuare.  Ans.  -^nu^, 

233.  Products  of  Inertia. — The  valnc  of  the  prodnct  i 

of  inertia  at  any  point  may  be  made  to  de^^end  on  the  value  I 
of  the  product  of  inertia  for  parallel  axes  through  the  con-  f 

Itre  of  gravity.  Let  [x,  y)  be  the  position  of  any  element,  I 
dm,  referred  to  axes  through  any  assigned  point ;  (x'.  y')  the  I 
position  of  the  element  referred  to  parallel  axes  throupli  I 
the  centre  of  gravity,  and  {h,  k)  the  centre  of  gravitj  I 
referred  to  the  fiist  pair  of  axes.  Then 
thi 
im 


therefore 


S  Xlf  ihll   : 


BJnce  2  tnx'  =  0,  and 


+  ^.   y  =  ff'  +  i; 

i  (/:'  +  h)  iy'  +  k)  dm 
L  x'-y'  ((m  +  bk  S  dm, 


i 
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ScH. — By  (1)  we  miiy  ofttii  liiui  tlic  product  of  iuertiii 
for  an  assigiied  origin  uiid  axes.  Thus,  Buppose  we  require 
the  product  of  inertia  iu  the  cit?e  of  a  rectangle,  when  the 
origin  is  at  the  corner,  and  the  axos  are  tho  edges  which 
meet  at  that  comer.  By  Art.  233,  Seh.  we  have  ^'y'dm 
=  0;  therefore  from  (1)  we  have 

and  as  A  and  h  are  known,  being  half  the  lengths  of  the 
edges  of  the  rectangle  to  which  they  are  respectively 
,faralte!,  the  product  of  inertia  is  known. 


d  the  expressions  for  the  momenta  of  inertia  in  the 
following,  the  bodies  being  supposed  homogeneous  in  all 
cases. 

1.  The  moment  of  inertia  of  a  rod  of  length  a,  with 
resjieet  to  an  axis  perpendicular  to  the  rod  and  at  a  distance 
(/ from  ita  middle  point.  ,  /«'        >.\ 

2.  The  moment  of   inertia  of  an  arc  vi  a  circle  whose 

radius  is  a  and  which  subtends  an  angle  2«  at  the  centre,  (1) 

about  an  axis  through  its  centre  perpendicular  to  its  plane, 

(2)  abont  an  axis  through  its  middle  point  perpendicular  to 

its  plane,  (3)  abont  the  diameter  wtjich  bisects  the  arc. 

..         /,!        3     /n\  n     A      sin  «\    „     ,„.       /,      sin  3«\  a' 
^ns.  (l)ma^;  (9)  Sw;  (l ~ja^;  [3)m{l ^^j^- 

^^ff.  The  moment  of  inertia  of  the  arc  of   a   complete 
cycloid  whose  length  is  a  with  respect  to  its  base. 

Ans.  ^ma'. 
i.  The  moment  of  inertia  of  an  equilateral  triangle,  of 
side  a,  relative  to  a  line  in  its  plane,  parallel  to  a  side,  at 
e  distance  d  from  ita  centre  of  gravity. 


ti^^' 


EXAMPr>ES. 

5.  Given  a  triangle  whose  siiles  are  n,  b,  r,  and  whoso 
perpendioalare  on  these  sides,  from  the  opposite  vertiow 
arejo,  q,  r,  respectively ;  find  the  moment  of  inertia  of  the 
triangle  about  a  line  drawn  through  each  vertex  and 
parallel  respectively,  (1)  to  the  side  a,  (2)  to  the  side  b,  (3) 
to  the  side  c.  Ans.  (1)  ^mp^;  (3)  Jwi/  ;  (3)  JmH. 

(J.  Find  the  moment  of  inertia  of  the  triangle  in  the  lual 
example  relative  to  the  three  lines  drawn  through  tiie 
centre  of  gravity  of  the  ti-iangle  ai]d  parallel  respectively 
to  the  sides  a,  b,  c.  '   Ans.  -^m}^,  I'gWj';  A™'* 

7.  Find  the  moment  of  inertia  of  the  triangle  in  Ex.  S, 
relative  to  the  three  sides  a,  b,  c,  respectively. 

Ans.  Jmpa-  j^myJ;  ^mr*. 

8.  The  moment  of  inertia  of  a  right  angled  triangle.  ci( 
hypothenuse  c,  relative  to  a  perpendicular  to  its  plane 
pacing  throngh  the  right  angle.  Ans.  ^A 

9.  The  moment  of  inertia  of  a  ring  whose  outer  and 
inner  radii  are  a  and  b  respectively,  (1)  with  respect  to  a 
polar  axis  through  ita  centre,  and  (2)  with  respect  to  a 
diameter.  ^h.<.    (1)  J-«i  (b*  +  5')  ;  (2)  Jm  (h'  +  ^]. 

10.  The  moment  of  inertia  of  an  ellipse,  (1)  with  respect 
to  its  major  axis,  (3)  witli  respect  to  its  minor  axis,  and  (3) 
with  respect  to  an  axis  through  its  centre  and  perpendicnUr 
to  its  plane. 

A,i,.    (1)  l,,,*-;   (-J)  Jmo";   (3)  J,»  (o>  +  S=). 

11.  The  moment  of  inertia  of  the  surface  of  a  sphere  of 

radius  «  about  its  diameter.  Aufi.  {«»«*. 

12.  The  moment  of  inertia  of  a  right  prism  whose  ball 
JB  a  right  angled  triangle,  with  respect  to  an  uxis  |Mis«iiif 
through  the  centres  of  gravity  of  the  ends,  the  sidos  con- 
taiaiag  the  right  aiigVc  otl\ve\:TVMv?,vAM\vi»4beiuga  and  i 
and  the  height  of  the  v"sm  c.  A.is.  ^mV*  Vf^- 
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13.  The  moment  of  inertia  of  a  right  jmsm  whose  height 
18  c,  about  an  axis  passing  through  the  centres  of  gravity  oi 
the  ends,  the  base  of  the  prism  being  an  isosceles  triangle 

•*(M)- 


whose  base  is  a  and  height  h 


14.  The  moment  of  inertia  of  a  sphere  of  radius  a,  (1) 
relative  to  a  diameter,  and  (2)  relative  to  a  tangent. 

Am.  (l)|w«2;  (2)  |w«2. 

15.  The  moment  of  inertia,  about  its  axis  of  rotation,  (1) 
of  a  prolate  spheroid,  and  (2)  of  an  oblate  spheroid. 

Ans.  (1)  fmJ2;  {2)ima\ 

16.  The  moment  of  inertia  of  a  cylinder,  relative  to  an 
axis  perpendicular  to  its  own  axis  and  intersecting  it,  (1)  at 
a  distance  c  from  its  end,  (2)  at  the  end  of  the  axis,  and  (3) 
at  the  middle  point  of  the  axis,  the  altitude  of  the  cylinder 
being  k  and  radius  of  its  base  a. 

Ans.   (1)  Ima^  +  ^m  {h^  —  ^hc  -t-  3^)  ; 

(2)  ^m  (3fl2  +  47/2) ;  (3)  ^m  {h^  +  3a2). 

17.  The  moment  of  inertia  of  an  ellipse  about  a  central 
radius  vector  r,  making  an  angle  «  with  the  major-axis. 

Ans.  4-/W  — 5-« 

18.  The  moment  of  inertia  of  the  area  of  a  parabola  cut 
off  by  any  ordinate  at  a  distance  x,  from  the  vertex,  (1) 
about  the  tangent  at  the  vertex,  and  (2)  about  the  axis  of 
the  parabola. 

Ans.  Uma? ;  (2)  \niy^  where  y  is  the  ordinate  correspond- 
ing to  2;. 

^  moment  of  inertia  of  the  area  of  the  lemniscate, 
26,  about  a  line  through  t\\e  oV\^\\\  \w\\»>  ^'iwwvi. 
oahr  to  its  axis.  Ans.  -^^  V^"^  -V  '^^  ^- 
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20.  The  moment  of  inertia  of  the  ellipsoid, 

t  j^t  j^t  —  1 
a2  "*■  J8  ■*"  c«  ~ 

about  the  axis  a,  h,  c,  respectively. 

Am.  (1)  irn  (J»  +  c») ;  (2)  -Jw  (c»  +  a»)  j 
(3)  iw  (a»  +  5«). 


CHAPTER    VII. 

ROTATORY     MOTION. 

234.  Impressed  and  Effective  Forces. — All  forces 
acting  oa  a  body  other  than  the  mutual  actions  of  the 
particles,  are  called  the  Impressed  Forces  that  act  on  the 
body. 

Thus,  when  a  ball  is  thrown  in  vacuo,  the  impressed 
force  is  gravity ;  if  a  ball  is  rotating  about  a  vertical  axis, 
the  impressed  forces  are  gravity  and  tJie  reaction  of  the 
axis. 

The  impressed  or  external  forces  are  the  cause  uf  the  nation  and  of 
bU  the  nthec  forces.  Which  are  the  impressed  forees  depends  apon 
the  pariicukr  system  which  is  under  coDsiileration.  Tlie  some  force 
may  be  eitemai  to  odc  ayatem  and  internal  to  another.  TIioh,  the 
l)re8aQre  between  the  foot  of  a  raan  and  tlie  deck  of  a  ship  on  which 
he  is,  is  eitemal  t<)  the  ship  and  aiao  to  the  man  and  is  the  caose  of 
his  own  forward  njotiou  and  of  a  slight  bsckward  motion  of  the  ship ; 
but  if  the  niau  and  Hhip  are  considered  as  jwirta  of  one  system  the 
pressure  is  internal 

When  a  particle  is  moving  as  part  of  a  rigid  body,  it  is 
acted  on  by  the  external  impressed  forees  and  also  by  the 
molecular  reactions  of  the  other  particles.  Now  if  thia 
])ftrticle  were  considered  as  separated  from  the  rest  of  the 
body,  and  all  the  forces  removed,  there  is  some  one  force 
which,  singly,  would  move  it  in  the  same  way  as  before. 
This  force  is  called  the  Effective  Force  on  the  particle:  it  is 
evidently  the  resultant  of  the  impressed  and  molecular 
forces  on  the  particle, 

ThoB.  the  effective  force  Is  tliat  part  of  the  [mpreesed  force  which 
is  eflectWe  in  causing  actual  niollmi.  It  is  \.\ie  1<itcb  "«\\\Ai\»  iw\v;\\»&. 
jdu^g  the  deviation  (rom  tlie  Birtt\|j\\t  Vwvo  mi4  "Coki 
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vulficitv-.     If  a  particle  is  revolving  with  coDstant  veloflty  maibd 
ti\eA  usiB,  the  effective  force  is  tile  centripetal  force  (Art,   19S).    If 
LeaTy   liody   falla   wiihout  rotation,    the   whole   force   of  graviir 
effective  ;  but  if  it  is  rotating  about  a  horlsontal  asia  the  wdght  goe* 
partly  to  balance  the  pressure  on  the  axis. 

If  we  suppose  tlie  peptide  of  mass  m  to  be  at  the  point 
{x,  y,  z)  at  any  time,  t,  and  resolve  the  forces  acting  on  it 
into  the  three  asial  components,  X,  Y,  Z,  tlie  motion  ma; 
lie  found  [Art.  1C8  (3)]  by  solving  the  Bimnltaneous  equft- 
tions 

m'-^  —  r-    *«—  = 


"^ 


dP  ' 


(l> 


If  we  regard  a  rigid  body  as  one  in  which  the  particloa 
retain  invariable  positions  with  respect  to  one  another, 
tliat  no  external  force  can  alter  them  (Art,  43),  we  might 
write  down  the  equations  of  the  several  particles  in  accord- 
ance with  (1),  if  all  the  forces  were  known.  Snch,  how- 
ever, is  not  the  case.  We  know  nothing  of  the  mntiial'' 
actions  of  the  particles,  and  consequently  cannot  tleterminft 
the  motion  of  the  body  hy  calculating  the  motion  of  ita 
particles  separately.  When  there  are  several  rigid  bodies 
which  mutually  act  and  react  on  one  another  the  problei 
becomes  still  more  complicated. 

235.     D'Alembert's    Principle.  *^By     D'AIembert't 

Principle,  however,  all  the  necessary  equations  may  be 
obtained  without  writing  down  the  equations  of  motion  oj 
the  several  ])articles,  and  without  any  assumption  as  to  tb< 
nature  of  the  mutaal  actions  except  tlie  following,  whicti 
may  be  regarded  as  a  natural  consequence  of  the  lawa  ( 
motion. 

Thfi  interna!  actions  and  reactions  of  any  syatem  of  riffi 
bodies  in  motion  an  in  eqidlibrium  among  Ihemselven. 


D'ALEiTBEnT'S  PSlNCtPLS.  i^'A 

The  axial  accflorntions  of  the  particle  of  mass  m,  which 

^     .         .  .,    ,    ,  tfix    <Pu    tPz 

18  moving  as  part  of  a  ngid    body,  ai-e    ^,  t^,  -i^- 

Let/  be  their  resultant,  then  the  effective  force  is  measured 
by  mf.  Let  i'aiid  Ji  be  the  resultanta  of  the  impressed  and 
molecular  forces,  respectively,  on  the  particle,  TJien  mf 
ia  the  resultant  of  F  and  B.  Ueuce  if  wf  be  reversed,  the 
three  forces,  F,  B,  and  mf,  are  in  equilibrium. 

The  same  reasoning  may  he  applied  to  every  particle  of 
each  body  of  the  system,  thus  furnishing  three  groups  of 
forces,  similar,  I'espectively,  to  F,  R,  and  mf;  and  these 
three  groups  will  forma  system  offerees  in  equilihrium. 
Now  by  D'Alembert's  principle  the  group  }}  will  itself 
form  a  system  of  forces  in  equilibrium.  Whence  it  follows 
thiit  the  group  ^wiU  he  in  equilihrium  with  the  group  mf. 
Hence, 

B  If  forces  equal  and  exactly  opposite  to  the  effective  forces 
WftTe  applied  at  each  particle  of  l/ie  system,  tJiey  would  be 
Ew  eqxdlibrivm  with  the  impressed  forces. 

That  is,  D^Alemberl's  principle  asserts  thai  the  whole 
effective  forces  of  a  system  are  tot/ether  equivalent  to  the 
■^pressed  forces. 

ScH. — By  this  principle  the  solution  of  a  problem  in 
inetics  ia  redaced  to  a  problem  lu  Statics  ua  follows :  We 
first  choose  the  co-ordiniitca  by  moans  of  which  the  position 
of  the  syati'm  in  space  may  be  fixed.  We  then  express  the 
effective  forcea  on  each  element  in  terins  of  its  co-ordinates. 
These  effective  forces,  reversed,  will  bo  in  equilibrium 
with  the  given  impressed  forces.  Lastly,  the  equations  of 
motion  for  each  body  may  be  formed,  as  is  usually  done  in 
Statics,  by  resolving  in  three  directions  and  taking  mo- 
ments about  three  straight  hnes.  (Hee  ttontJi's  Bigid 
Dynamics.  Pirie's  Rigid  l)ynam\cft,  ?ti.^g&  '^^>,^y;gg\ 
Mecb'a,  Voi.  11.)  ""  •-■«-——-— 


fc^ 
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236.  Rotation  of  a  Rigid   Body  about   a   Fixed 
Axis  under  the  Action  of  any  Forces.— Let  oii; 

plane  passing  through  the  axis  of  rotation  and  fixed  in 
space  bo  taken  aa  a  plane  of  reforence.  Let  m  be  the  mass 
of  any  element  of  the  body,  r  its  distance  from  the  asia, 
and  6  the  angle  which  a  plane  through  the  axis  and  the 
element  makes  with  the  plane  of  reference. 

Then  the  velocity  of  m  in  a  direction  perpendicular  to 

<IB 
the  plane  containing  the  element  and   the  axis  is  r^i' 

The   moment   of  the   momentum*  of   this   particle   about 


all  the  particles  is 


Since  the  particles  of  the  body  are  rigidly  connected, 

it  is  clear  that  -^  is  the  same  for  every  particle,  and  is  the 

angular  velocity  of  the  body.  Hence  the  moment  of  Ik* 
momenta  of  all  the  parlicles  of  ike  body  about  the  axis  ta  llit 
moment  of  inertia  of  the  body  about  the  axis  multiplied  6jr 
the  angular  velocity. 
The  acceleration  of  m  perpendicular  to  the  direction  in 

''  iif^ 

Henoe,. 

the  moment  of  the  effective  forces  of  all  the  particles  of  thf 
body  about  the  axis  is 

which  is  the  moment  of  inertia  of  the  body  abottt  the  axta 
mulliplied  by  the  atigular  acRelernlum. 


SOTATTON  OF  A   RTCTD  BODY. 


4o5 


(1)  Let  Uie  forces  \ni  imjiiil.sivi!  (Art.  30'i) ;  let  (.>,  w',  he 
the  angular  velocities  just  before  aud  just  after  the  action 
of  the  forces,  and  N  the  moment  of  the  impressed  forces 
about  the  axis  of  rotation,  by  which  the  motion  is  pro- 
duced. 

Then,  since  by  D'Alemhert's  principle  the  eSeetiTe 
forces  when  reversed  are  in  equilibrium  with  the  impressed 
forces,  we  have  from  (1) 


w'  2  mf^  ^ 


=  JV; 


moment  of  impulse  about  axis, 
~  moment  of  inertia    about  axis ' 


(3) 


that  is,  the  change  in  the  angular  velocity  of  a  body,  pro- 
duced by  an  impulse,  w  equal  to  the  moment  of  the  impulse 
divided  iy  the  moment  of  inertia  of  the  body. 

(2)  Let  the   forces  be   finite.      Then   taking  momenta 
about  the  axis  as  before,  we  have  from  (3) 

d^  N 


moment  of  forces  about  axis  _ 
'  moment  of  inertia  about  axis ' 


(4) 


that  is,  the  angular  accebrafion  of  a  body,  produced  by  a 
force,  is  equal  to  the  mmnent  of  the  force  divided  by  the 
moment  of  inertia  of  the  body. 

By  integrating  (4)  we  shall  know  the  angle  through 
which  the  body  lias  revolved  in  a  given  time.  Two  arbi- 
trary constants  will  appear  in  the  integrations,  whose 
values  are  to  be  determined  from  the  given  initial  valnei 

of  e  and  Y,-    Thus  the  whole  motion  tM\  \ni  Wx'^'J'-,**^^ 


we  ahiill  coiirifiqucntly  be  able  to  determiiie  the  iwgition 
Llie  body  at  iuiy  instant. 

ScH, — It  appears  from  (3)  and  (4)  that  the  moriun 
of  a  rigid  body  round  a  fixed  axis,  iiuder  the  action  of  aoy 
forces,  depends  ou  (1)  the  moment  of  tbe  forces  about 
that  axis,  and  (;i)  the  moment  of  iuL^rtia  of  the  body  about 
the  axis.  If  the  whole  masa  of  the  body  were  cunceutrab^ 
into  its  centre  of  gyration  (Art.  2:^6),  and  attached  to  the 
fixed  axis  of  rotation  by  a  rod  without  mass,  whose  length 
is  the  radius  of  gyration,  and  if  this  system  were  acted  on 
by  forces  having  the  same  moment  as  before,  and  were 
in  motion  with  the  same  initial  values  of  0  and  the  angular 
velocity,  then  the  whole  subsequent  angular  motion  of  th» 
rod  would  be  the  same  as  that  of  the  body.  Hence,  we  may 
say  briefly,  that  a  body  turning  about  a  fixed  axis  ii 
kinetically  given  when  its  mass  and  radius  of  gyration  are 
known. 


A  rough  circular  horizontal  board  is  capable  of  revolving; 
freely  round  a  vertical  axis  through  ita  centre.  A 
walks  on  and  round  at  the  edge  of  tbe  board;  when  be 
has  completed  the  circuit  what  will  be  his  position  in 
space  ? 

Let  a  be  the  radius  of  the  board,  M  and  M'  the 
of  the  board  and  man  respectively ;  9  and  &'  the  angl«( 
described  by  the  hoard  and  man,  and  i^the  action  bctweeH 
the  feet  of  the  man  and  the  board. 

The  equatioQ  of  motion  of  the  board  by  (4) 

Since  the  action  between  the  man  and  the  board  18  con' 
ttnnally  tangent  to  t\\e  v*-*'''^  4ft*,it*nA.  Vj 
[  equation  of  moUou  ot  tVemB.\\,\s.,\>'3  i^«\*AKA»' 


THE  COMPOVXD  PENDULUM. 


45? 


Eliminating  i^and  integrating  twice,  the  constant  being 
zero  in  both  cases,  because  the  man  and  board  start  from 
rest,  we  get 

Mlc?e  =  M'aW.  (1) 

When  the  man  has  completed  the  circuit  we  ha^e  B  +  B' 
=  27r;  also  h?  ■=  —*    Substituting  these  in  (1)  we  get 


B'  = 


2itM 


%M'  +  M' 


which  gives  the  angle  in  space  described  by  the  man. 
If  if  =  M',  this  becomes 


and 


B'  =  frr; 
(9  =  frr, 


which  is  the  angle  in  space  described  by  the  board.     (See 
Routh's  Rigid  Dynamics,  p.  67.) 


237.  The  Compound  Pendulum. — A  hody  moves  about 
a  fixed  horizontal  axis  acted  on  hy  gravity  only,  to  determine 
the  motion. 

Let  ABO  be  a  section  of  the  body  made  by 
the  plane  of  the  paper  passing  through  G, 
the  centre  of  gravity,  and  cutting  the  axis 
of  rotation  perpendicularly  at  0.  Let  B  = 
the  angle  which  OG  makes  with  the  vertical 
OY;  and  let  h  =  OG,  k^  =  the  principal 
radius  of  gyration,  and  M  =  the  mass  of 
the  body.  Then  by  (4)  of  Art.  23G,  we 
have 

20 
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iP6  _  Mgh  Bill  0  _       Mgh  sin  0 

=  -i;2^3fiiJiS[by(2)o£Art.2a6],{Il 

the  negative  sign  beiug  taken  because  9  is  a  decreasing 
function  of  the  time, 

This  equation  cannot  be  integrated  in  finite  terms,  hnt 
if  the  oscillations  be  small,  we  may  develop  sin  6  and  reject 
all  powers  above  the  first,  and  (1)  will  become 


Multiplying  by  3  d6  and  integrating,  and  supposiog  that' 

the  body  began  to  move   when  9   was   equal    to   «,  (i] 

becomes 

dP       kf  +  4">  ' 

Hence  denoting  the  time  of  a  complete  osciUation  by  T, 
we  liave 


I?) 


which  gives  the  time  in  seconds,  when  h  and  jt,  are  meas- 
ured in  feet  and  g  =  3'^.  18. 

When  a  heavy  body  vibrates  about  a  horizontal  axia, 
the  force  of  gravity,  it  is  called  a  compound  poidtiliitii. 

CoK.  1. — If  we  suppose  the  whole  mass  of  the  compouDd 
pendulum  to  he  concentrated  into  a  single  point,  and  tliit 
point  connected  with  the  axis  by  a  medium  without  weight, 
it  becomes  a  itimple  pendvlum  (Art.  194),  Denoting  tli* 
distance  of  the  pomt  ol  co\n;Gfttt!\w\*  ftom  the  axis  bjr 
we  lia?e  for  the  fvBie  ot  sen.  o¥w\W'>AWi,\i'i  \J^  tit  UM 
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Vf " 


the  point  be  so  chosen  that  the  simple  pendu- 


lum will  perform  an  oscillation  in  the  same  time  as  the 
compound  pendulum,  these  two  expressions  for  the  time  of 
an  oscillation  must  be  equal  to  each  other,  and  we  shall 
have 


1  = 


h 


=  h  +  ^  =  00',  (4) 

(0'  being  the  point  of  concentration). 

CoR.  2. — This  length  is  called  the  length  of  the  simple 
equivalent  pendulum ;  the  point  0  is  called  the  centre  of 
suspension ;  the  point  0',  into  which  the  mass  of  the  com- 
pound pendulum  must  be  concentrated  so  that  it  will 
oscillate  in  the  same  time  as  before,  is  called  the  centre  of 
oscillation;  and  a  line  through  the  centre  of  oscillation 
and  parallel  to  the  axis  of  suspension  is  called  an  axis  of 
oscillation. 

From  (4)  we  have 

{l^h)h  =  V; 
or  GO'.  GO  =  *,2.  (5) 

Now  (5)  would  not  be  altered  if  the  place  of  0  and  0' 
were  interchanged ;  hence  if  0'  be  made  the  centre  of 
suspension,  then  0  will  be  the  centre  of  oscillation.  Thus 
the  centres  of  oscillation  and  of  stispension  are  convertibl , 
and  the  time  of  oscillation  about  each  is  the  same. 

Cob.  3. — Putting  the  derivative  of  I  with  respect  to  h  in 
(4)  equal  to  zero,  and  solving  for  7^,  we  get 

h  =  fc^, 


BXAXPLEB. 


wliicli  makes  I  a  niiniiiiuia,  and  tJierefore  makes  /  i 
mum.     Heuce,  when  the  axis  of  sunpension  passes  Ihrov^M 
the  principal  centre  of  gyration  the  time  of  oscillation  i 
minimum. 

Hem. — The  problem  of  determining  the  law  under  which  a  hetr; 
bnJy  swings  aboat  a  lii>rLzoutal  siis  is  one  nl  the  nioet  Importanl  ii 
tlie  liiatorj  of  gcieuce.  A  simple  yemlalam  is  a,  tbiag'  of  tbeiiiy  ;  i 
accuraMi  knowledge  of  the  acceleration  of  gravity  depends 
on  our  anderatanding  the  rigid  or  compound  pendulum.  TIiib  « 
the  first  problem  to  which  lyAlBnibett  applied  hia  principle. 

The  problem  was  called  in  the  days  of  D'Alembert,  the  '■  centre 
oEcillatlou."     It  was  reqnired  to  God  if  thera  were  a  point  ai  wbi 
the  whole  mass  of  the  body  might  be  concentrated,  ho  as  to  funu  • 
simple  pendulum  whose  law  of  oscillation  was  the  same. 

The  posrition  of  the  centre  of  oscillation  of  a  bod_v  was  firet  eonMij. 
determined  by  Huyghens  and  published  at  Paris  in  1678.  h 
I^Alembert's  principle  was  not  known  at  that  time,  Huyghens  h^d  M 
diacofer  some  principle  for  himself.* 


EXAM  PL-ES. 

1.  A  matorial  straiglit  line  oscillates  about  an  osis  per- 
pendicular to  its  length;  find  the  length  of  the  cjuivalent 
simple  pendulam. 

Let  3a  =  the  length  of  the  line,  and  h  the  distance  of  ill  i 
centre  of  gravity  from  the  point  of  auspenaion.     Then  sine*  J 


*  =  - ,  we  have  from  (4) 


'3^ 


Cor.  l.^If  the  point  of  euspension  be  at  the  extremiqfl 
of  the  line  ( I )  becomes 

l  =  ia; 
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that  is,  the  length  of  the  equivalent  simple  pendulum  is 
two-thirds  of  the  length  of  the  rod. 

Cob.  2. — Let  A  =  |a;  then  (1)  becomes 

Z  =  ^. 

Hence,  the  time  of  an  oscillation  is  the  same,  whether  the 
line  be  suspended  from  one  extremity,  or  from  a  point  one- 
third  of  its  length  from  the  extremity.  This  also  illustrates 
the  convertibility  of  the  centres  of  oscillation  and  of  sus- 
pension (See  Cor.  2). 

Con.  3. — If  h  =  10a,  then  (1)  becomes 

2.  A  circular  arc  oscillates  about  an  axis  through  its 
middle  point  perpendicular  to  the  plane  of  the  arc.  Prove 
that  the  length  of  the  simple  equivalent  pendulum  is 
independent  of  the  length  of  the  arc,  and  is  equal  to  twice 
the  radius. 

From  Ex.  2,  Art.  233,  we  have 


J(? 


=  A3^.;fc^.  =  2(l-?^>. 


From  Ex.  1,  Art.  78,  we  have 

,  sin  a 

h  :=  a  —  a • 

a 

Therefore  (4)  becomes 


Z=2a»(l-?i^-^)-4-«(l-?^  =  ^a. 


I 

I 
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3.  A  right  cone  oecilliites  about  an  axis  passing  throagll 
its  vertex  and  perpendicular  to  its  own  axis;  it  is  reqniral 
to  find  the  length  of  the  simple  equivalent  pendulum,  (l) 
whfu  h  is  the  altitude  of  the  cone  and  b  the  radius  of  tliB 
linBL',  aud  (3)  when  the  altitude  =  the  radius  of  the  base  =  k. 

That  is,  in  the  second  cone,  the  centre  of  oscillatioa  is  in 
the  centre  of  the  base;  so  that  the  times  of  oscillation  are 
equal  for  axes  through  the  Tertex  and  the  centre  of  the 
base  perpend ic alar  to  the  axis  of  the  cone. 

4.  A  sphere,  radius  a,  oscillates  about  an  axis ;  find  thft 
length  of  the  simple  equivalent  poudnlam,  (1)  when  UW 
axis  is  tangent  to  the  sphere,  (3)  when  it  is  distant  I0« 
from  the  centre  of  the  sphere,  and  (3)  when  it  is  dietaot 

-  from  the  centre  of  the  sphere. 

An..    (l)^a;  (2)  V^' ;  (a)  V«- 

238.    The    Length    of    the    Second's    Pendolmn 

Determined  Expenmentally.— The  time  of  oscillation 

of  a  compound  pendulum  depends  on  ^  -f-  -v-  by  (4)  at 

Art.  237.  But  there  are  difEcalties  in  the  way  of  determiu- 
ing  h  and  ij.  The  centre,  G,  can  not  be  got  at,  aud,  at 
fvery  body  is  more  or  less  irregular  and  variable  in  densit^f 
l\  cannot  he  calculated  with  sufficient  accuracy.  These 
quantities  ranst  therefore  be  determined  from  esperi menu. 
Bessel  observed  the  times  of  oscillation  about  different 
axes,  the  distances  between  which  were  very  nccurat^'lT 
known.  Captain  Kater  employed  the  property  of  tha 
tonvertihility  of  the  ct'utn-a  of  susjienaion  aud  oscillatiuit' 
{Art.  237,  Cor.  2),  as  follows : 

Lot  the  peudalum  coiLHiet  of  an  ordinary  atraigbt  Iwr,  CO,  anil  • 
snudi  weight,  m.  wliicV  mav  'Xw  t\Mu^«i  \q  \^.  tu  meana  uf  *  screw; 
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points  C  and  0  in  two  triangular  aper- 
tures, at  tlie  dietaDce  I  apart,  let  two  knife 
edges  oF  burd  steel  be  placed  parallel  in 
each  other,  and  at  right  angles  to  the 
pendulum,  so  that  it  may  vibrate  on  iiither 
of  thi-m.  US  in  Fig.  04.  Let  m  he  shtfted 
till  il  is  found  that  llio  tiroes  of  oedllation 
abont  C'  and  0  are  exactly  the  HBme.  It 
remains  imly  to  measure  CO,  and  observe 
the  time  of  oBCillation.     The  distance  be-  Fib,S4 

iween  the  two  points  C  and  0  is  the  length 

of  the  siujple  equivalent  ]>endalum.  This  distance  between  the  knife 
edges  was  measured  hj  Captain  Kater  with  the  greateat  care.  The 
mean  of  three  measurements  differed  by  lera  than  a  ten-thouae-ndtk 
of  an  iiicli  from  each  of  the  se[)arate  measurements. 

The  time  of  a  single  vibration  cannot  be  observed  directly,  becauBe 
this  would  require  the  fraction  of  a  second  of  time  as  shown  by  the 
clock,  to  be  estimated  either  by  the  eve  or  eaT.  The  difficulty  may 
be  overcome  by  observlug  the  time,  say  of  a  thousand  yibrationa,  and 
thus  the  error  of  the  time  of  a  eiugle  vibration  is  divided  by  a 
thonaand.  The  labor  of  so  much  countiuj;  may  however  be  avoided 
by  the  nso  of  "  ihe  method  of  coincidences."  The  pendulum  is  placed 
in  front  of  a  clock  pendulum  whose  time  of  vibration  is  slightly 
different.  Certain  marks  mado  on  the  two  pendulums  are  observed 
by  a  telescope  at  the  lowest  point  of  their  ni 
of  view  is  limited  by  a  diaphragm  to  a  nan 
the  marks  bjo  seen  to  pass, 
pendulum  follows  the  other  n 


;s  of  vibraticn.  The  field 
V  aperture  across  which 
At  each  succeeding  vibration  one 
ore  closely,  and  at  last  its  mark  ia 


completely  covered  by  the  other  during  their  passage  across  the  field 

of  view  o(  the  telescope.     After  a  few  vibrations  it  Bpt>ear8  again 

preceding  the  other.     In  the  interval  from  one  disBpiiearance  t 

next,  one  pendulum  has  made,  aa  nearly  a 

o.'^cillation  more  tlian  the  other.     In  this  maa: 

n  clock  pendiduro.  each  equal  to  a  second,  wor 

G33uf  Captsiu  Rater's  pendulum.     The  ra 

lion  of  the  pendulum  and  the  clock  penduiui 

with  eitreme  accuracy.     The  rnte  of  going  of  the  cluck  must  then  hu 

found  by  aetrononiieal  means. 

The  time  of  vibration  thus  found  will   require   several  correclians 

which  are  called  "  rednctione."    For  instance.  If  the  oscillation  bit 

not  HO  small  that  we  can  put  sin  «  —  « in  An  SS7,  we  wwet  ma'i.'i  ?. 

Bnduf'ffuD  (oiDii(ii(i?i/Bmull   arcs.     Auut\n.-r  tiiiuWXijn  \a  ■awassM-j  "A 


laer  MO  half. vibrations  of 
re  fi>und  to  correspond  to 
lio  of  the  times  of  vibra- 
n  Finy  thus  be  calculated 
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ire  wihIi  to  reduce  tLe  result  hi  wbat  it  wonld  have  been  at  the  levvl   1 
of  tlie  eea.     Tlie  attraclUin  of  tlia  interveniiig  land  ma;  be  allowed 
for  by  Dr.  Young's  rule,  |Pbil.  Trans.,  1818),     Wo  may  thus  obmia   1 
the  force  of  gcarity  at  tlie  level  of  tlie  sea,  siipposiug  all  the  laod 
above   this  lercl  were  cut  off  and  the  sea  constrained  to  keep  Hi   I 
present  levul.     As  the  level  of  the  sea  ia  altered  by  the  attrectiosul  J 
the  lanii,  further  ccrrectioaa  are  Htill  neceBBary  if  we  wiah  to  reduw  I 
the  rrault  to  the  aarface  of  that  Epltenild  which  most  nearly  repi^  I 
BcntB  the  earth.     See  Houth'a  ffigid  DyDamics,  p.  77.     For  the  details   I 
of  thia  oiperinieut  the  student  Ls  refiTred  to  the  Pbil.  Trans,  (or  1818, 
and  to  Vol.  S. 

239.  Motion  of  a  Sody  when  nnconstrained.— U 

an  impalse  be  communicated  to  aiiy  point  of  a  five  bodj 
in  a  direction  not  passing  through  the  centre  of  gmvitv,  it 
will  produce  both  translation  and  rotation. 

Let  P  be  the  impulae  imparted  to 
the  body  at  A.  At  B,  on  the  opposite 
side  of  the  centre  G,  a  distance  GB 
=  AG,  let  two  opposite  impulses  be 
applied,  each  equal  to  ^P;  they  ivill  I  I 

not    alter    the    eSect.      Now    if  \l'  i 

applied  at  A  is  combined  with  the  J^P  ' 

at  B  which  acts  iu  the  same  direction,  their  resiiltaut  is  i', 
acting  at  G  and  iu  (he  »ame  direction,  and  this  produoea 
translation  only.  The  remaining  ^P  at  A  combined  with 
the  remaining  \P  at  B,  which  acts  iu  the  opposite  direc- 
tion, form  a  couple  whicli  produces  rotation  about  thd 
centre  G. 

Henccj  when  a  body  receives  an  impitlse  in  a  directtM 
which  does  not  pass  through  the  centre  of  gravity,  that  ceTtln 
mil  assume  a  motion  of  translation  as  though  (he  imjmhi 
tuerc  applied  immediately  to  it ;  ami  the  body  will  hace  » 
motion  of  rotation  about  Ihe  centre  of  grarilij,  as  thougk 
tJtat  point  irerejixed. 

240.  Centre  o{  Petcas^^o^ — fexis  of  SpontanMnMj 
,iIotatiOIl. — Let  Mv  it\in;*v;"V  ^-Xw  \u\\|\i\?ft  "wo.-^XR'iafe^  -KifJ 


^.--i 


Fig.gs 
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the  body  (Fig.  9(5)  whose  mass  is  M,  and 

A  the  perpendicular  distiinee,  GO,  from 

the  centre  of  gravity,  G,  to  the  line  of     c 

action,  OP,  of  tlie  impulse.     The  centre 

of  gravity  will  assume  a  motion  of  trans- 

latiou  with  the  velocity  v,  in  a,  direction 

parallel  to  that  of  the  imptilaive  force. 

Then   from    (3)   of    Art.  236,    we   have  for  tho   ungular 

velocity 

_  Mvh  _  vh 

The  abBolnte  velocity  of  each  point  of  the  body  will  be 
compounded  of  the  two  velocities  or  translation  and  rota- 
tion. The  point  0,  for  example,  to  which  the  impulse  is 
applied,  has  a  velocity  of  translation,  Oa,  equal  to  that  of 
the  centre  of  gravity,  and  a  velocity  of  rotation,  ab,  about 
the  centre  of  gravity;  so  that  the  velocity  of  any  point  at 
a  distance  a  from  the  centre,  G,  will  be  expressed  by 
t'  ±  (fw ;  the  npper  op  lower  sign  being  taken  according  as 
the  point  is,  or  ie  not,  on  the  same  side  of  the  centre  of 
gravity  as  the  point  0.  Thus,  if  we  consider  the  motion  of 
the  body  for  a  very  short  interval  of  time,  the  line  OGC 
will  assame  the  position  bQ'C,  the  point  C  remaining  at 
rest  during  this  interval ;  that  is,  while  the  point  C  would 
be  carried  forward  over  the  line  Gc  by  the  motion  of  trans- 
lation, it  would  lie  carried  backward  through  the  ssimc 
distance  by  the  motion  of  rotation.  Hence,  since  the  abso- 
lute velocity  of  0  is  zero,  we  have 

V  -  flw  =  0 ; 

•■■   "  =  i  =  T'  W 

and  benco  denoting  OCh\  I  we  \\av6 


AXIS    OF  SFOXTAS'EOUS  ROTATION. 


Now  if  there  had  been  a  fixed  axis  through  C  perpen- 
dicular to  the  plane  of  motion,  the  initial  motion  would 
have  been  precisely  the  aame,  and  this  fixed  axis  evidentlyj 
would  not  have  received  auy  pressure  from  the  impulse. 

When  a  rigid  body  rotates  about  a  fixed  axis,  and  the' 
body  can  be  so  struck  that  there  is  no  pressure  on  the  axle, 
auy  point  in  the  line  of  action  of  tlie  force  is  called  a  centn 
of  percussion. 

When  the  line  of  action  of  the  blow  is  given  and  the 
body  is  free  from  nil  constraint,  bo  that  it  ia  capable  of 
translation  as  well  as  of  rotation,  the  axis  about  which  the 
body  begins  to  turn  ia  called  the  axis  of  spontaneous  rota- 
tion. It  obviously  coincides  with  the  positioa  of  the  fixed 
axis  in  the  first  case. 

Cob.  1.— From  (1)  we  have 


ah  = 


GO-GO  ^ 


hence  the  points  0  and  C  are  convertible,  that  is.  if  tht 
axis  of  rotation  he  supposed  to  pass  through  the  point  0, 
the  centre  of  spontaneous  rotation  will  coincide  with  the  cen- 
tre of  percussion. 

Coa.  2. — From  (2)  it  follows,  by  oompariaon  with  (4)  of 
Art.  237,  that  if  the  axis  of  spontaneous  rotation  coincitia 
with  the  aris  of  suspension,  the  centre  of  percussion  coin- 
cides with  the  centre  of  oscillation. 

Sen. — It  is  evident  that  if  there  be  a  fixed  obstucle  at  0. 
and  it  be  struck  by  tlie  body  00  rotating  about  a  fixed 
axis  through  C,  the  obstacle  will  receive  the  whole  foro.' 
of  the  moving  body,  and  the  axis  will  not  receive  ant. 
Hence  tlie  centre  of  percussion  also  determines  the  posiuon 
in  which  a  fixtd  obstuile  mu^!t  be  placed,  on  which  if  lh< 
rotating  body  impinges  ani\  uViiiVi^X  \a  teeti  the  wtw  el 
r&tatioii  will  buffet  no  ■gt'i^.we. 


BXAMPLNS. 


An  asis  through  the  centre  of  gravitj',  parallel  to  the 
axis  of  spoatoneons  rotation,  is  called  the  axis  of  inslaiitaiie- 
ous  rotation.    A  free  body  rotates  about  this  axis  (Art.  339). 


1,  Find  the  centre  of  percussion  of  a  circular  plate  of 
radius  a  capable  of  rotating  about  an  axis  which  touches  it. 

Here  k?  ^^  -r,  and  It  =  a.     Hence  from  (i)  we  have 

.  =  ».«  =  ,.. 

2.  A  cylinder  is  cupable  of  rotiiting  about  the  diameter 
of  one  of  its  circular  ends;  6nd  tho  centre  of  perem^sion. 
Let  rt  =  its  length,  and  6  =  the  radius  of  its  base. 

Ans    I  =  ^^  +  •^'. 

Hence  if  34*  =  2a',  the  centre  of  ^lercuasion  will  be  at 
the  end  of  the  cylinder.     If  A  is  very  small  compared  witli 

n,  /  =  f «  ;  thus  if  a  straight  rod  of  small  transverse  section 
is  held  by  one  end  in  the  hand,  I  gives  tlio  point  at  which 
it  m;iy  be  struck  ho  that  the  hand  will  receive  no  jar. 

241.  The  Principal  Radius  of  Gyration  Deter- 
mined Practically. — Mount  the  body  upon  an  axis  not 
liassiiig  through  the  centre  of  gravity,  aud  cause  it  to 
oscillate  ;  from  the  number  of  oscillations  performed  in  a 
given  time,  say  an  hour,  tlie  time  of  one  oscillation  is 
known.  Then  to  find  h,  which  is  the  distance  from  the 
axis  to  tlie  centre  of  gravity,  attach  a  spi-ing  balance  to  the 
lower  end,  and  bring  tho  centre  of  gravity  to  a  horizontal 
plane  thnmgh  tlie  axis,  which  position  will  be  indicated  by 
the  maximum  reading  of  the  balance.  Knowing  the  masi- 
miira  reading,  U,  of  the  balance,  the  weight,  \\\  of  the 
body,  mid  the  distance,  a,  from  t\ie  u^vs  v>t  »is^\>.i\'^^  '^ 
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the  puiat  of  utt.iichnieiit,  we  liave  from  tlie  principle  at  I 
momentfi,  Ra  =  Wk,  from  whicfi  h  is  found.  Substitut-  \ 
iug  in  (3)  of  Art.  337,  thia  value  of  h,  and  for  T  the  time  I 
of  an  oscillation,  Tc^  becomes  known.  J 

242.  Tiie  Ballistic   Fendnlum. — An   inti^reBting  ap- 1 

plication  of  the  priiiuijiled  of  tlic  compound  pendulum  is  \ 
tbe  old  way  of  determining  the  velocity  of  a  bullet  or  can- 
non-ball. It  is  a  matter  of  considerable  importance  in  \\k 
Theory  of  Gunnery  to  determine  the  velocity  of  a  bullet  us 
it  issues  from  the  mouth  of  a  gnn.  It  was  to  deterraiin! 
this  initial  velocity  that  Mr.  Eobius  about  1743  inveuleil 
the  Ballislic  Peniiuhtm.  This  consista  of  a  large  thick 
heavy  mass  of  wood,  suspended  from  a  horizontal  asis  iu 
the  3ha])0  of  a  knife-edge,  after  the  manner  of  u  compound 
penduhira.  The  gun  is  so  placed  that  a  ball  projected 
from  it  horizontally  strikes  thia  peniliilum  at  rest  at  a  cer- 
tain point,  and  gives  it  a  certain  angular  velocity  about  it* 
axis.  The  velocity  of  tho  ball  is  itself  too  great  fo  be 
measured  directly,  but  tbe  angular  velocity  comuiunicatrd 
to  the  t>endulum  may  be  made  aa  small  as  we  please  by 
increasing  its  bulk.  The  arc  of  oscillation  lieing  meas- 
ured, the  velocity  of  the  bullet  can  be  found  by  ealcu- 
iation. 

The  time,  which  the  bullet  takes  to  penetrate,  is  so  short 
that  we  may  suppose  it  completed  before  the  pendulum  ha* 
sensibly  moved  from  its  initial  position. 

Let  ^f  be  the  mass    of   the  pendulum    and   ball 
that  of  the  ball ;  v  the  velocity  of  the  ball  at  the  instant 
impact ;  A  the  distance  of  the  centre  of  gravity  of  tho  ji 
dulum  and  ball  from  the  axis  of  suspension  ;  «  the  diHtai 
r)f  the  point  of  impact  from  tho  axis  of  susjieusiou 
angular  velocity  duo  to  tbe  blow  of  the  trail,  and  k  tb« 
nidiua  of  gyration  of  the  pendulum  and  ball.     Then  siniT 
the  initial  velocity  oi  V\\o\TO\\A\?i\\\\awtv\j\\\w\«meu«nrt^ 
hy  ini},  iiiul  fUevoior«  Ivoto  ^,?i^  'A  tvA,.'fa^-«'*  V'a.xvi  Xsk,  " 
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initial  angular  velocity  generated  in  the  pendulum  by  this 
impulse, 

and  from   (1)   of  Art.  237  we  have  for  the  subsequent 
motion 

^  =  _^8ma  (2) 

Integrating,  and  observing  that,  if  a  be  the  angle  through 
which  the  pendulum  moves,  we  have  -j-  =  cj  when  ^  =  0, 

rJO 

and  -^  =  0  when  0  =  a,  {2)  becomes 

c^  =:  M  (1  __  cos  a).  (3) 

Eliminating  o)  between  (1)  and  (3)  we  have 

2Mk    /-J-    ,    a  ... 

V  = vgli  sm  -,  (4) 

ma      ^2'  ^  ^ 

from  which  v  becomes  known,  since  all  the  quantities  in 
the  second  member  may  be  observed,  or  are  known. 

We  may  determine  a  as  follows :  At  a  point  in  the  pen- 
dulum at  a  distance  h  from  the  axis  of  suspension,  attach 
the  end  of  a  tape,  and  let  the  rest  of  the  tape  be  wound 
tightly  round  a  reel ;  as  the  pendulum  ascends,  let  a  length 
c  be  unwound  from  the  reel ;  then  c  is  the  chord  of  the 

angle  a  to  the  radius  h,  so  that  c  =  2h  sin  a,  which  in  (4) 
gives 


Mkc      Iq 
ma    V  h 


(5) 


The  values  of  k  and  h  may  be  determmed  as  in  Art.  241. 
Jf  the  mouth  ot  the  gun  is  placed  neat  Vo  V\\^  ^^xv.^vx^^'i2>:KV\ 
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tliu  value  uf  (',  givt'ii  by  (TiJ,  must  be  nearly  tlio  \olo<.'ity  ot 
lirojection. 

The  Telocity  may  also  be  detenniiied  in  the  followini 
manner:  Ijet  the  gun  be  attached  to  a  heavy  jieudnlum ; 
when  tlie  gmi  is  discharged  the  recoil  eansea  the  peDdalont 
to  turn  round  its  itxis  and  to  oscillate  through  au  uro^ 
11  hich  can  he  measured ;  and  the  velocity  of  the  bullet  cau 
be  deduced  from  the  magnitude  of  this  arc.  (See  I'ri 
Anal.  Mech's,  Vol.  II,  p.  231.) 

Before  the  invention  oE  tte  ballistic  pemlulum  by  Mr.  Robins  in 
1T43,  but  little  prug;ress  bad  been  made  in  tbe  true  tbeory  of  milila^' 
projretiles,  Bobiua'  Jfrio  PritteijUes  r.fffunnerg  waa  emon  trandilefi 
into  several  languti^^,  and  Enler  added  to  his  translation  at  It  il 
Oermsti  an  extenaive  cnmmpulary  ;  the  work  of  Elder's  being  tgi 
t ran alated  into  English  in  1784.  Tile  expnrimentB  of  Robins  w< 
all  conducted  with  masket  ballB  of  aboat  an  ounce  weight,  but  tiitj 
were  aftt^r wards  cimtiuiu'd  during  eeveral  years  by  Dr.  Hatton,  wbOj 
used  cannon-lHilis  of  from  one  lo  nearly  three  pounda  in  weig)lfc 
Hutton  used  to  suspend  hia  oinnon  aa  a  pendulum,  anil  mcflaare  t 
angle  through  which  it  was  raised  liy  th^  discharge.  His  expo 
lufinta  are  still  regarded  as  aorae  of  the  moat  trustworthy  on  emool 
\nire  guiia.  Seu  Uoulli'a  Higid  Dynamics,  |i.  !)4,  alwj  F^cyciopiedifc 
Brilaniuca,  Art.  <. 

243.  Motion  of  a  Heavy  Body  about  a  Horiion* 
tal  Axle  througli  its  Centre. — Let  tlie  Ijody  be  a  sphere 
wliose  i-adius  is  R,  und  wi^if^lit  \V,  and  let  a  weight  P  \» 
attaclied  to  u  cord  wound  round  the  circumference  of  A 
wheel  on  the  same  asle,  the  radius  of  the  wheel  being  r, 
required  the  distance  passed  over  by  P  in  ^  seconds. 

From  (4)  of  Art.  236  we  hare 

Prg 


Multiplying  by  dl  an<l  integrating  twice,  we  have 


WX AMP  LBS. 


the  constaiitB  being  zei'o  in  butli  integrations,  since  the  Ijody 
Btarts  from  rest  when  t  =  fl,     Tlie  space  will  be  rS, 


1.  Let  the  body  be  a  sphere  whose  radius  is  3  ft  and 
weight  500  lbs.;  let  P  be  50  lbs.,  and  the  radius  of  the 
wheel  6. ins.";  required  the  time  iu  which  the  weight  P  will 
descend  through  50  ft.     (Take  ^  =  i{3.) 

Ans.  31  seconds. 

3.  Let  the  body  be  a  sphere  wliose  radius  is  14  ins.  and 
weight  800  lbs.;  let  it  be  moved  by  a  weight  of  200  lbs. 
attached  to  a  cord  wound  round  a  wheel  the  radius  of 
which  is  one  foot;  find  the  number  of  revolutions  of  the 
sphere  in  eight  seconds.     (Take  g  =  3'i.)         Aiis.  51^1. 

244.    Motion    of    a   Wlieel    and     t^ 
Azle  when   a   Given   Weight    _P 
Raises    a  Given    Weight    tt'. — Let 

the  weights  P  and  11"  be  attached  to 
cords  wound  round  the  wheel  and  axle, 
respectively,  (Fig.  97) ;  let  H  and  r  be 
be  the  radii  of  the  wheel  and  axle,  and 
w  and  w'  their  weights;  required  the 
angular  distance  passed  over  in  i 
seconds. 

I  From  (4)  of  Art,  236,  we  have 
tet  the  weight  P  —  .10  lbs.,  H'  =  80  Iha.,  w 
mid  tf'  —  4  lbs.;  and  let   I\   and  r  \)C  10  wft.  ' 


PR  -  Wr 


dP  ' 


'  PR'  +  Wr^  +  iwJ^  +  iw'r'" 

.  (Pfl  -  Wr)  <° 

"  PR^  +  Wi^  +  iml^  +  iii-'i"^ 


(1) 
(2) 


I 
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required  (1)  the  apace  passed  over  by  P  in  12  secooda  if  it 
starts  from  rest,  uud  (2)  the  tensions  T  and  7"  of  the  corda, 
Bupportiug  P  and  IT.    (Take  j  —  33.) 

Ans.  (1)  97.73  ft.;  (3)  r=  31.38  lbs.;  J"  =  78.64  ik 

245.  Motion  of  a  Rigid  Body 
about  a  Vertical  Axis,— Let  AB  ^,^^ 

be  a  vcirtical  asis  about  which  the       \cj 

body  C,  on  the  horizontal  arm  ED,     A 

revolves,  under  the  action  of  a  eon-         \ 

stant  lioriaontal  force  F,  applied  at  fig.98 

the  extremity  E,  perpendicnlar  to 

ED.     Let  M  be  the  mass  of  the  body  whoso  centre  is  C, 

and  r  and  A  the  distances  ED  and  CD,  respectively.    Then 

from  (4)  of  Art  236,  we  have 

d^  Fr 


I 


Multiplying  by  dt  and  integrating  twice,  observing  that 
the  constants  of  both  integrations  are  zero,  we  have 


r  space  passed  over  in  t  secoads. 
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Let  the  body  he  a  sphere  whose  radius  is  2  ft.,  whose 
weight  is  600  lbs.,  and  the  distance  of  whose  centre  from 
the  axis  is  8  ft.,  and  let  /"  be  a  force  of  40  lbs.  acting  at  tha 
end  of  an  arm  10  fl.  long;  find  (1)  the  numlier  of  revolu- 
tions which  the  body  will  make  about  the  axis  in  Id 
minutes,  and  (2')  ttie  Wi^^a  oV  wc\e  ift^«lution.  (Takt 
y  =  33.J  Art«-  ^\^'syvfta-,  v^^'i.a.. 
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_ '  246.  Body  Rolling  down  an  Znclined  Plane. — A 

homogeneous  sphere  rolls  directly  down  a  rough  inclined 
plane  under  the  action  of  gravity.    Mnd  the  motion. 

Let  Fig.  99  represcJit  a,  section  „  _X 

of  the  spliere  and  plane  made  by  u 
\erti<;;il  pl;iue  passing  througli  C, 
the  centre  of  tlie  spliei'e.  Let  «  he 
the  ineiination  of  the  plane  to  the 
horizon,  a  the  radius  of  the  sphere, 
0  the  point  of  the  plane  which 
was  ioitiaiiy  touched  by  the  sphere 

at  the  point  A,  P  tlie  point  of  contact  at  the  time  t, 
ACP  =  0,  which  ia  the  angle  turned  through  by  the 
sphere,  m  =  the  mass  of  the  sphere,  F  =  the  friction 
acting  upwards,  R  =.  the  pressurd  of  the  sphere  on  the 
plane.  Then  it  is  convenient  to  choose  0  for  origin  and 
OB  for  the  ans  of  ar ;  hence  OP  =  x. 

The  forces  which  act  on  the  sphere  are  (1)  the  reaction, 
H,  pei-pendicnlar  to  OB  at  P,  (2)  the  friction,  F,  acting  at 
P  along  PO,  and  (3)  its  weight,  mg,  acting  vertically  at  C 
the  centre.  Now  C  evidently  moves  along  a  straight  line 
parallel  to  the  plane;  so  that  for  its  motion  of  translation 
we  have,  by  resolving  along  the  plane. 


""dp-- 


:  mff  sin 


i-F. 


(1) 


^EThe  sphere  evidently  rotates  about  its  point  of  contact 
Krith  the  plane ;  but  it  may  be  considered  ae  rotatiag  at 
any  instant  about  its  centre  C  as  fixed ;  and  the  angular 
velocity  of  C  at  that  instant  in  reference  to  P  ia  the  same 
lis  that  of  P  in  reference  to  C.  From  (4)  of  Art  23G,  we 
have  for  the  motion  of  rotation 


tfl^i 


.iPe 


^Fn 
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and  since  the  plane  is  perfectly  rough,  so  that  the  sphere 
does  not  slide,  we  have 

X  =  aO.  (3) 

Multiplying  (1)  by  a  and  adding  the  result  to  (2),  we  get 

'^^  7m  "^  ^^^1  "7/2  ^  ^^^  ^^^  ^'  i"^) 

Differentiating  (3)  twice  we  get  -^^  =  a  -^,  which 
united  to  (4)  gives 

Since  the  sphere  is  homogeneous,  k^^  =  \a^,  and  (5) 
becomes 

—  =  ^sma  (6) 

which  gives  the  acceleration  down  the  'plane, 

K  the  sphere  had  been  sliding  down  a  smooth  plane,  the 
acceleration  would  have  been  g  sin  a  (Art.  1-44)  ;  so  that 
two-sevenths  of  gravity  is  used  in  turning  the  sphere,  and 
five-sevenths  in  urging  the  sphere  down  the  plane. 

Integrating  (6)  twice,  and  supposing  the  sphere  to  start 
from  rest,  we  have 

X  =  ^g  •  sin  «  •  /^ 

which  gives  the  space  passed  over  in  the  time  t. 
Resolving  perpendicular  to  the  plane,  we  have 

R  =:  7)}g  cos  «. 

CoR. — If  the  rolling  body  were  a  circular  cylinder  with 
its  axis  horizontal,  then  ^-^^  =  i^a^^  and  (5)  becomes 
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SO  tiuit  niie-tbirJ  iif  gravity  is  used  iu  t.iirnitig  tlie  cylinder, 
and  two-thirdu  in  urgiug  it  down  the  plane. 
From  (7)  we  have 

a;  =  i^  sin  «  .  i^  (8) 

which  give"  the  space  passed  over  in  the  Him  tfrnm  rest. 

247.  Motion  of  a  Falling  Body  under  the  Action 
of  an  Impulsive  Force  not  Directly  through  its 
Centre. — A  string  is  wound  round  the  circumference  of  a- 
reel,  and  the  free  end  is  attached  to  a  fixed  point.  The  reel 
is  then  lifted  vp  and  let  fall  so  thai  at  the  moment  when 
the  string  becomes  light  it  is  vertical,  and  tangent  to  the  reel. 
The  whole  motion  being  supposed  to  lake  place  in  one  plane, 
determine  the  effect  of  the  impulse. 

The  reel  at  first  will  fall  vertically  without  rotation. 
Letv  be  the  velocity  of  the  centre  at  the  moment  when  the 
string  becomes  tight ;  v',  w  the  velocity  of  the  centre  and 
the  angular  velocity  just  after  the  impulse;  T  the  impul- 
sive teusion ;  m  the  mugs  of  the  reol,  iinJ  a  its  radius. 

Just  after  the  impact  the  part  of  the  i-eel  in  contact  with 
the  string  has  no  velocity,  and  at  this  instant  tlie  reel 
rotates  about  this  part;  but  it  may  be  considered  as 
rotating  about  its  axis  as  fixed,  and  the  angular  velocity  of 
its  asis,  at  this  instant,  in  reference  to  the  part  in  contact 
is  the  same  as  that  of  the  latter  iu  reference  to  the  former. 
The  impulsive  tension  is 

r  =,»(.-,■).  (I) 

Hence  from  (;!)  nf  Art,  230,  we  have  for  the  motion  of 
rotation 
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Since  the  part  of  the  reel  in  contact  with  the  string  has 
no  velocity  at  the  instant  of  impact,  we  have 

v'  =  ao).  (3) 

Solving  (2)  and  (3)  we  have 

If  the  reel  be  a  homogeneous  cylinder,  Jc^^  =  ~,  and  we 
have  from  (3)  and  (4) 

«  =  l^,    v'=iv,  •  (5) 

and  from  (1)  we  have  for  the  impulsive  tension^ 

T  =  \mv. 

CoR. — To  find  the  subsequent  motion.  The  centre  of  the 
reel  begins  to  descend  vertically ;  and  as  there  is  no  hori- 
zontal force  on  it,  it  will  continue  to  descend  in  a  vertical 
straight  line,  and  throughout  all  its  subsequent  motion  the 
string  will  be  vertical.  The  motion  may  therefore  be 
easily  investigated,  as  in  Art.  246,  since  it  is  similar  to  the 
case  of  a  body  rolling  down  an  inclined  plane  which  i8 
vertical,  the  tension  of  the  string  taking  the  place  of  the 

friction  along   the   plane.     Hence   putting    «  =  -,   and 

letting  the  friction  F  =  the  finite  tension  of  the  string,  we 
have,  from  (1)  and  (7)  of  Art.  246, 

« 

F  =z  img,    and    ^  =  ig  I 
that  is,  the  finite  teu^vou  q1  >i!^^  ^^.to^^Ss.  w^fc-K^K^^  ^v^^ 
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weight,  Hud  tlio  rucl  Joscuuda  with  ii  niiifurm  acceleration 

"'is- 

Since  the  initial  velocity  of  the  reel  from  (5)  is  fi',  we 
have,  for  the  space  descended  in  the  time  t  after  the  impact, 
from  (8)  of  Art.  246, 

z  =  ivt+  yiK     (See  Eniith's  Rigid  Dynamics,  p.  131.) 

EXAMPL.ES. 

1.  A  thin  rod  of  steel  10  ft,  long,  oscillates  about  an  axis 
passing  through  one  end  of  it ;  find  (1)  the  time  of  an 
oscillation,  and  (2)  the  number  of  oscillations  it  makes  in  a 
day.  Ans.  (1)  1.434  sec;  (3)  60354. 

3.  A  pendulum  oscillates  about  an  axis  passing  through 
its  end ;  it  consists  of  a  sttel  rod  CO  ins.  long,  with  a  rect- 
angular section  ^  by  J^  of  an  inch ;  on  this  rod  is  a  steel 
cylinder  2  in.  in  diameter  and  4  in,  long;  when  the  ends  of 
the  rod  and  cylinder  are  set  square,  find  the  time  of  an 
oscillation.  Afis.  1.174  sees. 

3.  Determine  the  radius  of  gyration  with  reference  to 
the  axis  of  snspeneion  of  a  body  that  makes  73  oscillations 
in  3  minutes,  the  distjince  of  the  centre  of  gravity  from  the 
asis  being  3  ft.  2  in.  Ans.  5,26?  ft. 

4,  Determine  tlie  distance  between  the  centres  of  suspeu- 
eiou  and  oscillation  of  a  body  that  oscillates  in  2^  sec. 

Ans.  20.264  ft. 

6.  A  thin  circular  plate  oaoillates  about  au  axis  passing 
through  the  circumference  ;  find  the  length  of  tlio  simple 
eciuivalent  pendulum,  (I)  when  the  axis  touches  the  circle 
and  is  in  its  plane,  and  (3)  when  it  is  at  right  angles  to 
the  plane  of  the  circle.  Ans.   (1)  }«  ;  (2)  ja. 

fi.  A  cube  oscillates  about  one  of  its  edges;  find  the 
length  of  the  aimple  equivalent  peudulum,  tl\e>  c<i^«  Vm^-^ 
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7,  A  prisQ],  wliose  croaa  Bectioii  is  a  sriuare,  each  side 
being  =  2«,  and  whose  length  is  I,  oscillates  about  one  o( 
its  upper  edges ;  find  the  length  of  the  simple  equivalent 
peudiilum.  Arts.  -|  V^a*  +  ?■ 

S.  An  elliptic  lamina  is  siieh  that  when  it  swings  about 
one  latiis  i-ectuni  as  a  horizontal  axis,  the  other  latn* 
rectnni  passes  through  the  centre  of  oscillation ;  prove 
that  the  eccentricity  is  \. 

9.  The  density  of  a  rod  varies  as  the  distance  from  on« 
end ;  find  the  axis  perpendicular  to  it  about  which  ihB 
time  of  oscillation  is  a  minimum,  /  being  the  length  of  thft 
rod. 

Ans.  The  distance  of  the  axis  from  the  centre  of  gravity 

10.  Find  the  axis  about  which  an  elliptic  lamina  mufit 
oscillate  that  the  time  of  oscillation  may  he  a  minimum. 

Ans.  The  axis  must  be  parallel  to  the  major  asis,  ajid 
bisect  the  semi-minor  axis. 

11.  Find  the  eeiitre  of  percussion  of  a  cobe  which  roUtcc 
about  an  axis  parallel  to  the  four  parallel  edges  of  thecubci 
and  equidistant  from  the  two  nearer,  as  well  as  from  the 
two  further  edges.  Let  3«  be  a  side  of  the  cube,  and  lot  c 
be  the  distance  of  the  rotation-axis  from  its  centre  el 
gravity. 

,4m*.  I  ^  c  +  -^,  where  I  is  the  distance  from  the  rob- 

tion-axis  to  the  centre  of  percussion. 

12.  Find  the  centre  of  percnssion   of  a  sphoi 
rotates  about  an  axis  tangent  to  its  surfuoe. 

Ans,  I  t:  \a. 

13.  Let  theboAg  in  Ktt.^4a,beaaphere  whose  radins 
1 7  ms.  and  weigU  liW  \^i's.-,  V^  '^^  ^«  ■masftS.  \,^  %^ 
of  250  lbs.  attached  to  a  cov&  -^^wx^i  to-ax\^  ^  Vas^  -«^ 


nidiiis  is  15  ins. :   fiml  Llio  niiiiiliei'  nf  iiBvoliilions  ot  the 
epberein  10  secouds.     {g  =  32.)  Jws.  58.77. 

14.  Let  the  body  in  Art.  243  be  a  sphere  of  radius  8  ins, 
and  weight  500  lbs. ;  let  it  be  moved  by  a  weight  of  100  lbs. 
attached  to  a.  cord  wonnd  ronnd  a  wheel  whoso  radius  is 
C  in.;  find  the  number  of  revolutions  of  the  sphere  in 
5  secondH.     {(/  =  3^.)  Am.  28.09. 

15.  In  Art  3M,  let  the  weight  i'  =  40  lbs.,  W  =  100 
lbs.,  w  ^  13  lbs.,  and  wi'  =  6  lbs.;  and  let  H  and  r  be 
13  ins.  and  7  ins. ;  required  (1)  the  spaee  passed  over  by  P 
in  16  sees,  if  it  starts  from  rest,  and  (2)  the  tensions  T  and 
7"  of  the  cords  supporting  P  and  W.    {g  =  33). 

Ans.  (1)  936.5 ;  (3)  T  =  40.0i  lbs.,  T'  =  86.81  lbs. 

16.  In  Art.  244,  let  the  weight  P  =  25  lbs.,  fl'  =  60 
lbs.,  w  :=  6  Ibe.,  and  lo'  =  2  lbs.;  and  let  R  and  r  be 
8  in.  and  3  in. ;  required  (1)  the  space  passed  over  by  P  "in 
10  sees,  if  it  starts  from  rest,  and  (2)  the  tensions  T  and 
T'  of  the  cords  supporting  P  and  W.    (g  =  33^,) 

Jtts.   (1)  109.92  ft.;  (2)  T=  33.29  IbB.;  r'=  61.54  Iba. 

17.  In  Art.  245,  let  the  body  be  a  sphere  whose  radius 
is  3  ft,  whose  weight  is  800  lbs.,  and  the  distance  of  whose 
centre  from  the  axis  in  9  ft. ;  and  let  i^  be  a  force  of  60  lbs, 
acting  at  the  end  of  an  arm  13  ft,  long;  find  (1)  the  num- 
ber of  revolutions  which  the  body  will  make  about  the 
axis  in  13  min.,  and  (2)  the  time  of  one  revolution. 
{y  =  33.)  A»s.   (1)  14043.6  ;  (3)  6.07  sees. 

18.  In  Es.  17,  lot  the  radius  ^  one  foot,  the  weight  ^ 
100  lbs.,  tlie  distance  of  centre  from  axis  =  5  ft.,  and 
/■=  35  lbs.  acting  at  end  of  arm  8  ft.  long;  find  (1)  the 
number  of  revolutions  which  the  body  will  make  about  the 
axis  in  5  min.,  and  (2)  the  time  of  one  revolution. 
{g  =  32|.)  Ans.   (1)  18139.09  ;  (3)  2.33  sees. 

19.  If  tho  body  in  Art.  'iit  bo  a  \\Q\no^eviftQ\i%  '«Jv\^-tfc, 
the  string  being  round  the  tiri.'nm!ot«\\yt  ol  a  ^e-i\.t-vs^«;i 
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find  (1)  the  angular  velocity  just  after  the  impulse,  and  (2) 
the  impulsive  tension.  .        bv         . 

*   la  ^  ^  '  ^^^' 

20.  A  bar,  I  feet  long,  falls  vertically,  retaining  its  hori- 
zontal position  till  it  strikes  a  fixed  obstacle  at  one-quarter 
the  length  of  the  bar  from  the  centre  ;  find  (1)  the  angu- 
lar velocity  of  the  bar,  (2)  the  linear  velocity  of  its  centre 
just  after  the  impulse,  and  (3)  the  impulsive  force,  the 
velocity  at  the  instant  of  the  impulse  being  v. 

12i; 
Ans.  0)^;  {'^)¥\  {^)^mv. 

21.  A  bar,  40  ft.  long,  falls  through  a  vertical  height  of 
50  ft.,  retaining  its  horizontal  position  till  one  end  strikes 
a  fixed  obstacle  60  ft.  above  the  ground ;  find  (1)  its  angu- 
lar velocity,  (2)  the  linear  velocity  of  its  centre  just  after 
the  impulse ;  (3)  the  number  of  revolutions  it  will  make 
before  reaching  the  ground,  (4)  the  whole  time  of  falling 
to  the  ground,  and  (5)  its  linear  velocity  on  reaching  the 
ground. 

Ans,  (1)  2.12;  (2)  42.43;  (3)  0.345;  (4)  2.79;  (5) 
75.10. 


CHAPTER    VIII. 

MOTION    OF    A    SYSTEM    OF    RIGID   BODIES  IN   SPACE. 

248.  The  Equations  of  Motion  of  a  System  of 
Rigid  Bodies  obtained  by  D'Alemberf  s  Principle. — 

Let  {x,  y,  z)  be  the  position  of  the  particle  m  at  the  time  t 
referred  to  any  set  of  rectangular  axes  fixed  in  space,  and 
X,  Yy  Zy  the  axial  components  of  the  impressed  accelera- 

/TZ^j     cl/^H    UjZ 

ting  forces  acting  on  the  same  particle.    Then  -57^,  -^ ,  -^, 

are  the  axial  components  of  the  accelerations  of  the  parti- 
cle ;  and  by  D'Alembert's  Principle  (Art.  235)  the  forces, 


m 


(^-S)'  "■('--f).  -(--S). 


acting  on  m  together  with  similar  forces  acting  on  every 
particle  of  the  system,  are  in  equilibrium.  Hence  by  the 
principles  of  Statics  (Art.  65)  we  have  the  following  six 
equations  of  motion  : 

x.(z-g)  =  o. 

Zm  {yZ  -  zY)  _  2;„  (yg  -  «|f)  =  0,^ 

2m  {zX-xZ)-^m[z'^- a;g)  =  0,  (2) 

21 
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TTtA.VSLArmy  and   ROTATTtHf, 


By  means  of  tliese  sis  equations  the  motion  of  a  rigid' 
body  acted  on  by  any  finite  forces,  may  be  determined. 
They  lead  immediately  to  two  important  propositions,  one 
of  wbieh  enables  ns  to  calculate  the  motion  of  transMvi* 
of  the  body  in  hjuice;  and  tlio  other  the  motion  of  roloh 

249.  Independence  of  the  Motion  of  Translatioii 
of  the  Centre  of  Gravity,  and  of  Rotation  abont  an 
Axis  Passing  through  it — Let  (i,  y.  i)  be  the  |Kisitioa 

of  the  centre  of  gravity  of  the  body  at  the  time  t,  referred' 
to  fixed  axes,  {x,  y,  z)  the  position  of  the  partiele  Mi  referred 
to  the  same  axes,  (x',  y',  z')  the  position  of  m  referred  to  t 
system  of  axes  passing  through  the  centre  of  gravity  and. 
parallel  to  the  fixed  axes,  and  M  the  whole  mass.     Then 


1. 


=  y-t-y. 


(') 


Since  the  origin  of  the  movable  system  is  at  the  centreof 
gravity,  we  have  (Art.  59) 

^mz'  =  ^my'  =  I.mz'  =  0 ;  (2)' 
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These  three  equations  do  not  contain  the  co-ordinates  of 
the  point  of  apphcation  of  the  forces,  and  are  the  same  as 
those,  which  would  be  obtained  for  the  motion  of  the 
centre  of  gravity  supposing  the  forces  all  applied  at  that 
point.     Hence 

Tlie  moHon  of  the  ceiitre  of  gravity  of  a  system  acted  on 
by  any  forces  is  the  same  as  if  all  the  mass  were  collected  at 
the  centre  of  gravity  and  all  the  forces  tvere  applied  at  that 
point  parallel  to  their  former  directions. 

2.  Differentiating  (1 )  twice  we  have 

d^  _^    rfv    ^  _d^    ^y 

dfi  ""  dt^  "^  rf^'    dfi  ""  dt^  "^  di^' 

dp  "  dt^  '^  dp' 

Substituting  these  values  in  the  first  of  equations  (2)  ol 
Art.  248,  we  have 

Performing  the  operations  indicated  we  get 


TBAXSLATIO^f  A!fO  SOF^TIOlf: 

Omitting  the  1st,  2d,  4tii,  5th,  Ctli,aiid  8th   terme  wliiel|| 
vanish  by  reason  of  (2),  (3),  and  (4),  wo  have 

similarly  from  tho  other  two  equations  of  (3)  we  havef 


dP/ 


S,m{x'r-y'X). 


These  three  equations  do  not  contain  the  co-ordinntes  ot 
the  centre  of  gntvity,  and  are  exactly  the  eqaations  we 
would  have  obtained  if  we  hod  regaivJed  the  centre  of 
gravity  aa  a  fixed  point,  and  taken  it  as  the  ori^n  of 
moments,     Hence 

77te  motion  of  a  body,  acted  on  by  any  forces,  about  it* 
centre  of  gravity  is  the  same  as  if  t/te  centre  of  gravity  ivere 
fixed  and  the  same  forces  acted  on  the  Imdg.  That  is,  from 
(4)  the  motion  of  translation  of  the  centre  of  gravity  of  th 
body  is  independent  of  its  rotation  ;  and  from  (5)  the  rota- 
tion of  the  body  is  independent  of  the  trunslatioH  of  itt 
centre. 

These  two  important  propositions  aro  called  respectively. 
the  principles  of  the  conservation  of  the  motions  of  tratidn- 
tloH  and  rotation. 

ScH. — By  the  first  principle  the  problem  of  finding  the 
motion  of  the  centre  of  grurity  of  a  system,  lioweyer  com- 
plex the  system  may  be,  is  reduced  to  the  problem  «( 
Unding  the  motion  of  a  single  particle.  By  the  second, 
principle  the  problem  of  finding  the  angular  motion  nf 

free  body  in  space  \s  Tt&uwi  \o  'Oa«.\.  at  datermiai^g 

motion  of  that  \10d3  aboM.^a.^f''i^Y«»-V( 
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Rem. — lo  using  the  first  principle  it  should  be  noticed 
that  the  impreaaed  forces  are  t<>  be  applied  at  the  centre  of 
gravity  parallel  tti  tSieii-  former  directions.  Thus,  if  a  rigid 
body  be  moviug  under  the  iafluence  of  a  central  force,  the 
motion  of  the  centre  of  gravity  is  not  generally  the  same 
98  if  the  whole  mass  were  collected  iit  the  centre  of  gravity 
and  it  were  ihen  acted  on  by  the  same  central  force.  What 
the  principle  asserts  is,  that,  if  the  attraction  of  the  central 
force  on  each  element  of  the  body  be  found,  the  motion  of 
the  centre  of  graiity  is  the  same  as  if  these  forces  were 
applied  at  the  centre  of  gravity  parallel  to  their  original 
directions. 

250.  The  Principle  of  the  Conservatioii  of  the 
Centre  of  Gtravity. — Suppose  that  a  material  system  is 
iicted  on  by  no  other  forces  than  the  mutual  ati.rat'tiouB  of 
its  parts  ;  then  the  impressed  accelerating  forces  are  zero, 
which  give 

ZX=SY  =SZ  =  0; 


therefore  from  (4)  of  Art.  349, 

we 

set 

dt'  ~ 

«■§- 

0, 

= 

0; 

.  ooB  a, 

li.-' 

eo6 

(3, 

= 

sr-   (1) 

where  i\  is  the  velocity  of  the  centre  of  gravity  when 
/  =  0,  and  «,  Q,  y,  are  the  angles  which  its  direction  makes 
with  the  axes.  Therefore,  calling  v  the  velocity  of  Llie 
centre  of  gravity  at  the  time  /,  we  have 

fc/ficA  2>  eindently  conskint. 


186  CONSBRVATlOIf  OF  ASSAS. 

If  v^  =  0,  the  centre  of  gravity  remains  at  rest. 
Integrating  (1)  we  get 

i  =  iij^  cofl  «  +  «,    y  =  vj  cos  /3  +  S, 
(  =  i\t  cos  y  +  c; 

5  —  a  _y  —  b i  —  c 

cos  «  ~  cos  (3  ~  cos  y 


(3)  I 


(a,  b,  c)  being  the  pliice  of  the  centre  of  gravity  of  thel 
BjBtem  when  ^  =  0.     As  (3)  are  the  equations  of  a  straight 
line  it  follows  that  the  motion  of  the  centre  of  grai'Uyii 
rectilinear. 

Hence  when  a  material  si/stem  is  in  motion  under  the 
avlioit  of  forces,  none  of  tvhidt  are  external  to  the  system, 
then  the  centre  of  gravity  moves  uniformly  in  a  straight  Um 
or  remains  at  rest. 

Kem. — Thus  the  motion  of  the  centre  of  gravity  of  r 
system  of  particles  is  not  altered  by  their  mutual  coUieioUi 
whatever  degree  of  elasticity  they  may  have,  because  a 
reaction  always  exists  equal  and  opiKJSite  to  the  action.  li 
an  explosion  occurs  in  a  moving  body,  whereby  it  is  broken 
into  pieces,  the  lino  of  motion  and  the  veiocily  of  tlic 
centre  of  gravity  of  the  body  are  not  changed  by  the 
explosion  ;  thus  the  motion  of  the  centre  of  gravity  of  the 
earth  is  unaltered  by  earthquakes;  volcanic  explosions  on 
the  moon  will  not  change  its  motion  in  space.  The  motion 
of  the  centre  of  gravity  of  the  solar  system  is  not  affecteA 
by  the  mutual  and  reciprocal  action  of  its  several  members; 
it  ia  changed  only  by  the  action  of  forces  external  to  the 


351.  The  Principle  of  the  ConEerration  of  Areas.— 

JC  X,  y  he  the  rocUui^ttW, -iwV  v,ti\V\'Liij(jlax  co-orUiualw.  ^ 
■  of  a  ])article,  we  \iu.\e 
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dt       ^ dt  "     dt\xf 


=  r*  cos'  e  ^  (tan  6)  =  r^^.  (1) 


Now  ^r^dO  is  the  elementary  area  described  round  the 
origin  in  the  time  di  by  the  projection  of  the  radius  vector 
of  the  particle  on  the  plane  of  xy,  (Art.  182.)  If  twice 
this  polar  area  be  multiplied  by  the  mass  of  the  particle, 
it  is  called  ihe  area  conserved  by  the  particle  in  the  time  di 
round  the  axis  of  z.    Hence 


^     I  dy         dx\ 


is  called  the  area  conserved  by  the  system. 

Let  dAxi  dAy,  dAz  be  twice  the  areas  described  by  the 
projections  of  the  radius  vector  of  the  particle  m  on  the 
planes  of  y«,  zx,  xy,  respectively ;  then  from  (1)  we  have 

^     (   dy         dx\       ^    dAz 


dt  ' 


and  differentiating  we  get 


^\''-d-ydp)  =  ^'^-w'        (*> 


If  the  impressed  accelerating  forces  are  zero  the  first 
member  of  (2)  is  zero,  from  (5)  of  Art  249 ;  therefore  the 
second  member  is  zero.    Hence 


CQIfSERVATfOy  OF   t'lS    lll'A. 


similarly         S/«  —^  —  0, 
and  therefore  by  integration 


h,  k',  h"  being  constanta. 


=  /i%    ZmJs  =  ?t"i; 


the  limits  of  integration  being  such  that  the  arcae  and  the 
time  begin  Biinnltaneously,  Thus,  the  sum  of  the  product* 
of  the  mass  of  every  particle,  and  the  projection  of  the  ares 
described  by  its  radius  vector  on  each  co-ordinate  plao*. 
varies  aa  the  time.  This  theorem  is  called  tke  principle  of 
the  conservation  of  areas.    That  is, 

W/ien  a  material  syHem  is  in  motion  under  the  action 
offiirces,  none  of  which  are  external  to  ttte  system,  then  th' 
sum  of  tJie  products  of  the  mass  of  each  particle  iy  the  pro- 
jection, on  any  plane,  of  t/ie  area  described  by  the  raitiui 
vector  of  this  particle  measured  from  any  fixed  point,  variit 
as  the  time  of  motion. 

252.  Conservation  of  Vis  Viva  or  Energy.* — Lot 

(x,  y,  z)  bo  the  place  of  the  particle  vi  at  the  time  /.  am! 
let  .V,  Y,  Z  be  the  axial  components  of  the  impressed 
accelerating  forces  acting  on  the  partioie,  aa  in  Art.  i4(v 
The  axial  components  of  the  effective  forces  acting  on  ilie 
same  particle  at  any  time  t  are 


..in 


<pt 


If  the  effective  ioicea  ou  all  tlie  particles  be  tBTeraei 
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they  will  be  in  equilibrium  with  the  whole  group  of  im- 
pressed forces  (Art.  335).  Hence,  by  the  principle  of 
"irtual  velocitiea  (Art.  lOi),  we  have 

.».[(x-g)..  +  (r-g).,  +  (^-g)..]=o,i, 

where  6x,  6y,  6z  are  any  small  arbitrary  displacements  of 
the  particle  m  parallel  to  the  axes,  consistent  with  the  con- 
nection of  the  parte  of  the  system  with  one  another  at  the 

Now  the  spaces  actually  described  by  the  particle  m  dur- 
ing the  instant  after  the  time  t  parallel  to  the  axes  are 
consistent  with  the  connection  of  the  parta  of  the  system 
with  each  other,  and  hence  we  may  take  the  arbitrary  dis- 
placements, Ssc,  rfy,   Sz,   to  he  respectively  equal  to   the 

actual  displacements,  -r-  it,  -^  it,  -p,  6t,  of  the  particle.* 
•^  dt        tit        di    '  ^ 

Making  this  substitution,  (I)  becomes 

/dh:  dx      dh)  dy      d'z  dA 
W  dt  '^  dp  dt  '^  dt"  dl) 


Integrating,  we  get 

J.mv^  —  Iw/i'o*  =  31iK  /  {Xdx  +  Ydy  +  Zdz),     (3) 
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Tbe  second  member  expresaes  twice   the   work   done  bj 
these  forces  in  the  same  time  (Art.  189). 

If  the  second  member  of  (2)  be  un  exact  differential  of  a 
function  of  x,  y,  z,  so  that  it  equals  df{x,  y,  z) ;  then  tak- 
ing the  definite  integral  between  the  limits  x,  y,  z  and  x„ 
Joi  1(1!  corresponding  to  (  and  l^,  (3)  becomes 

2o,»>  -  Sm,..-  =  a/i^,  s,-j)  -  2/(8.,  ,„  ,.).     (3) 

Mow  the  second  member  of  (3)  is  an  exact  differential  so 
far  us  any  particle  m  is  acted  on  by  a  central  forc(  whose 
centre  is  fixed  at  (a,  b,  c),  and  which  ia  u  functior,  of  tha 
distance  r  between  tlie  centre  and  (x,  y,  z)  the  place  of  ' 
Thus,  let  P  be  the  central  force  -=  /  (r),  eay ;  t.hen 

^^^/W.     Y=^-=~/(r)     Z^'-^f{r] 

.-.    rdr  =^{x  —  a)dx  +  {y  —  b)  dy  +  {z  ~  c)  dz; 

.  • .    m  {Xdx  +  Ydy  +  'Zdz)  =  mf  (r)  Or  j 

which  is  an  exact  differential ;   substituting   this  in  thfl 
second  member  of  (3),  it 


=  itmff{,)dr. 


where  the  limits  r  and  r^  correspond  to  t  and  t^. 

Also,  the  second  member  of  (2)  is  an  exact  differential) 
so  for  as  any  two  pai'ticles  of  the  system  are  attracted 
towards  or  repelled  from  each  other  by  a  force  which  raria 
as  the  moss  of  each,  and  \s  :i  function  of  tbe  diatana 
between  them.  Let  m  and  m'  be  any  two  particles :  Id 
(;'",  Vy  *)>  (^'t  J/'>  «')  be  their  places  at  the  time  ( ;  r  thoi 
distance  apart',  P  =■  /  ^.»■^.  'tVe  \ft\\'^w(\  wX\ftu  of  the  nni 
JU»*'e  of  each  particV.    '5l\\i;\\  \.\\'-  ■«V^\'a  W-UwSCw^i  Vswiii* 
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w  on  m'  is  Pm,  and  the  whole  attractive  force  of  m'  on  m 
is  Pm! ;  and  we  have 

X  =z  m P,     Y  =1  m^ —  Py    Z^=.m P\ 

r  r  r        ^ 

X'=^m^^P,     Y'=--m^^P,    Z'=^m^-^P. 
r  r  r 

Also     r8  =  (a;  —  x'f  +  {y  —  yj  -\-  {z  -  zj. 
Therefore  for  these  two  particles,  we  have 
m  {Xdx  +  Ydy  +  Zdz)  +  m'  {X'dx'  +  Y'dy'  +  Z'dz') 

=  ^  J°  [(^  -  ^0  {dx  -  dx')  +  {y-^  y')  (dy  -  dy') 

+  (;?  -  z')  (dz  -  dz')^ 
=  mm'f{r)  dr; 

which  is  an  exact  differential.  The  same  reasoning  applied 
to  every  two  particles  in  the  system  must  lead  to  a  similar 
result ;  so  that  finally  the  second  member  of  (2) 


=  2mm'  I  f(r)  dr, 


where  the  limits  r  and  r^  correspond  to  t  and  t^,  so  that 
the  integral  will  be  a  function  solely  of  the  initial  and  final 
co-ordinates  of  the  particles  of  the  system. 

Hence,  when  a  material  system  is  in  motion  under  the 
action  of  forces,  7ione  of  which  are  external  to  the  system, 
then  the  change  of  the  vis  viva  of  the  system,  in  passing 
from  one  position  to  another,  depends  only  on  the  two  posi^ 
tions  of  the  system,  and  is  independent  of  the  j^cifh  described 
by  each  particle  of  the  system, 

Tliis  theorem  is  called  the  jjrinciple  of  the  conservation  of 
viif  vim  or  energy. 


I 


Cor,  1. — If  a  Byatem  be  under  the  action  of  no  exterual 
forces,  we  bave  X  =  F  =  2  =  0,  aiid  hence  the  vis  viv* 
of  the  aystem  ia  constant. 

CoE.  3. — Let  gravity  bo  the  only  force  acting  on  the 
eyatem.  Let  the  axis  of  z  be  vertical  and  positive  down- 
wards, then  we  have  X  =  0,  Y  ^  fi,  Z  =  g.  Hence  (3) 
becomes 

Swi!>=  —  Swti'o'  =  32m  (z  —  Zo). 

But  if  s  and  i,  are  the  distances  from  the  plane  of  xy  lo  tha 
centre  of  gravity  of  the  system  at  the  times  /  and  t , .  and  if 
M is  the  mass  of  the  system,  we  haie 


.-.    S;n*;a  — Smi',=  =  3J/5'{i  — ^a).  (4) 

That  is,  the  increase  of  vis  viva  of  the  syslem  dejiends 
on  the  vertical  distance  over  which  the  centre  of  gravilf 
passes  ;  and  therefore  the  vis  viva  is  the  same  whenever  Hit 
centre  of  gravity  passes  through  a  given  horizontal  plai 

Rem. — The  principle  of  via  viva  was  flrat  used  by  Huyghena  in 
liis  determination  of  the  centre  of  oBcillalion  o(  a  body  (Art.  337, 
Hem.). 

Tlie  advantage  of  tbis  principle  )s  tliat  It  gives  at  once  a  relatkia 
between  the  VDlocities  ol  tlie  liocliea  considered  and  llie  co-ordinaW* 
wliidi  dot^niiine  tliwir  poaitions  in  simce,  so  tliat  wben,  from  thtr 
nature  of  tbe  problem,  the  position  of  all  tlio  bndies  muy  t>e  made  tOj 
de[>eQ<t  on  ooe  variable,  tbe  equation  of  vis  viva  is  sofBcient  to  ieUt- 
mine  tbe  motion. 

Suppose  a  weight  mg  to  be  placed  at  any  beigLt  h  above  Ibe  tat-' 
fact-  of  the  earth.  As  it  falls  thniugb  a  height  r,  the  forco  of  graril; 
does  work  which  is  lupoBurei)  by  mgi.  Tlip  weight  has  acquimd  ■ 
vt'Iociry  r.  and  therefore  its  via  viva  is  linifi  which  ia  equal  t 
(An.  317).  If  tlio  weigU  InWa  Vhioas^i  ttia  t«miJndor  uf  the  height 
a.  g-ntvitjr  does  more  veotU  vi\»\e\\  \STQpHa\vwi\i'3  mijMv— i\.    WheS 
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of  tlip  case  yiomiit,  and  gravity  lias  done  work  whicli  is  ineu.t 
nred  by  mgk,  and  can  do  no  more  work  until  the  weight  hfts  been 
lifted  np  again.  Hencp,  tlirougLout  the  motion  wiieii  the  weight  has 
descended  tlirougli  any  si>aco  s,  its  vie  viva,  imtf'(=  mgx),  together 
with  the  work  that  can  he  done  during  the  rest  of  the  descent, 
mg  {h  —  e).  is  cnnatant  and  i-qual  lo  vigk,  the  work  done  by  gravity 
during  the  whole  descent  !l. 

If  we  cnmpllcnte  the  motion  by  mnking  the  weight  worh  some 
mncliiue  during  its  de!<cent,  the  same  theorem  is  still  true.  The  via 
viva  of  the  weight,  when  it  liaa  descended  any  afiace  s,  is  eqnal  to  the 
work  mgt  which  haa  been  done  by  gravity  dnring  this  lieacent,  dimin- 
ished by  the  work  done  on  the  machine.  Hence,  as  before,  the  vis 
viva  together  with  the  difference  between  the  work  done  by  gravity 
and  that  dune  on  the  machine  during  the  remainder  of  the  descent  is 
constant  and  equal  to  the  escoBS,  of  the  work  done  by  gravity  over 
that  done  on  the  machine  during'  the  whole  descent.  (See  Bouth'a 
Rigid  Dynamics,  [i.  270.) 

253.  Composition  of  Rotations. — It  is  often  iiecea- 
BM-j  to  ctirapouud  rotatious  about  axes  wliich  meet  at  a 
point.  When  a  body  is  said  to  have  aiigalar  velocitiea 
about  tbree  diSerent  axea  at  the  same  timo,  it  is  only  meant 
that  tbe  motion  may  be  determined  as  follows :  Divide  the 
whole  time  into  a  nnmber  of  infinitesimal  intervals  each 
eqnal  to  dt.  Dnring  cuch  of  these,  turn  the  body  round 
tlie  three  Hxes  successively,  through  angles  u^dt,  u^dt,  i^^dt. 
The  result  will  be  the  same  in  whatever  order  the  rotations 
take  place.  The  final  displacement  of  the  body  is  the 
Jiagonul  ortlio  parallelopiped  described  on  these  thi'ee  lines 
iifi  sides,  and  is  therefore  independent  of  the  order  of  the 
rotations.  Since  then  the  three  Buccessive  rotatious  are 
qnitc  independent,  they  may  bo  said  to  take  place  simul- 
taneously. 

Hence  we  infer  that  angular  velocities  and  angular  aceel- 

eratious  may  Iw  corapounded  and  resolved  by   the  same 

rules  and  in  the  same  way  as  if  they  were  linear.     Thus,nn 

angular  velocity  w  about  any  giveu  axw  taa-j  \ft  tia*JcstSi. 

Wato  two,  w  cos  «  unit  u  eiu  «,  a\iuuV  u.:s.(ift  *i,\.  Tvig^^  \sq'^'«.'u» 
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cadi  otlitr  aiitl  raukiug  aiigk'S 


c  given 


Also,  if  11  boilj"  ]javo  angular  yelocities  Uj,  u^,  u^  alioul 
three  axes  ;it  right  angles,  they  ai-e  together  cqiiiTalenl  to 
a  single  angular  velocity  w,  where  u  =  Vui. 
about  ail  axis  inclined  to  the  given  itxps  at  angles  whose 

254.  Motion  of  a  Rigid  Body  referred  to  Fixed 

Axes. — Let  ua  suppose  that  one  point  in  the  body  is  fixed. 
Let  this  point  he  taken  as  the  origin  of  co-ordinates,  aiid 
let  tlie  axes  OX,  OY,  OZ  be  any  directions  fixed  in  space 
and  at  right  angles  to  one  another.  The  body  at  the  time 
t  la  turning  about  some  axis  of  instantaneous  rotation 
(Art.  240).  Let  its  angular  velocity  about  this  asia  be  u, 
and  let  this  be  resolved  into  the  angular  velocities 
u,  abont  the  co-oi-dinate  axes.     It  is  ref|iiired  to  find  the 

resolved  linear  velocities,    ,',  -f-.  -r,,  parallel  to  the  axes  trf 

'  m    at    lit  ' 

co-ordinates,  of  a  particle  m  at  the  point  P,  {x,  y,  t),  in 
terms  of  the  angular  velocities  almnt  the  axes. 

These  angular  velocities  jire  sup- 
posed positive  when  they  tend  the 
same  way  round  the  axes  tliat 
positive  eouples  tend  in  Statics 
(Art.  66).  Thus  the  positive 
directions  of  w,,  w,,  to,  are  re- 
spectively from  y  \o  z  about  a', 
from  z  io  X  about  y,  and  from  ?■ 
to  y  about  z\  and  those  negative 
which  act  in  the  opposite  direc- 
tions, 

Let  ns  deterrome  ftie  ■seVodv-j 
)/  P  parallel  to  the  ax\a  ol  ^.    \^v  P  S  \«.  'O.x^  ^x&v.^ 


Flg.lOO 
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and  draw  PM  perpendicular  to  the  axis  of  x.  The  velocity 
of  P  due  to  rotation  about  OX  is  o)^PM.  Resolving  this 
parallel  to  the  axes  of  y  and  z,  and  reckoning  those  linear 
velocities  positive  which  tend  from  the  origin,  and  vice 
versa,  we  have  the  velocity 

along        MIf  =  —  (o^PM cos  NPM  =  —  a)j« ; 
and  along      NP  =  (»)^PM  sin  NPM  =  w^y. 

Similarly  the  velocity  due  to  the  rotation  about  OY  par- 
allel to  OX  is  (»>^z,  and  parallel  to  OZ  is  —  (>>^x.  And  that 
due  to  the  rotation  about  OZ  parallel  to  OX  is  —  w,^,  and 
parallel  to  OF  is  (»)^x. 

Adding  together  those  velocities  which  are  parallel  to 
the  same  axes,  we  have  for  the  velocities  of  P  parallel  to 
the  axes  of  «,  y,  and  z,  respectively, 

J?  =  u,a;  -  Wi«,  )  (1) 

dz 


255.  Axis  of  Instantaneous  Rotation. — Every  par- 
ticle in  the  axis  of  instantaneous  rotation  is  at  rest  relative 
to  the  origin ;  hence,  for  these  particles  each  of  the  first 
members  of  (1)  in  Art.  254,  will  reduce  to  zero,  and  we 
have 

w^z  —  Wgy  =  0, 


A^faULAS    VXLOCITT. 


which  are  the  eqimtions  of  the  axis  of  inslaidumous  rola- 
lion,  the  third  equation  being  n  jieaessary  consequence  of 
t}ie  first  two  ;  hence, 


that  ia,  the  inBtantaQeous  axis  is  a  straight  Ihie  jmssing 
through  the  origin  which  is  at  rest  at  the  instant  con- 
sidered ;  and  the  whole  hody  must,  for  the  instant,  rotate 
about  this  line. 

Cob. — Denote  by  «,  /3,  y  the  angles  which  this  asig 
makes  with  the  co-ordinate  axes  x,  y,  z,  respectively, 
theu  (Aual,  Q-eom,,  Art.  175)  we  have 


COS  a  =  -~^ 


V",' +  .-,'  +  ».■ 


coa  p  =  —7=^ 


I 


V<./+«,»  +  a,,»' 


which  gives  the  position  of  the  instantaneous  axis  in  term$ 
of  the  angular  velocities  about  the  co-ordinate  axes. 

256.  The  Angular  Velocity  of  the  Body  about  tbe 
Axis  of  Instantaneous  Rotation. — Tlie  angular  vcloi- 
ty  of  tlie  body  iibuiit  tlii^i  ii\is  will  be  Ihc  same  as  thiit  of 
any  single  [wirtiele  oliosen  at  pleasure.  Let  Ihe  particle  le 
taken  on  the  axis  ot  x  \  it  ?TQm  it  we  draw  a  perpendicular, 
Jf,  to  the  install taneoua  a\\s,  tVetv  ftvfc  5:\&\,xa<jii  <>"t  \ii%  ^w- 
''icJe  from  tbe  origin  being  j:,  weVwe 
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o  =  a:  sin  a  =  jr  Vl  —  cos^  a  =z  x  \     — .,    ^      ^ 


2 


2  _l_  /.I   2 


SiDce,  for  this  particle,  y  =  0,  ;?  =  0,  we  have  from  (1) 
of  Art.  254,  for  the  absolute  velocity. 


and  hence,  for  the  angular  velocity  Vy  we  have 

V         / 

r  =  —  =  V  Wj^  +  Wg^  +  (j^2^ 

tr^i^^A  f^  tte  angular  velocity  required, 

257.  Euler's  Equations. — To  determine  the  general 
equations  of  motion  of  a  body  about  a  fixed  point. 

Let  the  fixed  point  0  be  taken  as  origin  ;  let  (x,  y,  z)  be 
the  place  of  any  particle  m,  at  the  time  t,  referred  to  any 
rectangular  axes  fixed  in  space,  and  let  Ox^,  Oyi,  Oz^  be 
the  principal  axes  of  the  body  (Art.  231).  Differentiating 
(1)  of  Art.  254  with  respect  to  t,  we  have 

d^'^^M^'^'dt'^'^''  ^"^^^  *"  """^^^  ""  "^^  (^s^-^i^). 

Denoting  by  7^,  3f,  iV,  the  first  terms  respectively  of  (2), 

dJhc         d^v 
(Art.  248),  and  substituting  the  above  values  of  ^  and  -r-^ 

JD  the  last  ot  these  equations,  ^e  g&t 
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The  other  two  equations  may  be  treated  in  the  same  way. 

The  coefficients  in  this  equation  are  the  moments  and 
products  of  inertia  of  the  body  with  regard  to  axes  fixed  in 
space  (Art.  224),  and  are  therefore  variable  as  the  body 
moves  about.  Let  Wa;,  Wy,  Wg  be  the  angular  velocities  about 
the  principal  axes.  Since  the  axes  fixed  in  space  are  per- 
fectly arbitrary,  let  them  be  so  chosen  that  the  principal 
axes  are  coinciding  with  them  at  the  moment  under  con- 
sideration.   Then  at  this  moment  we  have  (Art.  232), 

^mxy  =  0,    ^myz  =  0,    ^mzx  =  0 ; 
also  Wj  =:  Wa;,  Wg  =  Wy,  0)3  =  w^ ;  and  likewise  —~  =  -7^', 

civ  Qrlr 

etc.*     Hence,  denoting  by  A,  By  0,  the  moments  of  inertia 
about  the  principal  axes  (Art.  231),  (1)  becomes 

in  which  all  the  coefficients  are  constants ;   and  similarly 
for  the  other  two  equations. 

Hence,  uniting  them  in  order,  and  retaining  the  letters 
cjj,  cjg,  0)3,  since  they  are  equal  to  Wj.,  Wy,  w^j,  the  tiiri^e 


--—■  =  -rj-,  for  the  chanp:c8  in  the  two  angular  velocith*8,  w,  and  w^r,  dnrinet 

given  Bmall  time  after  the  axis  of  x,  coincides  with  the  axis  of  j-,  will  differ  on!jr  by 

a  (j[ nan tity  which  depends  upon  the  angle  passed  through  by  the  axis  of  a* >  during 

that  given   email  time ;  lYie  d\tlciewtft  \>^\,v<vi<iw  w^  and  lox  will  therefore  be  »n 

in£;)ite8imal  of  the  PeconA  ordot  aiid  Wvcx^^toxft  \\\Q\t  ^«vs«\\Nfe%  NsW\ift^<sj^iaI.   (S« 

Prntt'»  Mech.,  p.  42ft.    "For  fWrlYvet  (3h?tcvoa\Atvx\:\o\\  c>\  vXvv^  'iQ^\^^^^.^^^^^^JSiSi&\^^^ 

referred  to  Bouth'a  BlgiA  DynauAcft,  pv*^^^^"^^^ 


^m 
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equations  of  mwtiun  nf  tbe  body  referred  to  the  principal 
axes  at  the  fixed  point  are 


I 


(8) 


-(J -£)„,„ 


Theae  are  called  Baler's  Equatious. 

Sen. — If  the  body  is  moving  so  there  is  no  point  in  it 
which  is  fixed  in  space,  the  motion  of  tbe  body  about  its 
centre  of  grarity  is  the  eame  aa  if  that  point  were  fixed. 

It  is  clear  that,  instead  of  referring  the  motion  of  the 
body  to  the  principal  axes  at  the  fixed  point,  as  Enler  has 
done,  we  may  nse  any  axes  fixed  in  the  body.  But  these 
are  in  general  so  complicated  as  to  he  nearly  useless. 

258.  Motion  of  a  Body  about  a  Principal  Axis 
through  its  Centre  of  Gravity. — 1/  a  body  mfnfc  about 
orif  of  ils  principal  axes  passing  through  the  (Centre  of 
gravity,  this  axis  mil  suffer  no  pressure  from  the  centrifu- 
gal force. 

Let  the  body  rotate  about  the  axis  of  z ;  then  if  u  be  its 
angular  velocity,  the  centrifugal  force  of  any  particle  in 
will  bo  (Art.  198,  Cor.  1) 

H  mt^p  ■=  inw'  Vj^  +  y^ 

■^hich  giyes  for  the  x-  and  j-components  mu?x  and  trn^y; 
and  the  moments  of  these  forces  with  respect  to  the  axes  of 
1/  and  X  are  for  the  whole  body 

Xmu^xz,    and     S,m(o'*i|2, 


I 
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But  tlieac  are  each  equal  to  zero  when  tlie  asis  nf  rotation 
is  a,  principal  axis  (Art.  232) ;  hence,  the  centrifugal  force 
will  have  no  tendency  to  incline  the  axia  of  z  towards  the 
jilane  of  xy.  In  this  case  the  only  effect  of  the  forces  mi^x 
and  wuj'y  on  the  asis  is  to  move  it  parallel  to  iti«!f,  or  to 
translate  the  body  in  the  directions  of  x  and  y.  But  the 
sum  of  all  these  foi-ces  is 

XmiAc     and     I.mufiy, 

each  of  which  is  equal  to  zero  when  the  axis  of  rotation 
passes  through  the  centre  of  gravity ;  hence  we  conclnde 
that,  lohm  a  body  rotates  about  one  of  its  principal  axes 
passing  through  its  centre  of  gravity,  the  rotation  cautes  no 
pressure  tipon  the  axis. 

If  the  body  rotates  about  this  axis  it  will  continue  to 
rotate  about  it  if  the  asia  be  removed.    On  this  account  « 
principal  asia  through  the  centre  of  gravity  is  called 
axis  ofpermanmii  rotation.* 

ScH. — If  the  body  be  free,  and  it  begins  to  rotate  about 
an  axis  very  near  to  a  principal  axis,  the  centrifugal  force 
will  cause  the  axis  of  rotation  to  change  continually, 
much  as  the  foregoing  cunditions  cannot  obtain,  and  this 
asis  of  rotation  will  either  continually  oscillate  about  the 
principal  axifl,  always  remaining  very  near  to  it,  or  else  it 
will  remove  itself  indefinitely  from  the  priocipal  axis. 
Hence,  whenever  we  observe  a  free  body  rotating  about  an 
.;xis  during  any  time,  however  short,  we  may  infer  that  M 
ha^  continued  to  rotate  about  that  axis  from  the  beginning 
I'l'  the  motion,  and  that  it  will  continue  to  rotate  about  it 
for  ever,  unless  checked  by  some  extraneons  obstacle.  (8« 
Young's  Mechs.,  p.  230,  also  Ventiii-olij  pp.  135  and  160.) 


[■  i  ■»WJi*,  ,N  A.'W,,^ .  •■ 
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259.  Velocity  about  a  Principal  Axis  when  there 
are  no  Accelerating  Forces. — In  this  case  L  =  M  = 
JV  =  0  in  (2)  of  Art.  /J57 ;  also  A,  B^  C  are  constant  for 
the  same  body ;  and  if  we  put 

(2)  of  Art.  257  becomes 

d(»)i  =  F(»>^(»>^dt,    do)^  =  Goj^cj^dt, 
e/Wg  =  HoiiOj^dL 

Put  G>^o)^o)^dt  =  d(t>,  and  we  have  (1) 

(o^d(»)i  =  Fd<tf,    o>2d(*)f^  =  Gd<t>,    (*>^do)^  =  Hdff) ; 
and  integrating,  we  get 

ca^a  =  2F(t>  +  a\  w^^  _  <^q^  4.  j2^  ^^2  —  %ji^  ^  ^2.   (2) 

where  a,  J,  c  are  the.  initial  values  of  Wj,  Wg,  Wj ;  hence 
from  (1)  and  (2) 

dt  =  ^  (S) 

V{2Fp  +  a^)  {2G<t>  +  V^)  {2H<I>  +  (?)        -    ^ 

Suppose  now  the  body  begins  to  turn  about  only  one  of 
the  principal  axes,  say  the  axis  of  x,  with  the  angular 
velocity  a,  then  J  =  0,  6?  =  0,  and  (3)  becomes 

dt=        '  '^ 


2VGS  0v2/'0  +  «« 

Replacing  2F(I>  +  a^  by  its  value  Wj*,  and  e?0  by  its  value 
<M)^do)^ 


-,  we  have 

di  =  -r^-7-  . 


F 

1  dw^ 


Voir  ^^  —  ^ 


^  —  ri»' 
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iiLil  iiitegruting,  we  get 

C+(VOH=  ^log'"'  7°; 


(« 


The  constant  C  must  be  determined  so  that  when  i  =  0, 
Wi  is  the  initial  velocity  a;  hence  e*''^  =  Oor  C=— ». 
which  makes  the  first  member  of  (4)  zero  for  every  value 
of  (.  Hence,  at  any  time  /,  we  must  have  t^}^  =;  a;  tai 
therefore  from  (3)  <j>  =  0,  and  01^  =  0)3  =  0.  6'imw- 
quenily  the  impressed  velocity  abotU  one  of  the  prinr.lpoi 
axes  ofrotalion  continues  perpetual  and  uniform,  ae  before 
shown  (Art.  258). 

260.  The  Integral  of  Euler's  Equations. — A  bodn 
revolves  about  its  centre  0/ gravity  acted  on  by  no  forces  but 
such  as  pass  through  that  point;  to  integrate  the  equations 
of  motion. 

As  the  only  forces  acting  on  the  body  are  those  which 
pasa  through  its  centre  of  gravity,  they  create  no  moment 
of  rotation  about  an  axis  paasing  through  that  centre;  and 
therefore  (3)  of  Art.  257  become 


=  0,\ 


B"^-{a-A). 


<i,a   principal  aies   Wmg  4«j.-«ii. 
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Multiply  these  equations  severally  (1)  by  w^,  w^,  Wj  ; 
and  (3)  by  ^w^,  ^Wg,  C(*)^,  and  add  ;  then  we  have 


(2) 


(3) 


integrating,  we  have 

where  h^  and  i*  are  the  constants  of  integration. 
Eliminating  Wg^  from  (3),  we  have 


'•     ^e^  =  B{B^  C)  ^^  -Oh^-A{A-  g)a),2]  ;  (4) 
and  0)3^  =  ^(^-^  [^  -  ^2  _  ^  (^  _  5)  ^^2].     (5) 

Substituting  these  values  of  Wg  and  Wg  in  the  first  of  equa- 
tions (1),  we  have 

di^      [{A-O)  jA-B)  /    ,       ^- Ch'^  \ 
dt   "^L  BO  \^      A{A-C)/ 


(^|g,_„,)J=  0    («) 


which  is  generally  an  elliptic  transcendent,  and  so  does  not 
admit  of  integration  in  finite  terms.    In  certain  particular 
cases  it  may  be  integrated,  which  will  g\\^  iVv^  ^^wfc  ^^  vi^^ 
In  terms  of  i,  and  \t  this  value  be  Bubftt\\,\3AfeOL  m  V^  ^jcAV^i^^i 
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the  values  of  Uj  and  w,  in  terms  of  /  will  be  known,  aail 
thus,  in  these  cases,  the  problem  admits  of  complete  eo!u- 
tion, 

€oR. — T^t  (Jj,  Uf,  We  be  the  axial  component*  of  the 
initial  angular  velocity  about  the  iirincipal  axes  wliea 
/  =  0;  then  integrating  the  first  of  {■■J),  and  taking  the 
limits  corresponding  to  /  and  0,  we  have 

^w,2  +  5wgS  +  0.38  =  Ai^J'  +  Sw,s  +  Cm.K     {D 

Tjet  «,  0,  y  be  the  direction-angles  of  the  iiistantaneon! 
axis  at  the  time  t  relative  to  the  j»riucipal  axes :  so  that,  if 
(i)  ia  the  instantaneous  angular  velocity,  and  Si/ir'  is  tbe 
moment  of  inertia  relative  tu  that  axia,  we  have  (Ari  ibZ} 
(j^  ^  w  cos  tt,  Wg  :=  w  cos  |3,  Wj  =;  w  COB  y,  which  aulh 
stitnted  in  (7),  gives 


^w/  +  -B-^/  +  GW 


-.  w'ZHjja  (Art  232,  Cor.) 


=  the  via  viva  of  the  body; 

from  which  it  appears  that  the  vt's  viva  of  the  body  is  c 
s(a)ii  throughoid  the  ivhole  motion. 

Rem. — An  application  of  the  general  equations  of  rotatoi] 
motion  (Art,  857),  which  ia  of  great  iutcreat  and  impon 
tance,  is  that  of  the  rotatory  phenomena  of  the  earth  unda 
the  action  of  the  attracting  forcea  of  the  aun  and  the  moon 
the  rotation  being  considered  relative  to  the  centre  ( 
gravity  and  an  axis  passing  through  it,  just  aa  if  the  centll 
o{  gravity  was  a  fixed  v^mt  (,Art.  249,  Sch.)  ;  and  tl 
J  problem  treated  as  p^iteV-j  a  maXVcmBiCvwi  o'wa.  Mao,  i 
I  addition   to  tbe  aan  aui  Ona  moo-a,  '^V'i  Y='^^\wa  -om^' 
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extended  so  as  to  include  the  action  of  all  the  other  bodies 
whose  influence  affects  the  motion  of  the  earth's  rotation. 
In  fact  the  investigation  of  the  motion  of  a  system  of  bodies 
in  space  might  be  continued  at  great  length  ;  but  such 
inTestigations  would  be  clearly  beyond  the  limits  proposed 
in  this  treatise.  The  student  who  desires  to  continue  this 
interesting  subject,  is  referred  to  more  extended  works.* 

EXAMPLES. 

•  •  • 

1.  A  hollow  spherical  shell  is  filled  with  fluid,  and  rolls 
down  a  rough  inclined  plane ;  determine  its  motion. 

Let  M  and  M'  be  the  masses  of  the  shell  and  fluid 
respectively,  h  and  k'  their  radii  of  gyration  respectively 
about  a  diameter,  and  a  and  a'  the  radii  of  the  exterior  and 
interior  surfaces  of  the  shell ;  then  using  the  same  nota- 
tion as  in  Art.  246,  we  have 

{M+M')  ^  =  {M+M')g  sin  a  -  F.  (1) 

As  the  spherical  shell  rotates  in  its  descent  down  the  plane, 
the  fluid  has  only  motion  of  translation ;  so  that  the  equa- 
tion of  rotation  is 

Mi?'^  =  Fa.  (2) 

Multiplying  (1)  by  a^  and  (2)  by  a,  and  adding,  we  have 

[{M  +  M')  a^  +  Mk^]  ^  =  (J/  +  M')  ahj  sin  «.   (3) 

If  the  interior  were  solid,  and  rigidly  joined  to  the  shell, 
the  equation  of  motion  would  be 


•  8eePiice'§M0eh%  Vol  II.  Pratt's  MocV^Boxl^VftB^i^!^Ti^Tv«^s\^*AA''fi^^^ 
M^CMBiqae  Create,  etc 


[(M+  M')  <i^+  M i^  +  M'k'^j—  =  {.V+M')  a'g sia 

Integrating  {S)  ami  (4)  twice,  ami  denoting  by  s  and  s'  th( 
spaces  tliniugh  whioli  the  centre  movea  during  the  time 
iu  theae  two  cases  respectively,  we  have 


{M  +  M')a''+  Mi? 


so  that  a  greater  space  is  described  by  the  sphere  whifh 
the  fluid  than  hy  that  which  lias  the  solid  in  its  interior. 

If  the  densities  of  the  solid  and  the  fluid  are  the 
we  have  from  (5),  by  Art.  233,  Ex.  li. 


(Price's  Anal.  Mecha.,  Vol.  II,  p.  308). 


3.  A  homogeneous  sphere  rolls  down   witliin  a  rongl 
spherical  bowi ;  it  is  required  to  determine  the  motion. 

Let  a  be  the  radius  of  the  sphere,  and  h  the  radios  of  thi 
bowl;  and  let  ns  suppose  the  sphere  to  be  placed  in  till 
bowl  at  rest.  Let  OCQ  =  <(>, 
QPA  =  6,  SCO  =  «,  w  = 
the  angular  velocity  of  the 
ball  about  an  axis  through  its 
ccnti-G  P,  k  =  the  correspond- 
ing radius  of  gyration;  0M  = 
■X,  MP  ^=y  \  m  ^  the  mass  of 
the  ball.    Then  Ffg.toi 


^x 


-  ^  sill  ^  +  /■  cos  0 ; 


(II 
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mB  ^  =  aF.  (3) 

Also    a;  =   (J  —  a)  sin  ^ ;    y  =  S  —  (i  —  a)  cos  ^. 

f  =  (S-«)8iu^^+(5-«)cos0(|/,      (5) 

-coB<t>  +  ^sm<l>=.{b-a)^.  (6) 

.-.    ?n(J-a)^  =  i^-7w<jrsin0.  (7) 

Now  to  determine  the  angular  velocity  of  the  ball,  we  must 
estimate  the  angle  described  by  a  fixed  line  in  it,  as  FA^ 
from  a  line  fixed  in  direction,  as  PJf,  and  the  ratio  of  the 
infinitesimal  increase  of  this  angle  to  that  of  the  time  will 
be  the  angular  velocity  of  the  ball. 

__  dMPA  __  #      do 
dt  dt       dt 


•  • 


Since  the  sphere  does  not  slide,  a^  =  J  (a  —  0) ; 

a  —  h  d<b 
a      dt 

dd)  __  a  —  b  flP0  ^ 
•'•    dt  "■  ~a~  dfl* 

from  (3),  (7),  and  (8)  we  get 


(8) 


(i-a)^=-\gAxir>  ^5^ 
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.'.    (b  —  a)  (^j  =  n^-  (cos  ^  —  cos  «f). 


(10) 


Substituting  (9)  iu  (7)  we  have 


F  =  ^mg  sin  0.  (11) 

Substituting  (4),  (9),  (10),  (11)  in  (1)  we  have 

B  =z^(n  cos  0  —  10  cos  a)  ; 

therefore  the  pressure  at  the  lowest  point 

=  ^(17--10eos«); 

and  the  pressure  of  the  ball  on  the  bowl  vanishes  when 

cos  (p  =2  {^  cos  a. 

Cob. — If  the  ball  rolls  over  a  small  arc  at  the  lowest  part 
of  the  bowl,  so  that  a  and  <f>  are  always  small,  cos  «,  and 

cos  0  may  be  replaced  by  1  —  -^  and  1  —  ly-  respectively; 
and  from  (10)  we  have 


/W 


_— ^0_ 

(a2  _  (/>2)ir 


,  • .      0  =  «  cos 


7{b-a)j  '^^' 
7(J-a)J   '' 


thus  the  ball  comes  to  rest  at  points  whose  angular  distance 
is  a  on  both  sides  of  0,  the  lowest  point  of  the  bowl ;  and 
the  periodic  tiii\e  \s 


^^ 
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therefore  the  oscillations  are  performed  in  the  same  time  aa 
those  of  a  simple  pendnlum  whose  leugth  is  J  {S  —  a), 
(ArL  194).     (Price's  Anal.  Mech'e,  Vol.  II,  p.  369.) 

3.  A  homogeneous  sphere  has  an  angular  velocity  u 
about  its  diameter,  and  graduitlly  contracts,  remaining 
constantly  homogeneous,  till  it  has  half  the  original 
diameter;  required  the  final  angular  velocity.     A}ia,  4w, 

4.  If  the  earth  were  a  homogeneous  sphere,  at  what  point 
must  it  he  struck,  that  it  may  receive  its  present  velocity 
of  translation  and  of  rotation,  the  former  being  68000  miles 
per  hour  neai'ly  ?    Ans.  34  miles  nearly  from  the  centre, 

5.  A  homogcneons  sphere  rolls  down  a  rough  inclined, 
plane;  the  inclined  plane  rests  on  a  smooth  horizontal 
jilane,  along  which  it  shdes  by  reason  of  the  pressure  of  the 
sphere;  required  the  motions  of  the  inclined  plane  and  of 
ihe  centre  of  the  sphere. 

Let  m  ^  the  mass  of  the  sphere, 
M  =^  the  mass  of  the  inclined 
plane,  a  =  the  radius  of  the  sphere, 
n  =  the  angle  of  the  inclined 
plane,  Q  its  apes ;  0  the  pkce  of  Q 
when  i  =  0 ;  0'  the  point  on  the 
plane  which  was  in  contact  with 
the  point  A  of  the  sphere  when 
/  =  0,  at  wiiich  time  we  may  sup- 
poBO  all  to  be  at  rest ;  .1 CP  =  9,  the 
the  sphei-e  has  revolved  in  the  time  /. 

Let  0  be  the  origin,  and  let  the  horizontjil  and  vertical 
lines  through  it  be  the  aies  of  x  and  y;  OQ  =  x' ;  and  let 
(^.  y)  (A,  h)  he  the  places  of  the  centre  of  the  sphere  at  the 
times  /  =  t  and  /  =  0  respectively.  Then  the  equations 
of  motion  of  the  sphere  are 

-  II  Aa.  a. 
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mglc  thmugh  which 
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m-^  =  Fsin  a  +  R  COB  a  -^  mg, 

and  the  equation  of  motion  of  the  plane  is 

Jf -3^  =  —  ^  cos  a  +  J2  sin  «• 

From  the  geometry  we  have 

X  =  h  +  x'  —  aO  cos  a, 
y  =:  k  —  aS  am  a. 

From  these  equations  we  obtain 


m  +  M 


—  5m  sin  «  cos  «  gfi^ 

""  7  (m  +  Jf )  —  dm  cos^  « '  T* 


5-^sinacosa  igr^ 

""  7  (m  +  M)  —  5m  cos^  «     2  ' 

5  (?w  +  Jf )  sin^  a  gfl 


y  =  h-' 


7  (m  +  M)  —  5m  cos*  «     2 


which  give  the  values  of  x  and  y  in  terms  of  t. 
Also  W3  obtain 

(m  +  Jf)  (a;  —  h)  sin  a  —  M  {y  —  k)  cos  «  =  0 ; 

which  is  the  equation  of  the  path  described  by  the  centre 
of  the  sphere  ;  and  therefore  this  path  is  a  straight  line. 

6.   A  heavy  soAiA  vi\\c^\  vc^  W\^Avrtvcv<^^  v\  vi^ht  eirc»nlar 
ejlinder,  is  composed  ot  \*^o  's>\x\i^^>vv\ivivi'^,^V^^^^^v>^^ 
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equals  and  whose  densities  are  p  and  p' ;  these  substances 
are  arranged  in  two  diflferent  forms;  in  one  case,  that  whose 
density  is  p  occupies  the  central  part  of  the  wheel,  and  the 
other  is  placed  as  a  ring  round  it;  in  the  second  case,  the 
places  of  the  substances  are  interchanged  ;  t  and  t'  are  the 
times  in  which  the  wheels  roll  down  a  given  rough  inclined 
plane  from  rest ;  show  that 

^  :  f^  : :  5p  +  7p'  :  5p'  +  tp. 

7.  A  homogeneous  sphere  moves  down  a  rough  inclined 
plane,  whose  angle  of  inclination  a  to  the  horizon  is  greater 
than  that  of  the  angle  of  friction ;  it  is  required  to  show  (1) 
tliat  the  sphere  will  roll  without  sliding  when  ii  is  equal  to 
or  greater  than  f  tan  a,  and  (2)  that  it  will  slide  and  roll 
when  /i  is  less  than  f  tan  «,  where  f&  is  the  coefficient  of 
friction. 

8.  In  the  last  example  show  that  the  angular  velocity  of 
the  sphere  at  the  time  t  from  rest  =  -^-^ 1. 

9.  If  the  body  moving  down  the  plane  is  a  circular 
cylinder  of  radius  =  a,  with  its  axis  horizontal,  show  that 
the  body  will  slide  and  roll,  or  roll  only,  according  as  «  is 
greater  or  not  greater  than  tan"*  3/t. 


»■: 


